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To Jill



And lest I should be exalted above measure through the abundance of
revelations, there was given to me a thorn in the flesh, a messenger of
Satan to buffet me, lest I should be exalted above measure.

Second Epistle of St Paul to the Corinthians, Chapter 12
The more we jump — the more we get — if not more quality,

then at least more variety.
James Gleick Faster
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Preface

The aim of this book is to provide a straightforward and accessible introduc-
tion to stochastic integrals and stochastic differential equations driven by Lévy
processes.

Lévy processes are essentially stochastic processes with stationary and in-
dependent increments. Their importance in probability theory stems from the
following facts:

e they are analogues of random walks in continuous time;

e they form special subclasses of both semimartingales and Markov processes
for which the analysis is on the one hand much simpler and on the other
hand provides valuable guidance for the general case;

e they are the simplest examples of random motion whose sample paths are
right-continuous and have a number (at most countable) of random jump
discontinuities occurring at random times, on each finite time interval.

e they include a number of very important processes as special cases, includ-
ing Brownian motion, the Poisson process, stable and self-decomposable
processes and subordinators.

Although much of the basic theory was established in the 1930s, recent
years have seen a great deal of new theoretical development as well as novel
applications in such diverse areas as mathematical finance and quantum field
theory. Recent texts that have given systematic expositions of the theory have
been Bertoin [36] and Sato [274]. Samorodnitsky and Taqqu [271] is a bible for
stable processes and related ideas of self-similarity, while a more applications-
oriented view of the stable world can be found in Uchaikin and Zolotarev
[297]. Analytic features of Lévy processes are emphasised in Jacob [148, 149].
A number of new developments in both theory and applications are surveyed
in the volume [23].

iX



X Preface

Stochastic calculus is motivated by the attempt to understand the behaviour
of systems whose evolution in time X = (X (¢),¢ > 0) contains both deter-
ministic and random noise components. If X were purely deterministic then
three centuries of calculus have taught us that we should seek an infinitesimal
description of the way X changes in time by means of a differential equation

dX (1)
dt

If randomness is also present then the natural generalisation of this is a stochas-
tic differential equation:

= F(t, X(t))dt.

dX (@) =F@, X@)dt +G(t, X (1)dN (1),

where (N (¢), t > 0) is a ‘driving noise’.

There are many texts that deal with the situation where N (¢) is a Brown-
ian motion or, more generally, a continuous semimartingale (see e.g. Karatzas
and Shreve [167], Revuz and Yor [260], Kunita [182]). The only volumes that
deal systematically with the case of general (not necessarily continuous) semi-
martingales are Protter [255], Jacod and Shiryaev [151], Métivier [221] and,
more recently, Bichteler [43]; however, all these make heavy demands on the
reader in terms of mathematical sophistication. The approach of the current
volume is to take N (¢) to be a Lévy process (or a process that can be built
from a Lévy process in a natural way). This has two distinct advantages.

e The mathematical sophistication required is much less than for general semi-
martingales; nonetheless, anyone wanting to learn the general case will find
this a useful first step in which all the key features appear within a simpler
framework.

e Greater access is given to the theory for those who are only interested in
applications involving Lévy processes.

The organisation of the book is as follows. Chapter 1 begins with a brief
review of measure and probability. We then meet the key notions of infinite
divisibility and Lévy processes. The main aim here is to get acquainted with
the concepts, so proofs are kept to a minimum. The chapter also serves to
provide orientation towards a number of interesting theoretical developments
in the subject that are not essential for stochastic calculus.

In Chapter 2, we begin by presenting some of the basic ideas behind
stochastic calculus, such as filtrations, adapted processes and martingales. The
main aim is to give a martingale-based proof of the Lévy—Itdé decomposition
of an arbitrary Lévy process into Brownian and Poisson parts. We then meet
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the important idea of interlacing, whereby the path of a Lévy process is ob-
tained as the almost-sure limit of a sequence of Brownian motions with drift
interspersed with jumps of random size appearing at random times.

Chapter 3 aims to move beyond Lévy processes to study more general
Markov processes and their associated semigroups of linear mappings. We
emphasise, however, that the structure of Lévy processes is the paradigm case
and this is exhibited both through the Courrége formula for the infinitesimal
generator of Feller processes and the Beurling—Deny formula for symmetric
Dirichlet forms. This chapter is more analytical in flavour than the rest of the
book and makes extensive use of the theory of linear operators, particularly
those of pseudo-differential type. Readers who lack background in this area
can find most of what they need in the chapter appendix.

Stochastic integration is developed in Chapter 4. A novel aspect of our ap-
proach is that Brownian and Poisson integration are unified using the idea of
a martingale-valued measure. At first sight this may strike the reader as tech-
nically complicated but, in fact, the assumptions that are imposed ensure that
the development remains accessible and straightforward. A highlight of this
chapter is the proof of 1t6’s formula for Lévy-type stochastic integrals.

The first part of Chapter 5 deals with a number of useful spin-offs from
stochastic integration. Specifically, we study the Doléans-Dade stochastic ex-
ponential, Girsanov’s theorem and its application to change of measure, the
Cameron—Martin formula and the beginnings of analysis in Wiener space and
martingale representation theorems. Most of these are important tools in math-
ematical finance and the latter part of the chapter is devoted to surveying
the application of Lévy processes to option pricing, with an emphasis on the
specific goal of finding an improvement to the celebrated but flawed Black—
Scholes formula generated by Brownian motion. At the time of writing, this
area is evolving at a rapid pace and we have been content to concentrate on
one approach using hyperbolic Lévy processes that has been rather well devel-
oped. We have included, however, a large number of references to alternative
models.

Finally, in Chapter 6 we study stochastic differential equations driven by
Lévy processes. Under general conditions, the solutions of these are Feller
processes and so we gain a concrete class of examples of the theory developed
in Chapter 3. Solutions also give rise to stochastic flows and hence generate
random dynamical systems.

The book naturally falls into two parts. The first three chapters develop the
fundamentals of Lévy processes with an emphasis on those that are useful in
stochastic calculus. The final three chapters develop the stochastic calculus of
Lévy processes.
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Each chapter closes with some brief historical remarks and suggestions for
further reading. I emphasise that these notes are only indicative; no attempt has
been made at a thorough historical account, and in this respect I apologise to
any readers who feel that their contribution is unjustly omitted. More thorough
historical notes in relation to Lévy processes can be found in the chapter notes
to Sato [274], and for stochastic calculus with jumps see those in Protter [255].

This book requires background knowledge of probability and measure the-
ory (such as might be obtained in a final-year undergraduate mathematics hon-
ours programme), some facility with real analysis and a smattering of func-
tional analysis (particularly Hilbert spaces). Knowledge of basic complex vari-
able theory and some general topology would also be an advantage, but readers
who lack this should be able to read on without too much loss. The book is
designed to be suitable for underpinning a taught masters level course or for
independent study by first-year graduate students in mathematics and related
programmes. Indeed, the two parts would make a nice pair of linked half-year
modules. Alternatively, a course could also be built from the core of the book,
Chapters 1, 2, 4 and 6. Readers with a specific interest in finance can safely
omit Chapter 3 and Section 6.4 onwards, while analysts who wish to deepen
their understanding of stochastic representations of semigroups might leave
out Chapter 5.

A number of exercises of varying difficulty are scattered throughout the text.
I have resisted the temptation to include worked solutions, since I believe that
the absence of these provides better research training for graduate students.
However, anyone having persistent difficulty in solving a problem may contact
me by e-mail or otherwise.

I began my research career as a mathematical physicist and learned modern
probability as part of my education in quantum theory. I would like to express
my deepest thanks to my teachers Robin Hudson, K.R. Parthasarathy and Luigi
Accardi for helping me to develop the foundations on which later studies have
been built. My fascination with Lévy processes began with my attempt to un-
derstand their wonderful role in implementing cocycles by means of annihi-
lation, creation and conservation processes associated with the free quantum
field, and this can be regarded as the starting point for quantum stochastic
calculus. Unfortunately, this topic lies outside the scope of this volume but in-
terested readers can consult Parthasarathy [249], pp. 152-61 or Meyer [226],
pp. 120-1.

My understanding of the probabilistic properties of Lévy processes has
deepened as a result of work in stochastic differential equations with jumps
over the past 10 years, and it’s a great pleasure to thank my collaborators
Hiroshi Kunita, Serge Cohen, Anne Estrade, Jiang-Lun Wu and my student
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Fuchang Tang for many joyful and enlightening discussions. I would also like
to thank René Schilling for many valuable conversations concerning topics re-
lated to this book. It was he who taught me about the beautiful relationship with
pseudo-differential operators, which is described in Chapter 3. Thanks are also
due to Jean Jacod for clarifying my understanding of the concept of predictabil-
ity and to my colleague Tony Sackfield for advice about Bessel functions.

Earlier versions of this book were full of errors and misunderstandings
and I am enormously indebted to Nick Bingham, Tsukasa Fujiwara, Fehmi
Ozkan and René Schilling, all of whom devoted the time and energy to
read extensively and criticize early drafts. Some very helpful comments
were also made by Krishna Athreya, Ole Barndorff-Nielsen, Uwe Franz,
Vassili Kolokoltsov, Hiroshi Kunita, Martin Lindsay, Nikolai Leonenko, Carlo
Marinelli (particularly with regard to LaTeX) and Ray Streater. Nick Bingham
also deserves a special thanks for providing me with a valuable tutorial on En-
glish grammar. Many thanks are also due to two anonymous referees employed
by Cambridge University Press. The book is greatly enriched thanks to their
perceptive observations and insights.

In March 2003, I had the pleasure of giving a course, partially based on
this book, at the University of Greifswald, as part of a graduate school on
quantum independent increment processes. My thanks go to the organisers,
Michael Schiirmann and Uwe Franz, and all the participants for a number of
observations that have improved the manuscript.

Many thanks are also due to David Tranah and the staff at Cambridge Uni-
versity Press for their highly professional yet sensitive management of this
project.

Despite all this invaluable assistance, some errors surely still remain and the
author would be grateful to be e-mailed about these at dba@maths.ntu.ac.uk.
Corrections received after publication will be posted on his website http://
www.scm.ntu.ac.uk/dba/.






Overview

It can be very useful to gain an intuitive feel for the behaviour of Lévy pro-
cesses and the purpose of this short introduction is to try to develop this. Of
necessity, our mathematical approach here is somewhat naive and informal —
the structured, rigorous development begins in Chapter 1.

Suppose that we are given a probability space (2, F, P). A Lévy process
X = (X (1), t > 0) taking values in R? is essentially a stochastic process having
stationary and independent increments; we always assume that X (0) = 0 with
probability 1. So:

e cach X(1): Q@ — RY%;

e given any selection of distinct time-points 0 < 7] < t» < --- < ty, the
random vectors X (t1), X (1) — X (1), X (t3) — X (t2), ..., X () — X (ty—1)
are all independent;

e given any two distinct times 0 < s < ¢ < 00, the probability distribution of
X (t) — X (s) coincides with that of X (¢ — s).

The key formula in this book from which so much else flows, is the magnifi-
cent Lévy—Khintchine formula, which says that any Lévy process has a specific
form for its characteristic function. More precisely, forall # > 0, u € R,

E(e! X ©)y = gt ©0.1)

where

n(u)=i(b,u)—%(u,au)+/R [/ =1 =i, y) xo<iy1<1(0) ]V ().
4—{0}

(0.2)

In this formula b € RY, a is a positive definite symmetric d x d matrix and v
is a Lévy measure on R4 — {0}, so that fRd—{O} min{1, |y|2}v(dy) < oo.If you

XV
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have not seen it before, (0.2) will look quite mysterious to you, so we need to
try to extract its meaning.

First suppose that a = v = 0; then (0.1), just becomes E(e! X))y =
/1) ‘5o that X (1) = bt is simply deterministic motion in a straight line. The
vector b determines the velocity of this motion and is usually called the drift.

Now suppose that we also have a#0, so that (0.1) takes the form
E(e! X)) = exp {t[i(b, u) — %(u, au)]}. We can recognise this as the char-
acteristic function of a Gaussian random variable X (#) having mean vector
tb and covariant matrix ta. In fact we can say more about this case: the pro-
cess (X (¢),t > 0) is a Brownian motion with drift, and such processes have
been extensively studied for over 100 years. In particular, the sample paths
t — X(t)(w) are continuous (albeit nowhere differentiable) for almost all
w € Q. The case b = 0, a = I is usually called standard Brownian motion.

Now consider the case where we also have v # 0. If v is a finite measure
we can rewrite (0.2) as

() =i(b',u) — 5(u, au) + f (€' — v(dy)
R—{0}
where b’ = b— f0<|y‘ -1 Yv(dy). We will take the simplest possible form for v,
i.e. v = A8, where A > 0 and 8, is a Dirac mass concentrated at # € R? — {0}.
In this case we can set X (1) = b't +/aB(t)+ N(t), where B = (B(t),t >
0) is a standard Brownian motion and N = (N (¢), ¢ > 0) is an independent
process for which

E(e'“N D) = exp At ('™ — D)].

We can now recognise N as a Poisson process of intensity A taking values in
the set {nh, n € N}, so that P(N (¢t) = nh) = e [(At)"/n!] and N (¢) counts
discrete events that occur at the random times (7,,, n € N). Our interpretation
of the paths of X in this case is now as follows. X follows the path of a Brow-
nian motion with drift from time zero until the random time T;. At time T;
the path has a jump discontinuity of size |k|. Between T and T, we again see
Brownian motion with drift, and there is another jump discontinuity of size |A|
at time 7>. We can continue to build the path in this manner indefinitely.

The next stage is to take v = Z;"zl Aidp,, where m € N, A; > 0 and
hi € RY — {0}, for 1 <i < m. We can then write

X)) =bt+aB(t)+ Ni(t)+ -+ Ny(1),

where Ny, ..., N, are independent Poisson processes (which are also inde-
pendent of B); each N; has intensity A; and takes values in the set {nh;, n € N}
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where 1 < i < m. In this case, the path of X is again a Brownian motion with
drift, interspersed with jumps taking place at random times. This time, though,
each jump size may be any of the m numbers |A1], ..., |hy].

In the general case where v is finite, we can see that we have passed to the
limit in which jump sizes take values in the full continuum of possibilities,
corresponding to a continuum of Poisson processes. So a Lévy process of this
type is a Brownian motion with drift interspersed with jumps of arbitrary size.
Even when v fails to be finite, if we have f0<|x‘<1 [x|v(dx) < oo a simple
exercise in using the mean value theorem shows that we can still make this
interpretation.

The most subtle case of the Lévy—Khintchine formula (0.2) is when f0< x| <1
|x|v(dx) = oo but f0<|x‘<1 |x|>v(dx) < co. Thinking analytically, /) — 1
may no longer be v-integrable but

¢ 1 — i, y) xo<iyi<1(¥)

always is. Intuitively, we may argue that the measure v has become so fine that
itis no longer capable of distinguishing small jumps from drift. Consequently it
is necessary to amalgamate them together under the integral term. Despite this
subtlety, it is still possible to interpret the general Lévy process as a Brownian
motion with drift b interspersed with ‘jumps’ of arbitrary size, provided we
recognise that at the microscopic level tiny jumps and short bursts of drift
are treated as one. A more subtle discussion of this, and an account of the
phenomenon of ‘creep’, can be found at the end of Section 2.4. We will see in
Chapter 2 that the path can always be constructed as the limit of a sequence of
terms, each of which is a Brownian motion with drift interspersed with bona

fide jumps.
When v < oo, we can write the sample-path decomposition directly as
X(6)=bt +aB@t)+ Y AX(s), (0.3)
0<s<t

where AX (s) is the jump at time s (e.g. if v = Ay then AX(s) = 0 or h).
Instead of dealing directly with the jumps it is more convenient to count the
times at which the jumps occur, so for each Borel set A in R? — {0} and for
each r > 0 we define

N(t, A) =#{0 <5 <t; AX(s) € A).

This is an interesting object: if we fix ¢ and A then N (¢, A) is a random vari-
able; however, if we fix w € Q2 and ¢ > 0 then N (¢, -) () is a measure. Finally,
if we fix A with v(A) < oo then (N(#, A),t > 0) is a Poisson process with
intensity v(A).



XViii Overview

When v < 00, we can write

Z AX(s):/ xN(t, dx).
R—{0}

0<s<t

(Readers might find it helpful to consider first the simple case where v =
Z:n:l Aibh;-)

In the case of general v, the delicate analysis whereby small jumps and drift
become amalgamated leads to the celebrated Lévy—It6 decomposition,

X)) = bH—«/c_ZB(t)—l-/

O<|x|<l1

x[N(t,dx)—tv(dx)]+/ XN (t, dx).
[x]>1
Full proofs of the Lévy—Khintchine formula and the Lévy-Itd decomposition
are given in Chapters 1 and 2.

Let us return to the consideration of standard Brownian motion B = (B(?),
t > 0). Each B(¢) has a Gaussian density

__1 Ll§

and, as was first pointed out by Einstein [92], this satisfies the diffusion equa-
tion
api(x) 1

= —Ap,(x),
3 > P (x)

where A is the usual Laplacian in R¢. More generally, suppose that we want to
build a solution u = (u(t, x),t > 0,x € Rd) to the diffusion equation that has
a fixed initial condition u(0, x) = f(x) for all x € R?, where f is a bounded
continuous function on R?. We then have

u(t, x) = /Rd F&+y)p(yndy = E(f (x + B(1))). 0.4)

The modern way of thinking about this utilises the powerful machinery of oper-
ator theory. We define (7; f)(x) = u(¢, x); then (T3, t > 0) is a one-parameter
semigroup of linear operators on the Banach space of bounded continuous
functions. The semigroup is completely determined by its infinitesimal gen-
erator A, so that we may formally write 7, = ¢’® and note that, from the
diffusion equation,

d
Af =—0H)|

for all f where this makes sense.
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This circle of ideas has a nice physical interpretation. The semigroup or,
equivalently, its infinitesimal version — the diffusion equation — gives a deter-
ministic macroscopic description of the effects of Brownian motion. We see
from (0.4) that to obtain this we must average over all possible paths of the
particle that is executing Brownian motion. We can, of course, get a micro-
scopic description by forgetting about the semigroup and just concentrating
on the process (B(t),t > 0). The price we have to pay for this is that we
can no longer describe the dynamics deterministically. Each B(¢) is a random
variable, and any statement we make about it can only be expressed as a prob-
ability. More generally, as we will see in Chapter 6, we have a dichotomy
between solutions of stochastic differential equations, which are microscopic
and random, and their averages, which solve partial differential equations and
are macroscopic and deterministic.

The first stage in generalising this interplay of concepts is to replace
Brownian motion by a general Lévy process X = (X (¢),¢t > 0). Although
X may not in general have a density, we may still obtain the semigroup by
(T® f)Hx) =E(f(X (@) + x)), and the infinitesimal generator then takes the
more general form

(Af)(x) = b (3 f)(x) + 307 (3:9; /) (x)
+ /Rd {0}[f(x + ) — f(x) = ¥ (3 )X xo<pyi<1 (N (dy).
0.5)

In fact this structure is completely determined by the Lévy—Khinchine formula,
and we have the following important correspondences:

e drift «— first-order differential operator
e diffusion «<— second-order differential operator
e jumps <—> superposition of difference operators

This enables us to read off our intuitive description of the path from the form
of the generator, and this is very useful in more general situations where we
no longer have a Lévy—Khinchine formula. The formula (0.5) is established in
Chapter 3, and we will also derive an alternative representation using pseudo-
differential operators.

More generally, the relationship between stochastic processes and semi-
groups extends to a wider class of Markov processes Y = (Y (¢),t > 0), and
here the semigroup is given by conditioning:

(T, /)(x) = E(f(Y ()Y (0) = x).
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Under certain general conditions that we will describe in Chapter 3, the gener-
ator is of the Courrege form

(AN () = () f (@) +b' (@)@ ) + a' ()39, ) (x)
- fRd { }[f(”—f(X) — ¢, MO = XN @ HHD)]p(x, dy).
0.6)

Note the similarities between equations (0.5) and (0.6). Once again there are
drift, diffusion and jump terms, however, these are no longer fixed in space
but change from point to point. There is an additional term, controlled by the
function c, that corresponds to killing (we could also have included this in the
Lévy case), and the function ¢ is simply a smoothed version of the indicator
function that effects the cut-off between large and small jumps.

Under certain conditions, we can generalise the Lévy—Itd decomposition
and describe the process Y as the solution of a stochastic differential equation

dY (t) = b(Y (t—))dt + /a(Y (t—))dB(t)
+/ F(Y(t—),x)[N(dt,dx) — dtv(dx)]
|x]<1

+ / G (t—),x)N(t,dx). 0.7)
[x|>1

The kernel w(x, -) appearing in (0.6) can be expressed in terms of the Lévy
measure v and the coefficients F and G. This is described in detail in Chapter 6.

To make sense of the stochastic differential equation (0.7), we must rewrite
it as an integral equation, which means that we must give meaning to stochastic
integrals such as

fU(s)dB(s) and // Vs, x)(N(ds,dx)—dsv(dx))
0 0 JO<|x|<1

for suitable U and V. The usual Riemann-Stieltjes or Lebesgue—Stieltjes ap-
proach no longer works for these objects, and we need to introduce some extra
structure. To model the flow of information with time, we introduce a filtration
(F¢,t > 0) that is an increasing family of sub-o-algebras of F, and we say
that a process U is adapted if each U (¢) is F;-measurable for each ¢t > 0. We
then define

Mp

[ vonas = im 306 562 - 56)]
0 n—oo ]=1
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(n) (

_ (n)
where 0 = Iy <14

"Moo < tm, = tis a sequence of partitions of [0, 7]
whose mesh tends to zero as n — o0. The key point in the definition is that

for each term in the summand, U (t;")) is fixed in the past while the increment
B(tﬁ) D= B(t](.”)) extends into the future. If a Riemann—Stieltjes theory were
possible, we could evaluate U (xj(.")) at an arbitrary point for which lj(.") <

x(”) < t(")

j i1 The other integral,

/ / V(s,x)[N(ds,dx) —dsv(dx)],
0 JO<|x|<1

is defined similarly.

This definition of a stochastic integral has profound implications. In Chapter
4 we will explore the properties of a class of Lévy-type stochastic integrals that
take the form

Y(t)=/ G(s)ds—l—/ F(s)dB(s)—i—/f H(s,x)[N(ds,dx)
0 0 0 JO<|x|<l
— dsv(dx)]+ / K (s, X)N (ds, dx)
0

and, for convenience, we will take d = 1 for now. In the case where F', H and
K are identically zero and f is a differentiable function, the chain rule from
differential calculus gives f (Y (¢)) = f(; F (Y (5))G(s)ds, which we can write
more succinctly as df (Y (¢£)) = f'(Y (¢+))G (¢)dt. This formula breaks down for
Lévy-type stochastic integrals, and in its place we get the famous /76 formula,

df (Y (1))
= /X @O)G@)dr + 'Y (O))F (1)dB(t) + 3 f" (Y () F (1)*d1

+/ [fY (=) + K@, x) — fY(—)IN(dt, dx)

lx|>1

+f0 . fY(@=)+H(@, x)— f(Y@—=)IN(dt, dx) —v(dx)dt)
<|x|<1

+/0 N 1[f(Y(t—)JrILI(Z,X))—f(Y(t—))

—H(t, x) f' (Y (t=) |v(dx)dr.
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If you have not seen this before, think of a Taylor series expansion in which

dB(r)? behaves like dr and N (dt, dx)? behaves like N (dt, dx). Alternatively,
you can wait for the full development in Chapter 4. It6’s formula is the key
to the wonderful world of stochastic calculus. It lies behind the extraction of
the Courrege generator (0.6) from equation (0.7). It also has many important
applications including option pricing, the Black—Scholes formula and attempts
to replace the latter using more realistic models based on Lévy processes. This
is all revealed in Chapter 5, but now the preview is at an end and it is time to
begin the journey . . .



Notation

Throughout this book we will deal extensively with random variables taking
values in the Euclidean space R?, where d € N. We recall that elements of R?
are vectors x = (x1,x2,...,xq4) witheach x; € Rfor 1 < i < d. The inner
product in R? is denoted by (x, y) where x, y € R?, so that

d
9 =Y Xy
i=1

1/2
This induces the Euclidean norm |x| = (x, x)!/2 = (Zflzl xlz) . We will
use the Einstein summation convention throughout this book, wherein sum-
mation is understood with respect to repeated upper and lower indices, so for
example if x, y € R? and A = (Ai-) is a d x d matrix then

d
Aljxiyj = Z A’jx,'yj = ()C, A)’)

i,j=1

We say that such a matrix is positive definite if (x, Ax) > 0 forall x € R4 and
strictly positive definite if the inequality can be strengthened to (x, Ax) > 0
for all x € RY, with x # 0 (note that some authors call these ‘non-negative
definite’ and ‘positive definite’, respectively). The transpose of a matrix A will
always be denoted AT. The determinant of a square matrix is written as det(A)
and its trace as tr(A). The identity matrix will always be denoted /.

The set of all d x d real-valued matrices is denoted M4 (R).

If S € RY then its orthogonal complement is st = {x € R4, x,y) =
Oforall y € S}.

The open ball of radius r centred at x in R? is denoted B,(x) = {y €
R?: |y — x| < r} and we will always write B = B1(0). The sphere in RY is

Xxiii
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the (d — 1)-dimensional submanifold, denoted S¢~!, defined by § =1 — (x €
RY; x| = 1}.

We sometimes write RT = [0, c0).

The sign of u € R is denoted sgn(u) so that sgn(u) = (u/|u]) if u # 0,
with sgn(0) = 0.

For z € C, M(z) and J(z) denote the real and imaginary parts of z, respec-
tively.

The complement of a set A will always be denoted A® and A will mean
closure in some topology. If f is a mapping between two sets A and B, we
denote its range as Ran(f) = {y € B; y = f(x) for some x € A}.

For 1 < n < oo, we write C"(R?) to denote the set of all n-times differ-
entiable functions from RY to R, all of whose derivatives are continuous. The
jth first-order partial derivative of f € C!(R?) at x € R will sometimes be
written (3; £)(x). Similarly, if f € C2(RY), we write

% f

8)(,’3)(]'

(8;9; f)(x) for (x).

Whend = 1 and f € C"(R), we sometimes write
df
dx”

fOx)  for (x),

where 1 <r < n.

Let H be a real inner product space, equipped with the inner product (-, -)
and associated norm ||x|| = (x, x)!/2, for each x € H. We will frequently
have occasion to use the polarisation identity

(x, ¥) = 3 Ul + Y17 =[x = yI1P),

foreach x, y € H.

Fora, b € R, we will use a A b = min{a, b} and a vV b = max{a, b}.

We will occasionally use Landau notation, according to which (o(n),n €
N) is any real-valued sequence for which nl_i)n;o(o(n)/n) =0and (O(n),n €

N) is any real-valued sequence for which lim sup(O (n)/n) < oo. Functions
n— o0

o(t) and O(¢) are defined similarly. If f, g : R — R and a € R U {oo}, then
by f ~ g as x — a we mean lim [f(x)/g(x)] =1.
X—>a

If f: R? — R then by limgq, f(s) = [ we mean limy_; </ f(s) = [.
Similarly, limg |, f(s) =/ means lims_,; -, f(s) = 1.



Lévy processes

Summary  Section 1.1 is a review of basic measure and probability theory. In Sec-
tion 1.2 we meet the key concepts of the infinite divisibility of random variables and of
probability distributions, which underly the whole subject. Important examples are the
Gaussian, Poisson and stable distributions. The celebrated Lévy—Khintchine formula
classifies the set of all infinitely divisible probability distributions by means of a canoni-
cal form for the characteristic function. Lévy processes are introduced in Section 1.3.
These are essentially stochastic processes with stationary and independent increments.
Each random variable within the process is infinitely divisible, and hence its distribu-
tion is determined by the Lévy—Khintchine formula. Important examples are Brownian
motion, Poisson and compound Poisson processes, stable processes and subordina-
tors. Section 1.4 clarifies the relationship between Lévy processes, infinite divisibil-
ity and weakly continuous convolution semigroups of probability measures. Finally,
in Section 1.5, we briefly survey recurrence and transience, Wiener—Hopf factorisation
and local times for Lévy processes.

1.1 Review of measure and probability

The aim of this section is to give a brief resumé of key notions of measure
theory and probability that will be used extensively throughout the book and
to fix some notation and terminology once and for all. I emphasise that read-
ing this section is no substitute for a systematic study of the fundamentals
from books such as Billingsley [44], Itd [146], Ash and Doléans-Dade [14],
Rosenthal [264], Dudley [84] or, for measure theory without probability, Cohn
[73]. Knowledgeable readers are encouraged to skip this section altogether or
to use it as a quick reference when the need arises.



2 Lévy processes

1.1.1 Measure and probability spaces

Let S be a non-empty set and F a collection of subsets of S. We call F a
o-algebra if the following hold.

(H SeF.
2) Ae F= A e F.
(3) If (A,, n € N) is a sequence of subsets in F then Uzozl A, € F.

The pair (S, F) is called a measurable space. A measure on (S, F) is a
mapping i : F — [0, oo] that satisfies

1) u@) =0,
@

1% (U An) = Z/’L(An)
n=1

n=1

for every sequence (A,, n € N) of mutually disjoint sets in F.

The triple (S, F, w) is called a measure space.

The quantity @ (S) is called the total mass of p and u is said to be finite if
w(S) < oo. More generally, a measure u is o-finite if we can find a sequence
(A,,n € N)in F such that § = UZO:1 A, and each u(A,) < oo.

For the purposes of this book, there will be two cases of interest. The first
comprises

e Borel measures Let S be a subset of RY. We equip S with the relative topol-
ogy induced from RY, sothat U C S is openin S if U N § is open in R4,
Let B(S) denote the smallest o-algebra of subsets of S that contains every
open set in §. We call B(S) the Borel o-algebra of S. Elements of B(S) are
called Borel sets and any measure on (S, B(S)) is called a Borel measure.

One of the best known examples of a Borel measure is given by the
Lebesgue measure on S = RY. This takes the following explicit form on sets
in the shape of boxes A = (a1, b1) X (a2, b2) X --- X (a4, bg) where each
—00 < a; < b; < o0:

d
w(A) =[]t —ap.

i=1

Lebesgue measure is clearly o-finite but not finite.
Of course, Borel measures make sense in arbitrary topological spaces, but
we will not have need of this degree of generality here.
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The second case comprises

e Probability measures Here we usually write S = Q and take 2 to rep-
resent the set of outcomes of some random experiment. Elements of F are
called events and any measure on (€2, F) of total mass 1 is called a probabil-
ity measure and denoted P. The triple (2, F, P) is then called a probability
space.

Occasionally we will also need counting measures, which are those that
take values in N U {0}.

A proposition p about the elements of S is said to hold almost everywhere
(usually shortened to a.e.) with respect to a measure u if N = {s € S; p(s)
is false} € F and u(N) = 0. In the case of probability measures, we use the
terminology ‘almost surely’ (shortened to a.s.) instead of ‘almost everywhere’,
or alternatively ‘with probability 1°. Similarly, we say that ‘almost all’ the
elements of a set A have a certain property if the subset of A for which the
property fails has measure zero.

Continuity of measures Let (A(n), n € N) be a sequence of sets in F with
A(n) € A + 1) for each n € N. We then write A(n) 1 A where A =
UyZ, A(n), and we have

n(A) = lim (A@n)).

When p is a probability measure, this is usually called continuity of
probability.

Let G be a group whose members act as measurable transformations of
(S, F),sothatg: § — Sforeachg € Gand gA € Fforall A e F, g € G,
where gA = {ga, a € A}. We say that a measure p on (S, F) is G-invariant if

u(gA) = u(A)

foreachg € G, A € F.

A (finite) measurable partition of a set A € F is a family of sets
By, By, ..., B, € F for which B;NB; = {f wheneveri # j and | J!_, B; = A.
We use the term Borel partition when F is a Borel o -algebra.

If {G;,i € I} is a (not necessarily countable) family of sub-o-algebras of
F then (");; Gi is the largest sub-o-algebra contained in each G; and \/,; G;
denotes the smallest sub-o -algebra that contains each G;.

If P is a probability measure and A, B € F, it is sometimes notationally
convenient to write P(A, B) = P(A N B).
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Completion of a measure Let (S, F, i) be a measure space. Define

N ={A CS;3N e F with u(N) = 0and A C N}

and
F={AUB;AcF,BeN).

Then F is a o-algebra and the completion of the measure 1 on (S, F) is the
measure 7 on (S, F) defined by

HWAUB) = u(Ad), AelF, BeN.

In particular, B(S) is called the o-algebra of Lebesgue measurable sets in S.

1.1.2 Random variables, integration and expectation

Fori =1, 2, let (S;, F;) be measurable spaces. A mapping f : §1 — S is said
to be (F1, F»)-measurable if f_l(A) € F forall A € F». Ifeach S| € RY,
S> € R™and F; = B(S;), f is said to be Borel measurable. In the case d = 1,
we sometimes find it useful to write each Borel measurable f as f+ — f~
where, foreach x € §1, f(x) = max{f(x), 0} and f~(x) = —min{f (x), 0}.
If f=(f1.f2 ..., fs) is a measurable mapping from S; to R?, we write
= (f1+7f2+’ vfj) and = =(f; . fr s )

In what follows, whenever we speak of measurable mappings taking values
in a subset of RY, we always take it for granted that the latter is equipped with
its Borel o -algebra.

When we are given a probability space (€2, F, P) then measurable map-
pings from Q into R? are called random variables. Random variables are
usually denoted X, Y, .. .. Their values should be thought of as the results of
quantitative observations on the set 2. Note that if X is a random variable then
sois f(X) = f o X, where f is a Borel measurable mapping from R¢ to R™.
A measurable mapping Z = X +iY from Q into C (equipped with the natural
Borel structure inherited from R?) is called a complex random variable. Note
that Z is measurable if and only if both X and Y are measurable.

If X is a random variable, its law (or distribution) is the Borel probability
measure py on R? defined by

px=PoX L

We say that X is symmetric if px (A) = px(—A) forall A € B(R?).
Two random variables X and Y that have the same probability law are said
to be identically distributed, and we sometimes denote this as X = Y. For



1.1 Review of measure and probability 5

a one-dimensional random variable X, its distribution function is the right-
continuous increasing function defined by Fx(x) = px((—oo, x]) for each
x eR.

If W = (X,Y) is a random variable taking values in R?¢, the probability
law of W is sometimes called the joint distribution of X and Y. The quantities
px and py are then called the marginal distributions of W, where px(A) =
pw (A, RY) and py (A) = pw (R, A) for each A € B(RY).

Suppose that we are given a collection of random variables (X;,i € I) in a
fixed probability space; then we denote by o (X;, i € I) the smallest o-algebra
contained in F with respect to which all the X; are measurable. When there is
only a single random variable X in the collection, we denote this o -algebra as
o (X).

Let S be a Borel subset of R? that is locally compact in the relative topo-
logy. We denote as Bp(S) the linear space of all bounded Borel measur-
able functions from S to R. This becomes a normed space (in fact, a
Banach space) with respect to || f|| = sup, g | f(x)| for each f € Bp(S). Let
Cp(S) be the subspace of By (S) comprising continuous functions, C(S) be the
subspace comprising continuous functions that vanish at infinity and C¢(S)
be the subspace comprising continuous functions with compact support, so
that

Ce(S) S Co(S) < Cu(S).

Cp(S) and Co(S) are both Banach spaces under ||-|| and C(S) is norm dense in
Co(S). When S is compact, all three spaces coincide. For eachn € N, C{)’ (R%)
is the space of all f € Cp(R?) N C"(RY) such that all the partial derivatives of
£, of order up to and including #, are in Cp,(R?). We further define Cye (R =
Mhen Cy (R?). We define c? (R9) and Co (R?) analogously, foreach 1 < n <
Q.

Let (S, F) be a measurable space. A measurable function, f : § — RY, is

said to be simple if
n
f = Z CjXA_,‘
j=1

for some n € N, where ¢; € R4 and Aje Fiorl < j <n.Wecall x, the
indicator function, defined for any A € F by

xa(x) =1 whenever x € A; Xa(x) =0 whenever x ¢ A.

Let X(S) denote the linear space of all simple functions on S and let i be a
measure on (S, F). The integral with respect to  is the linear mapping from
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(S) into R? defined by
n
L(f) =) cin(A))
Jj=1

for each f € X(S). The integral is extended to measurable functions f =
(f1, f2, ..., fa), where each f; > 0, by the prescription for 1 <i <d

I(fi) = sup{lu(gi), & =1(81,...,8) € B(S), & = fi}
and to arbitrary measurable functions f by
Iu(f) = Iu(f+) - Iu(fi)-

We write 1,,(f) = [ f(x)(dx) or, alternatively, I,,(f) = [ fdu. Note that at
this stage there is no guarantee that any of the 7, (f;) is finite.

We say that f is integrable if |Iu(f+)| < oo and [I,(f7)| < oo. For
arbitrary A € F, we define

/Af(X)M(dX) = L.(f xa)-

It is worth pointing out that the key estimate

/A FEOn)| < fA L () ad)

holds in this vector-valued framework (see e.g. Cohn [73], pp. 352-3).

In the case where we have a probability space (€2, F, P), the linear mapping
Ip is called the expectation and written simply as [E so, for a random variable
X and Borel measurable mapping f : R¢ — R, we have

E(f(X)) = /Qf(X(w))P(dw) = | f(&)px(dx).

Rm

If A € F, we sometimes write E(X; A) = E(X x,).
In the case d = m = 1 we have Jensen's inequality,

FEX)) = E(f (X)),

whenever f : R — Risaconvex function and X and f(X) are both integrable.

The mean of X is the vector [E(X) and this is sometimes denoted u (if
there is no measure called p already in the vicinity) or uy, if we want to
emphasise the underlying random variable. If X = (X1, X3,..., Xg)andY =
(Y1, Y2, ..., Y,) are two random variables then the d x d matrix with (i, j)th
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entry E[(X; —ux,)(Y;— Ky; )] is called the covariance of X and Y and denoted
Cov(X,Y).Inthe case X =Y and d = 1, we write Var(X) = Cov(X, Y) and
call this quantity the variance of X. It is sometimes denoted o2 or 0)2(. When
d = 1 the quantity £(X"), where n € N, is called the nth moment of X.

The Chebyshev—Markov inequality for a random variable X is

E(X —aul")
cr ’
where C > 0, @ € R, n € N. The commonest forms of this are the Chebyshev
inequality (n = 2, @ = 1) and the Markov inequality (n = 1, « = 0).
We return to a general measure space (S, F, i) and list some key theorems

for establishing the integrability of functions from S to R?. For the first two of
these we require d = 1.

P(X —ap| =C) <

Theorem 1.1.1 (Monotone convergence theorem) If (f,,n € N) is a se-
quence of non-negative measurable functions on S that is (a.e.) monotone in-
creasing and converging pointwise to f (a.e.), then

lim /fn ()p(dx) = f Fpdx).
n—o0 Ky S
From this we easily deduce

Corollary 1.1.2 (Fatou’s lemma) If (f,, n € N) is a sequence of non-negative
measurable functions on S, then

lim inf/ fun(x)p(dx) = / liminf f, (x)u(dx),
n—o00 S S n—o0
which is itself then applied to establish

Theorem 1.1.3 (Lebesgue’s dominated convergence theorem) If (f,,, n € N)
is a sequence of measurable functions from S to RY converging pointwise to f
(a.e.) and g > 0 is an integrable function such that | f,,(x)| < g(x) (a.e.) for
alln € N, then

Tim /S fo(dx) = /S FeOu(dr).

We close this section by recalling function spaces of integrable mappings.
Let 1| < p < oo and denote by LP(S, F, u; Rd) the Banach space of all
equivalence classes of mappings f : § — R? which agree a.e. (with respect
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to u) and for which || f||, < oo, where || - ||, denotes the norm

1/p
171, = [fs|f(x)|pu<dx>} .

In particular, when p = 2 we obtain a Hilbert space with respect to the inner
product

(o) = /S (£ (0, g (do),

for each f, g € L2(S, F, u; RY). If (f, g) = 0, we say that f and g are ortho-
gonal. A linear subspace V of L2(S, F, u; RY) is called a closed subspace if
it is closed with respect to the topology induced by || - |2, i.e. if (f,;; n € N) is
a sequence in V that converges to f in LZ(S, F, Rd) then f € V.

When there can be no room for doubt, we will use the notation L?”(S) or
LP(S, ) for LP(S, F, u; RY).

Hoélder’s inequality is extremely useful. Let p, ¢ > 1 be such that

1/p+1/q =1.

Let f € LP(S) and g € L9(S) and define (f,g) : S = Rby (f,29)x) =
(f(x), g(x)) forall x € S. Then (£, g) € L'(S) and we have

G M < 1 f11pl1glg-

When p = 2, this is called the Cauchy—Schwarz inequality.

Another useful fact is that 3 (S) is dense in each L?(S), i.e. given any f €
LP(S) we can find a sequence (f,,n € N) in 2(S) such that lim,_, || f —
fn | |p =0.

The space L?(S, F, u) is said to be separable if it has a countable dense
subset. A sufficient condition for this is that the o -algebra F is countably gen-
erated, i.e. there exists a countable set C such that F is the smallest o -algebra
containing C. If § € B(RY) then B(S) is countably generated.

1.1.3 Conditional expectation

Let (S, F, n) be an arbitrary measure space. A measure v on (S, F) is said
to be absolutely continuous with respect to u if A € F and u(A) = 0 =
v(A) = 0. We then write v < . Two measures p and v are said to be equiv-
alent if they are mutually absolutely continuous. The key result on absolutely
continuous measures is
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Theorem 1.1.4 (Radon-Nikodym) If u is o -finite and v is finite with v < u,
then there exists a measurable function g : S — R such that, for each A € F,

v(A) =/Ag(X)/L(dX)-

The function g is unique up to w-almost-everywhere equality.

The functions g appearing in this theorem are sometimes denoted dv/du
and called (versions of ) the Radon—Nikodym derivative of v with respect
to w. For example, if X is a random variable with law pyx that is abso-
lutely continuous with respect to Lebesgue measure on R?, we usually write
fx =dpx/dx and call fx a probability density function (or sometimes a den-
sity or a pdf for short).

Now let (2, F, P) be a probability space and G be a sub-o-algebra of F
so that:

(1) G isao-algebra;
(2 g F.

Let X be an R-valued random variable with E(]X|) < oo, and for now as-
sume that X > 0. We define a finite measure Q x on (2, G) by the prescription
Ox(A) =E(Xy,) for A € G; then Qx < P, and we write

dQx
dP
We call E(X|G) the conditional expectation of X with respect to G. It is a

random variable on (€2, G, P) and is uniquely defined up to sets of P-measure
zero. For arbitrary real-valued X with E(|X|) < oo, we define

E(X|19) =

E(X19) = E(XT(9) — E(X"19).

When X = (X1, X2, ..., X4) takes values in R? with E(|X|) < oo, we define

E(X|9) = (E(X,119), E(X2]9), ..., E(X4|9)).

We sometimes write Eg(-) = E(:|G).
We now list a number of key properties of the conditional expectation.

o E(E(X]G)) = E(X).
o [EX|9)| <E(X[IG) as.
e IfY is a G-measurable random variable and E(|(X, Y)|) < oo then

E((X,Y)IG) = (E(X]G),Y) as.
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e If H is a sub-o-algebra of G then

EEX|GIH) = EX|H) as.

e The mapping Eg : L*(Q, F, P) — L*(Q, G, P) is an orthogonal projec-
tion.

In particular, given any G-measurable random variable Y such that E(|Y|) <
oo and for which

E x1) =EX x,)

forall A € G,thenY = E(X|G) (a.s.).

The monotone and dominated convergence theorems and also Jensen’s in-
equality all have natural conditional forms (see e.g. Dudley [84], pp. 266 and
274).

The following result is, in fact, a special case of the convergence theorem for
reversed martingales. This is proved, in full generality, in Dudley [84], p. 290.

Proposition 1.1.5 IfY is a random variable with E(|Y |) < oo and (G,, n € N)
is a decreasing sequence of sub-o-algebras of F, then

lim E(Y|G,) =EX|G) as.,
where G = (),en 9n-

If Y is a random variable defined on the same probability space as X we
write E(X|Y) = E(X|o(Y)), and if A € F we write E(X|A) = E(X|o(A))
where 0 (A) = {A, A¢, Q, #}.

If A € F we define P(A|G) = E(x4]|G). We call P(A|G) the conditional
probability of A given G. Note that it is not, in general, a probability measure
on F (not even a.s.) although it does satisfy each of the requisite axioms with
probability 1. Let ¥ be an R?-valued random variable on € and define the
conditional distribution of Y , given G to be the mapping Py g : B R x Q —
[0, 1] for which

Pyig(B,w) = P(Y "'(B)|G)(w)

for each B € B(R?), w € Q. Then Py|g is a probability measure on B(R?) for
almost all w € Q. Moreover, for each g : RY — R? with [E(g(Y))| < oo we
have

E(g 0 Y|G) = Adg@)mg(dy, ) as (L1
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1.1.4 Independence and product measures

Let (2, F, P) be a probability space. A sequence (F,,n € N) of sub-o-
algebras of F is said to be independent if, for any n-tuple iy, ia, ..., i, and
any Aj; € Fj,1 < j <n,

n
P(A, NA,N---NA;) = ]_[ P(A;).
j=1

In particular, a sequence of random variables (X,, n € N) is said to be inde-
pendent if (o (X,), n € N) is independent in the above sense. Such a sequence
is said to be i.i.d. if the random variables are independent and also identically
distributed, i.e. the laws (px,, n € N) are identical probability measures. We
say that a random variable X and a sub-o-algebra G of F are independent if
o (X) and G are independent. In this case we have

EX|G) = E(X) a.s.

Now let {(S1, F1, 1), - -+, (Sn, Fn, tn)} be a family of measure spaces. We
define their product to be the space (S, F, ), where S is the Cartesian product
SIxXxSH x--x8§,F=FQFQ®- - -®JF, is the smallest o-algebra
containing all sets of the form A; x Ay x --- x A, for which each A; € F;
and u = p1 X (2 X - -+ X W, is the product measure for which

WAL X Ay - x Ay = [ T,
i=1

To ease the notation, we state the following key result only in the case n = 2.

Theorem 1.1.6 (Fubini) If (S;, F;, ;i) are measure spaces fori = 1,2 and if
f 81 x 8 = Ris Fi ® Fr-measurable with

f f L (s ) (@) a(dy) < 0o,

then

/S S f G, y)(ur x o) (dx, dy) =/S [ : f(x,y)m(dX)] ua(dy)

=/S [/S f(x,y)uz(dy)}m(dX)-

The functions y — f fx, y)ur(dx) and x — f f(x, y)ua(dy) are defined
W2 (a.e.) and p (a.e.), respectively.
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For 1 < j < n, let X; be a random variable defined on a probability space
(2, F, P) and form the random vector X = (X, X7, ..., X,,); then the X,
are independent if and only if px = px, x px, x -+ X px,.

At various times in this book, we will require a conditional version of
Fubini’s theorem. Since this is not included in many standard texts, we give
a statement and proof of the precise result we require.

Theorem 1.1.7 (Conditional Fubini) Ler (2, F, P) be a probability space
and G be a sub-o-algebra of F. If (S, X, 1) is a measure space and F €
LY(SxQ, 2 ®F,ux P),then

) < oo,

gl

Eg (st(s’ -)Mds)) = /SEQ(F(S, NDpu(ds)  as.

/S Eg(F (s, )1e(ds)

and

Proof Using the usual Fubini theorem, we find that

“

) < /S E(Eg(F (5. ) )u(ds)

fs Eg(F (s, )uds)
< /S E(Eg(|F (s, ))n(ds)
_ /S E(|F (s, ) u(ds) < oo

and, for each A € G,

E (XA /S Fs, -)u(dS)) _ fs E(xaF (s, )p(ds)
_ /S EGuEg(F (s, ))u(ds)

=k <XAngg(F(.Y, -))M(ds)> ,

from which the required result follows. O

The following result gives a nice interplay between conditioning and inde-
pendence and is extremely useful for proving the Markov property, as we will
see later. For a proof, see Sato [274], p. 7.
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Lemma 1.1.8 Let G be a sub-o-algebra of F. If X and Y are R?-valued ran-
dom variables such that X is G-measurable and Y is independent of G then

E(f(X,Y)|G) = Gr(X) a.s.

forall f € By(R*), where G y(x) = E(f (x,Y)) for each x € RY,

1.1.5 Convergence of random variables

Let (X (n), n € N) be a sequence of R?-valued random variables and X be an
R?-valued random variable. We say that:

e X (n) converges to X almost surely if lim,_, o X (n)(®w) = X(w) for all
w € Q— N, where N € F satisfies P(N) = 0;

e X (n)convergesto X in L? (1 < p < o0) iflim,— E(| X (n) — X|?) = 0.
The case p = 2 is often called convergence in mean square and in this case
we sometimes write L2 — IimX(n)yso = X;

e X (n) converges to X in probability if, for all a > 0, lim,_ P(|X(n) —
X|>a)=0;

e X (n) converges to X in distribution if

n—o0o

lim g F @) pxm(dx) = /R ) f(xX)px(dx) forall f e Cp(RY).

In the case d = 1, convergence in distribution is equivalent to the require-
ment on distribution functions that lim,,_, oo Fx(4)(x) = Fx (x) at all continu-
ity points of Fy.

The following relations between modes of convergence are important:

almost-sure convergence = convergence in probability =
convergence in distribution;
L?-convergence = convergence in probability =
convergence in distribution.

Conversely, if X (n) converges in probability to X then we can always find
a subsequence that converges almost surely to X .

Let LY = LO(Q, F, P) denote the linear space of all equivalence classes
of R?-valued random variables that agree almost surely; then L° becomes a
complete metric space with respect to the Ky Fan metric

d(X,Y) =infle > 0, P(|1X — Y| > €) < €}
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for X, Y e L°. The function d metrises convergence in probability in that a
sequence (X (n), n € N) in L? converges in probability to X e L if and only
if lim,— 0 d(X (n), X) = 0.

We will find the following result of use later on.

Proposition 1.1.9 If (X (n),n € N) and (Y (n), n € N) are sequences of ran-
dom variables for which X (n) — X in probability and Y (n) — 0 almost
surely, then X (n)Y (n) — 0 in probability.

Proof We will make use of the following elementary inequality for random
variables W and Z, where a > 0:

a a
P(W + Z| >a)§P<|W| > §>+P(|Z| > 5).
We then find that, for all n € N,
P(X(n)Y(n)| >a)=P(Xn)Y(n) — XY (n) + XY (n)| > a)

<P (IX(n)Y(n) — XY ()| > %) +P (|XY(n)| > %) .

Now Y (n) — 0 (a.s.) = XY (n) — 0 (a.s.) = XY (n) — 0 in probability.

Foreach k > 0 let My = {w € ©; |Y (n)(w)| < k} and assume, without loss
of generality, that P ({w € ;Y (n)(w) = 0}) = 0 for all sufficiently large n;
then

P(IXmY o) = XYl > 3) < P (IYIIX () = X > 3)

—p (|Y(n)||X(n) - X| > % Nk)

+ P (IY@IX ) = XT > 5, AF)
a

= P(1X00 = X| > )+ PAY ()| > )

-0 as n— oo,

and the result follows. O

As well as random variables, we will also want to consider the convergence
of probability measures. A sequence (u(n), n € N) of such measures on R9 is
said to converge weakly to a probability measure p if

nlj)rgoff(X)M(n)(dX) =ff(X)M(dX)
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for all f € Cp(R?). A sufficient (but not necessary) condition for this to hold
is that u(n)(E) — u(E) as n — oo, for every E € B(R?).

1.1.6 Characteristic functions

Let X be a random variable defined on (€2, F, P) and taking values in RY with
probability law py. Its characteristic function ¢x : R¢ — C is defined by

$x () =E(c'"V) = / ¢ X P (dw)
Q

= / ] e px (dy),
Rt

for each u € RY. More generally, if p is a probability measure on R¢ then its
characteristic function is the map u — fRd PACI) p(dy), and it can be shown
that this mapping uniquely determines the measure p.

The following properties of ¢y are elementary:

lpx ()] < 1

¢x (—u) = ¢x (u);

X is symmetric if and only if ¢y is real-valued,;

if X = (Xq,...,Xa) andIE(|X;?|) <ooforsomel < j <dandn € N
then

an
au;f

E(X") =i™" —¢x )
l u=0

If Mx (u) = ¢px (—iu) exists, at least in a neighbourhood of # = 0, then My
is called the moment generating function of X. In this case all the moments of
X exist and can be obtained by partial differentiation of My as above.

For fixed uy, ..., ug € R?, we denote as @y the d x d matrix whose (i, Jj)th
entry is ¢x (u; — u ). Further properties of ¢x are collected in the following
lemma.

Lemma 1.1.10

(1) @y is positive definite for all uy, . .., ug € RY.
(2) ¢ox(0) = 1.

(3) The map u — ¢x (u) is continuous at the origin.

Proof Parts (2) and (3) are straightforward.
For (1) we need to show that Z‘j{kzlcjﬁqﬁx(uj — uy) > 0 for all
ul,...,ug € R9andallcy,...,cq € C.
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Define f : R — C by f(x) = Z(j‘:l cje!™i*) for each x € RY; then
f e L*(R?, px) and we find that

d d
o ) — ol i—uj, x) d
DD citiox (i — uy) [Rd > cicze px(dx)

i=1 j=I i,j=1

_ /R ) Ppx(dx) = |IfIP = 0.

O

A straightforward application of dominated convergence verifies that ¢x
is, in fact, uniformly continuous on the whole of R?. Nonetheless the weaker
statement (3) is sufficient for the following powerful theorem.

Theorem 1.1.11 (Bochner’s theorem) If ¢ : RY — C satisfies parts (1), (2)
and (3) of Lemma 1.1.10, then ¢ is the characteristic function of a probability
distribution.

We will sometimes want to apply Bochner’s theorem to functions of the
form ¢ (1) = eV where ¢ > 0 and, in this context, it is useful to have a
condition on v that is equivalent to the positive definiteness of ¢.

We say that ¢ : R? — C is conditionally positive definite if for all n € N
and ¢y, ..., c, € C for which Z'}zl ¢j = 0 we have

n

D ciGpr(uj —ug) =0

Jrk=1
forall uy, ..., u, € R?. The mapping ¥ : RY — C is said to be hermitian if
V() = ¥ (—u) forall u € R?.

Theorem 1.1.12 (Schoenberg correspondence) The mapping ¥ : R — C
is hermitian and conditionally positive definite if and only if 'V is positive
definite for each t > 0.

Proof We give only the easy part here. For the full story see Berg and Forst
[35], p. 41, or Parthasarathy and Schmidt [246], pp. 1-4.

Suppose that e’V is positive definite for all # > 0. Fix n € N and choose
Cl,...,cpand uy, ..., u, as above. We then find that, for each ¢t > 0,

n
LS alern 1] 20
=1
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and so

n n
_ .1 _ -
E ciey(uj —up) = th_r)r(l); E cjck[e””(”f “ 1] > 0.
Jk=1 Jik=1

O

To see the need for ¢ to be hermitian, define 1/7(-) = ¥ (-) + ix, where ¥
is hermitian and conditionally positive definite and x € R, x # 0. ¥ is clearly
conditionally positive definite but not hermitian, and it is then easily verified
that e'¥ cannot be positive definite for any ¢ > 0.

Note that Berg and Forst [35] adopt the analyst’s convention of using —,
which they call ‘negative definite’, rather than the hermitian, conditionally
positive definite .

Two important convergence results are the following:

Theorem 1.1.13 (Glivenko) If ¢, and ¢ are the characteristic functions
of probability distributions p, and p (respectively), for each n € N, then
() — ¢(u) forallu € R = pn — p weakly as n — oo.

Theorem 1.1.14 (Lévy continuity theorem) If (¢,, n € N) is a sequence of
characteristic functions and there exists a function ¥ : R? — C such that, for
all u € R4, ¢, (u) — ¥ (u) as n — oo and V is continuous at 0 then  is the
characteristic function of a probability distribution.

Now let X1, ..., X, be a family of random variables all defined on the same
probability space. Our final result in this subsection is

Theorem 1.1.15 (Kac’s theorem) The random variables X1, ..., X, are in-
dependent if and only if
n
E(exp|i) X)) || =dx @) bx, )
j=1
foralluy,...,u, € RY.

1.1.7 Stochastic processes

To model the evolution of chance in time we need the notion of a stochastic
process. This is a family of random variables X = (X (¢),¢ > 0) that are all
defined on the same probability space.

Two stochastic processes X = (X (¢),t > 0)and Y = (Y (¢),t > 0) are
independent if, for all m,n € N, all0 < ) < < --- < t, < oo and all
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0<s1 <8 < - < sy < o0, the g-algebras o (X (#1), X (t2), ..., X(t1))
and o (Y (s1), Y (s2), ..., Y (sp)) are independent.

Similarly, a stochastic process X = (X (¢),t > 0) and a sub-c-algebra G
are independent if G and o (X (1), X (f2), ..., X (t,)) are independent for all
neNO<tHhH<bh<---<t;, <00

The finite-dimensional distributions of a stochastic process X are the collec-
tion of probability measures (py, 1,,...1,, 0 <11 <t <--- <t <00,n €N)
defined on R?" for each n € N by

Pitye, (H) = P((X (1), X(12), ..., X (ta)) € H)

for each H € B(R™).
Let w be a permutation of {1, 2, ..., n}; then it is clear that, for each Hj,
H, ..., H, € B(RY),

Pty (Hy X Hy X -+ X Hp)
= Platyta@yentzy Hr) X Hz@) X -+« X Hy)); (12)
Pivtotmtnes (H1 X Hy X oo X Hyy X RY)
= Pty (1 X Hy X - oo X Hp). (1.3)

Equations (1.2) and (1.3) are called Kolmogorov’s consistency criteria.
Now suppose that we are given a family of probability measures

Pty , 0<ti <th <--- <t, <o0o,n €N)

satisfying these criteria. Kolmogorov’s construction, which we will now de-
scribe, allows us to build a stochastic process for which these are the finite-
dimensional distributions. The procedure is as follows.

Let Q be the set of all mappings from R* into R? and F be the smallest
o -algebra containing all cylinder sets of the form

1 ={we Q (o), w(tr),...,o,)) € H},

11,02,

where H € B(R™).
Define the co-ordinate process X = (X (¢),t > 0) by

X () (w) = w()

foreacht > 0, w € Q.
The main result is



1.1 Review of measure and probability 19

Theorem 1.1.16 (Kolmogorov’s existence theorem) Given a family of prob-
ability measures (py, 1y,..1,,0 < t1 <tp < -+ <1ty < 00,n € N) satisfying
the Kolmogorov consistency criteria, there exists a probability measure P
on (2, F) such that the co-ordinate process X is a stochastic process on
(2, F, P) having the py, 1,,....1, as its finite-dimensional distributions.

A stochastic process X = (X (¢),t > 0) is said to be separable if there
exists a countable subset D C RT such that, for each r > 0, there exists a
sequence (f(n), n € N) in D with each #(n) # ¢ such that lim,,_, o t(n) = ¢
and lim,,—, o X (t (n)) = X (¢).

Kolmogorov’s theorem can be extended to show that, given a family
(Pttyyty: 0 <1 <t <--- <t, < o00,n € N) of probability measures
satisfying the Kolmogorov consistency criteria, we can always construct a sep-
arable process X = (X(¢),t > 0) on some (2, F, P) having the p;, 1,1, as
its finite-dimensional distributions. Bearing this in mind, we will suffer no loss
in generality if we assume all stochastic processes considered in this book to
be separable.

The maps from R™ to R4 given by t — X (t)(w), where w € Q are called
the sample paths of the stochastic process X. We say that a process is continu-
ous, bounded, increasing etc. if almost all its sample paths have this property.

Let G be a group of matrices acting on R?. We say that a stochastic process
X = (X(1),t = 0) is G-invariant if the law py ) is G-invariant for all # > 0.
Clearly X is G-invariant if and only if

dx ) (&"u) = dx (1)

forallt > 0, u eRd,g eG.

In the case where G = O (d), the group of all d x d orthogonal matrices
acting in RY, we say that the process X is rotationally invariant and when G
is the normal subgroup of O (d) comprising the two points {—1, I} we say that
X is symmetric.

1.1.8 Random fields

A random field is a natural generalisation of a stochastic process in which
the time interval is replaced by a different set £. Here we will assume that
E € B(RY) and define a random field on E to be a family of random variables
X = (X(y),y € E). We will only use random fields on one occasion, in
Chapter 6, and there it will be important for us to be able to show that they are
(almost surely) continuous. Fortunately, we have the celebrated Kolmogorov
criterion to facilitate this.
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Theorem 1.1.17 (Kolmogorov’s continuity criterion) Let X be a random
field on E and suppose that there exist strictly positive constants y, C and €
such that

E(1X (y2) = X (y)I") < Clyz = yi|**¢

for all yi, y» € E. Then there exists another random field X on E such that
X(y) = X) (as.),forall y € E, and X is almost surely continuous.

For a proof of this result, see Revuz and Yor [260], Section 1.2, or Kunita
[182], Section 1.4.

1.2 Infinite divisibility
1.2.1 Convolution of measures

Let M (R?) denote the set of all Borel probability measures on R?. We define
the convolution of two probability measures as follows:

(1 * p2)(A) = /Rd pi(A — x)pz(dx) (1.4)

for each ; € M (R?),i = 1,2, and each A € B(R?), where we note that
A—x={y—x,yeA}.

Proposition 1.2.1 The convolution iy * j12 is a probability measure on RY.

Proof First we show that convolution is a measure. Let (A,,n € N) be a
sequence of disjoint sets in B (Rd); then, for each x € RY, the members of the
sequence (A, — x, n € N) are also disjoint and

(k1 % o) (U An) =f i [(U An> —X} p2(dx)
neN R4 neN

:f 141 [U(A,, —x)} 12(dx)
R4 neN
= f,, Zm(An — x)pa(dx)

neN

= Z/ p1(An — x)p2(dx)
Rd

neN

= (1 * 12)(Ay),

neN



1.2 Infinite divisibility 21

where the interchange of sum and integral is justified by dominated conver-
gence.

The fact that w1 * > is a probability measure now follows easily from the
observation that the map from R to itself given by the translation y — y — x
is a bijection, and so RY = R? — x. O

From the above proposition, we see that convolution is a binary operation
on M;(R%).

Proposition 1.2.2 If f € By(RY), then for all i € M{(RY),i =1,2,3,
(1)

fw FO (1 * o) (dy) = /Rd fRd &+ y)pui(dy)pua(dx),
)

M1 * Uy = U2 * Ui,
3)

(1 % o) * (3 = g * (2 * U3).

Proof (1) We can easily verify the result for indicator functions by the fact
that, for any A € B(R?) and x, y € R,

Xa(x +y) = xa—x(y).

The result is then extended by linearity to simple functions. The general result
is settled by approximation as follows.
Let M = sup,cpa | f(x)|, fix € > 0 and, for each n € N, let a(()") < af") <
- < a,(,;?n be such that the collection of intervals {(ai(f)l, al.(")]; 1 <i <my}
covers [—M, M] with max; <j<pm, |a[(”) — al.(’i)1| < e, for sufficiently large n.
Define a sequence of simple functions by f,, = Z:":" | ai(ﬁ)l X A where each

Ag") = f1 ((al.(f)l, al.(")]). Then for sufficiently large n we have

/Rd | fu(x) = fOOI(r * p2)(dx) < sup | fn(x) = f(x)]

xeR4

= max sup |f,(x) — f(x)| <e.

1<i<
St xeA,(")

If we define g, (x,y) = fu(x +y) and g(x,y) = f(x + y) foreachn € N,
X,y € R4, then an argument similar to the above shows that lim, .00 g1 = ¢
in LY(R? x RY, 41 x 7). The required result now follows from use of the
dominated convergence theorem.
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(2) By Fubini’s theorem in (1),

/Rd F @)y * po)(dz) = /Rd F (@) (2 * pi)(dz).

Then take f = x4 where A is a Borel set and the result follows.

(3) Use Fubini’s theorem again to show that both expressions are equal to

f f fx+y+2)ui(dx)pua(dy)pus(dz).
R(l Rd Rd
O

Now let X1 and X, be independent random variables defined on a prob-
ability space (€2, F, P) with joint distribution p and marginals w; and w»
respectively.

Corollary 1.2.3 For each f € Bp(R"),

E(f (X, + X2)) = fR F@ o * ) ).
Proof Using part (1) of Proposition 1.2.2,
E(f (X1 + Xa)) = /R fR f G+ »p(s, dy)
= /Rd /Rd f &+ y)ui(dx)pua(dy)

- /Rd F (@) (1 * pn2)(dz).
O

By Corollary 1.2.3, we see that convolution gives the probability law for the
sum of two independent random variables X1 and X», i.e.

P(Xi1+ X, € A) = E(xa(X1 + X2)) = (1 * n2)(A).

Proposition 1.2.2 also tells us that M (R¢) is an abelian semigroup under s in
which the identity element is given by the Dirac measure &y, where we recall
that in general, for x € R,

1 if xeA,
0 otherwise,

6 (A) = {

for any Borel set A, so we have g *x . = u * 89 = u forall u € M (RY).
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We define u*” = @ ---% u (n times) and say that u has a convolution nth
root, if there exists a measure '/ € M (R?) for which (u!/")*" = p.

Exercise 1.2.4 If X and Y are independent random variables having probability
density functions (pdfs) fx and fy respectively, show that X + Y has density

Fror () = fR el = fr 0y,

where x € RY,

Exercise 1.2.5 Let X have a gamma distribution with parameters » € N and
A > 0, so that X has pdf
)\‘nxn—le—)»x
fx) = —— for x > 0.
(n—1)!
Show that X has a convolution nth root given by the exponental distribution
with parameter A and pdf f)l(/ "(x) = re™M.

Note In general, the convolution nth root of a probability measure may not be
unique. However, it is always unique when the measure is infinitely divisible
(see e.g. Sato [274], p. 34).

1.2.2 Definition of infinite divisibility

Let X be a random variable taking values in R? with law wx. We say that
X is infinitely divisible if, for all n € N, there exist i.i.d. random variables
Yl("), e, Y,f”) such that

XLy™ 4o py®, (1.5)

Let ¢x (1) = E(e!®X)) denote the characteristic function of X, where u € R¥.
More generally, if i € M (R?) then ¢, (1) = Jra e ) u(dy).

Proposition 1.2.6 The following are equivalent:

(1) X is infinitely divisible;

(2) wx has a convolution nth root that is itself the law of a random variable,
for eachn € N;

(3) ¢x has an nth root that is itself the characteristic function of a random
variable, for each n € N.

Proof (1) = (2). The common law of the Y}") is the required convolution
nth root.
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(2) = (3). Let Y be a random variable with law (1x)'/”. We have by Propo-
sition 1.2.2(1), for each u € R,

¢x(u) = / / e eIt (U (dyy) - (x) Y (d )
=Yy )"

where Yy (u) = fRd e ) (py)l/n (dy), and the required result follows.
(3) = (1). Choose Yl("), e Y,fn) to be independent copies of the given
random variable; then we have

E(e/ X)) = E(ei(u,yl‘”))) . _E(ei(u,)’n(“))) _ E(ei(u,(yl(")+~~+y,§")))
from which we deduce (1.5) as required. O

Proposition 1.2.6(2) suggests that we generalise the definition of infinite
divisibility as follows: 1 € M1 (R?) is infinitely divisible if it has a convolution
nth root in M (R?) for each n € N.

Exercise 1.2.7 Show that u € M (R?) is infinitely divisible if and only if for
each n € N there exists u'/” € M (R?) for which

¢ (x) = [P (0)]"

for each x € R?,

Note As remarked above, the convolution nth root ul/ ™ in Exercise 1.2.7 is
unique when g is infinitely divisible. Moreover, in this case the complex-
valued function ¢,, always has a ‘distinguished’ nth root, which we denote
by ¢,1L " this is the characteristic function of /Ll/ " (see Sato [274], pp. 324,
for further details).

1.2.3 Examples of infinite divisibility

Example 1.2.8 (Gaussian random variables) Let X = (X{,..., Xy) be a
random vector.

We say that it is (non-degenerate) Gaussian, or normal, if there exists a
vector m € R? and a strictly positive definite symmetric d x d matrix A such
that X has a pdf of the form

|
(2n)me,ﬁ£&@4)eXp[

for all x € RY,

fx) =

1l =—m AT 'x—m)], (1.6
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In this case we will write X ~ N (m, A). The vector m is the mean of X, so
that m = [E(X), and A is the covariance matrix, so that A = E((X — m)(X —
m)T). A standard calculation yields

dx (u) =exp[i(m, u) — 3(u, Au)], (1.7)

and hence
[ox0)]"" = exp[i (2, 1) — Lu, LAw)],

s0 we see that X is infinitely divisible with ¥’ ~ N (m/n. (1/n)A) for each
1<j=<n

We say that X is a standard normal whenever X ~ N (0, o>I) for some
o > 0.

Remark: Degenerate Gaussians Suppose that the matrix A is only required
to be positive definite; then we may have det(A) = 0, in which case the density
(1.6) does not exist. Let ¢ (1) denote the quantity appearing on the right-hand
side of (1.7); if we now replace A therein by A 4+ (1/n)I and take the limit
as n — oo, it follows from Lévy’s convergence theorem that ¢ is again the
characteristic function of a probability measure . Any random variable X
with such a law p is called a degenerate Gaussian, and we again write X ~
N(m, A).

Let S denote the linear subspace of R” that is the linear span of those eigen-
vectors corresponding to non-zero eigenvalues of Aj; then the restriction of
A to S is strictly positive definite and so is associated with a non-degenerate
Gaussian density of the form (1.6). On S+ we have ¢ (1) = ¢, which corre-
sponds to a random variable taking the constant value m, almost surely. Thus
we can understand degenerate Gaussians as the embeddings of non-degenerate
Gaussians into higher-dimensional spaces.

Example 1.2.9 (Poisson random variables) In this case, we take d = 1 and
consider a random variable X taking values in the set n € NU {0}. We say that
is Poisson if there exists ¢ > 0 for which

n

¢ _
P(X =n)=—e .
n!

In this case we will write X ~ 7 (c). We have E(X) = Var(X) = c. It is easy
to verify that

dx (u) = exp[c(e™ — 1)],

from which we deduce that X is infinitely divisible with each Y ;") ~ m(c/n),
forl <j<n,neN.
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Example 1.2.10 (Compound Poisson random variables) Suppose that
(Z(n),n € N) is a sequence of i.i.d. random variables taking values in R?
with common law @z and let N ~ m(c) be a Poisson random variable that
is independent of all the Z (n). The compound Poisson random variable X is
defined as follows: X = Z(1) +--- 4+ Z(N), so we can think of X as a ran-
dom walk with a random number of steps, which are controlled by the Poisson
random variable N.

Proposition 1.2.11 For each u € R¢,
¢x (u) = exp [/d(ei(“’Y) - l)cuz(dy)} .
R

Proof Let ¢z be the common characteristic function of the Z,,. By condition-
ing and using independence we find that

¢x() =Y E(exp[iu, Z(A)+ -+ Z(N)]|N =n) P(N = n)

n

n=0
= ZE(GXP [i(u, Z(H)+---+ Z(n))]) e,c%
=0 ‘

n

o i [epz ()]

n!
n=0
= explc(gz(u) — D],
and the result follows on writing ¢z (u) = fRd e s (dy). Ol

Note We have employed the convention that Z(0) =0 (a.s.).

If X is compound Poisson as above, we write X ~ m(c, iz). It is clearly
infinitely divisible with each Y;'l) ~n(c/n,muz),forl < j <n.

The quantity X will have a finite mean if and only if each Z, does. Indeed,
in this case, straightforward differentiation of ¢y yields E(X) = cmz, where
myz is the common value of the E(Z,). Similar remarks apply to higher-order
moments of X.

Exercise 1.2.12

(1) Verify that the sum of two independent infinitely divisible random vari-
ables is itself infinitely divisible.

(2) Show that the weak limit of a sequence of infinitely divisible pro-
bability measures is itself infinitely divisible. (Hint: use Lévy’s continuity
theorem.)
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We will frequently meet examples of the following type. Let X = X1 + X»,
where X and X, are independent with X1 ~ N(m, A) and X, ~ w(c, uz);
then, for each u € RY,

$x () = exp [i(m, u) — L, Au) + / (/) — 1)C‘Mz(d)’)] . (18)
R4

1.2.4 The Lévy—Khintchine formula

In this section, we will present a beautiful formula, first established by Paul
Lévy and A.Ya. Khintchine in the 1930s, which gives a characterisation of in-
finitely divisible random variables through their characteristic functions. First
we need a definition.

Let v be a Borel measure defined on RY — {0} = {x € R, x £ 0}. We say
that it is a Lévy measure if

/ (Iy)* A Du(dy) < oco. (1.9)
R4—{0}

Since |y|> A € < |y|®> A 1 whenever 0 < € < 1, it follows from (1.9) that

V((—€,6)) < oo foralle > 0.
Exercise 1.2.13 Show that every Lévy measure on RY — {0} is o -finite.

Alternative characterisations of Lévy measures can be found in the litera-
ture. One of the most popular replaces (1.9) by

/ sz)(dy) < 00. (1.10)
rRi_goy 1 + 1yl

To see that (1.9) and (1.10) are equivalent, it is sufficient to verify the inequali-
ties

|yI? y|?
<Pt
I+ [yl I+ |yl

for each y € R?.

Note that any finite measure on RY — {0} is a Lévy measure. Also, if the
reader so wishes, the alternative convention may be adopted of defining Lévy
measures on the whole of R via the assignment v({0}) = 0; see e.g. Sato
[274].
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The result given below is usually called the Lévy—Khintchine formula and it
is the cornerstone for much of what follows.

Theorem 1.2.14 (Lévy-Khintchine) 1 € M (RY) is infinitely divisible if
there exists a vector b € R?, a positive definite symmetric d x d matrix A and
a Lévy measure v on R? — {0} such that, for all u € R?,

¢, (1) = exp {i(b, u) — 3(u, Au)

+/ [/ —1 —i(M,y)Xg(y)]v(dy)}, (1.11)
RY—{0}

where B = B1(0).
Conversely, any mapping of the form (1.11) is the characteristic function of
an infinitely divisible probability measure on R¢.

Proof We are only going to prove the second part of the theorem here; the more
difficult first part will be proved as a by-product of the Lévy—Itd decomposition
in Chapter 2. First we need to show that the right-hand side of (1.11) is a
characteristic function. To this end, let (a(n), n € N) be a sequence in R? that
is monotonic decreasing to zero and define for all u € R%, n € N,

¢n(u) = exp [i (b —/ _yv(dy), M) — 5(u, Au)
[

—a(n),a(n)]°*NB

+ / (') — 1)v(dy)i| .
[—a(n),a(m)]

Then each ¢,, represents the convolution of a normal distribution with an inde-
pendent compound Poisson distribution, as in (1.8), and thus is the character-
istic function of a probability measure 1. We clearly have

$.(0) = lim @, (u).

The fact that ¢, is a characteristic function will follow by Lévy’s continuity
theorem if we can show that it is continuous at zero. This boils down to proving
the continuity at 0 of v,,, where, for each u € R4 ,

) = f [9 — 1 i(u, y)x0]v(dy)
RY—(0)

:/[ei(”’y)—l—i(u,y)]v(dy)—i— (Y = Du(dy).

B B¢
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Now using Taylor’s theorem, the Cauchy—Schwarz inequality, (1.9) and domi-
nated convergence, we obtain

It is now easy to verify directly that u is infinitely divisible.

1 )
)] < 5[|(u,y>|2v<dy>+f 16— 1u(dy)
B B¢

|M|2 i(u
< 7[ |y|2v<dy)+f ") — 1v(dy)
B B¢

—0 as u— 0.

Notes

ey

@)

3

“

&)

The technique used in the proof above of taking the limits of sequences

composed of sums of Gaussians with independent compound Poissons will

recur frequently.

The proof of the ‘only if* part involves much more work. See e.g. Sato

([274]), pp. 41-5, for one way of doing this. An alternative approach will

be given in Chapter 2, as a by-product of the Lévy-Itd decomposition.

There is nothing special about the ‘cut-off’ function c(y) = yxp that

occurs within the integral in (1.11). An alternative that is often used is

c(y) = y/(1 + |y|?). The only constraint in choosing ¢ is that the function

ge(y) = ™Y — 1 —i(c(y), u) should be v-integrable for each u € R¥.

Note that if you adopt a different ¢ then you must change the vector b

accordingly in (1.11).

Relative to the choice of ¢ that we have taken, the members of the triple

(b, A, v) are called the characteristics of the infinitely divisible random

variable X. Examples of these are as follows.

e Gaussian case: b is the mean, m, A is the covariance matrix, v = 0.

e Poissoncase: b =0,A =0,v = cd;.

e Compound Poisson case: b = 0, A = 0, v = cu, where ¢ > 0 and u is
a probability measure on R?.

It is important to be aware that the interpretation of b and A as mean

and covariance, respectively, is particular to the Gaussian case; e.g.

in (1.8),

EX)=m + C/R1 yuz(dy),

when the integral is finite.
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In the proof of Theorem 1.2.14, we wrote down the characteristic function
ou(u) = e 'We will call the map n : RY — C a Lévy symbol, as it is the
symbol for a pseudo-differential operator (see Chapter 3). Many other authors
call n the characteristic exponent or Lévy exponent.

Since, for all u € RY, |¢(u)| < 1 for any probability measure p and
¢, (u) = "™, when p is infinitely divisible we deduce that %in(u) < 0.

Exercise 1.2.15 Show that 7 is continuous at every u € R? (and uniformly so
in a neighbourhood of the origin).

Exercise 1.2.16 Establish the useful inequality

In@)| < CA+ [uf?)
for each u € RY, where C > 0.

The following theorem gives an interesting analytic insight into the Lévy—
Khintchine formula.

Theorem 1.2.17 The map n is a Lévy symbol if and only if it is a continuous,
hermitian, conditionally positive definite function for which n(0) = 0.

Proof Suppose that 1 is a Lévy symbol; then so is ¢, for each ¢+ > 0. Then
there exists a probability measure w(¢) for each ¢ > 0, such that ¢, (1) =
e for each u € R?. But 7 is continuous by Exercise 1.2.15 and (0) = 0.
Since ¢, is positive definite then » is hermitian and conditionally positive def-
inite by the Schoenberg correspondence.

Conversely, suppose that 7 is continuous, hermitian and conditionally pos-
itive definite with n(0) = 0. By the Schoenberg correspondence (Theo-
rem 1.1.2) and Bochner’s theorem, there exists a probability measure u for
which ¢, (1) = e"™ for each u € RY. Since n/n is, for each n € N, another
continuous, hermitian, conditionally positive definite function that vanishes at
the origin, we see that u is infinitely divisible and the result follows. O

We will gain more insight into the meaning of the Lévy—Khintchine for-
mula when we consider Lévy processes. For now it is important to be aware
that all infinitely divisible distributions can be constructed as weak limits of
convolutions of Gaussians with independent compound Poissons, as the proof
of Theorem 1.2.14 indicated. In the next section we will see that some very
interesting examples occur as such limits. The final result of this section shows
that in fact the compound Poisson distribution is enough for a weak approxi-
mation.
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Theorem 1.2.18 Any infinitely divisible probability measure can be obtained
as the weak limit of a sequence of compound Poisson distributions.

Proof Let ¢ be the characteristic function of an arbitrary infinitely divisible
probability measure /i, so that ¢!/”
foreachn € N, u € RY, we may define

is the characteristic function of x!/"; then

¢n(u) = exp {n[¢"" () — 1]} = exp [ f (') — l)nu”"(dy)] :
Rd

so that ¢, is the characteristic function of a compound Poisson distribution.
We then have

¢, (u) = exp [n(e(l/n)lOg[tb(u)] _ 1)]

= exp {log [¢(u)] +no (%)} — ¢(u) as n— oo,

where ‘log’ is the principal value of the logarithm; the result follows by
Glivenko’s theorem. ]

Corollary 1.2.19 The set of all infinitely divisible probability measures on
R? coincides with the weak closure of the set of all compound Poisson
distributions on R,

Proof This follows directly from Theorem 1.2.18 and Exercise 1.2.12(2). [

Although the Lévy—Khintchine formula represents all infinitely divisible
random variables as arising through the interplay between Gaussian and Pois-
son distributions, a vast array of different behaviour appears between these
two extreme cases. A large number of examples are given in Chapter 1 of Sato
([274]). We will be content to focus on a subclass of great importance and
then look at two rather diverse and interesting cases that originate from outside
probability theory.!

1.2.5 Stable random variables

We consider the general central limit problem in dimension d = 1, so let
(Y, n € N) be a sequence of real-valued random variables and construct the
sequence (S,, n € N) of rescaled partial sums

G _ N4Vt 4V —b,
n — O'n ’

1 Readers with an interest in statistics will be pleased to know that the gamma distribution (of
which the chi-squared distribution is a special case) is infinitely divisible. We will say more
about this is Subsection 1.3.2. The ¢-distribution is also infinitely divisible; see Grosswald [124].
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where (b,, n € N) is an arbitrary sequence of real numbers and (o,, n € N)
an arbitrary sequence of positive numbers. We are interested in the case where
there exists a random variable X for which
Ilim P(S, <x)=P(X <x) (1.12)
n— oo
for all x € R, i.e. (S, n € N) converges in distribution to X. If each b, = nm
and 0, = +/no for fixed m € R, o > 0, then X ~ N(m, 02) by the usual
Laplace—de-Moivre central limit theorem.

More generally a random variable is said to be stable if it arises as a limit, as
in (1.12). It is not difficult (see e.g. Breiman [58], Gnedenko and Kolmogorov
[121]) to show that (1.12) is equivalent to the following. There exist real-valued
sequences (c,, n € N) and (d,, n € N) with each ¢, > 0 such that

X1+X2+---+XngCnX+dn, (113)

where X1, X», ..., X, are independent copies of X. In particular, X is said to
be strictly stable if each d,, = 0.

To see that (1.13) = (1.12) take each Y; = X;, b, = d, and 0, = ¢;,. In
fact it can be shown (see Feller [102], p. 166) that the only possible choice of
cp in (1.13) is of the form on'/%, where 0 < « < 2. The parameter « plays a
key role in the investigation of stable random variables and is called the index
of stability.

Note that (1.13) can be expressed in the equivalent form

ox )" = ey (cuu),

foreachu € R.

It follows immediately from (1.13) that all stable random variables are in-
finitely divisible. The characteristics in the Lévy—Khintchine formula are given
by the following result.

Theorem 1.2.20 If X is a stable real-valued random variable, then its charac-
teristics must take one of the two following forms:

(1) whena =2,v=0,50 X ~ N(b, A),
(2) whena #2, A =0and

V(dX) = —2 X(0.00) (X)dX + P |1+a — 172 (00,0 (X)dx,

where cy > 0,c2 > 0andcy + ¢y > 0.

A proof can be found in Sato [274], p. 80.
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A careful transformation of the integrals in the Lévy—Khintchine formula
gives a different form for the characteristic function, which is often more con-
venient (see Sato [274], p. 86).

Theorem 1.2.21 A real-valued random variable X is stable if and only if there
existo > 0,—1 < B < 1and pn € R such that for all u € R:

(1) whena =2,

. 1 55
¢x (1) = exp lu,u—icru ;
2) whena # 1,2,

T

¢Xao:=exp{uu4—oﬂuu“[1—iﬂsguy)mn< 2)]};

3) whena =1,
2
¢x(u) = exp {iuu —oul [1 + iﬂ; sgn (u)log(lul)]}-

It can be shown that E(X?) < oo if and only if ¢ = 2 (i.e. X is Gaussian) and
that E(]X|) < coifand only if 1 < o < 2.

All stable random variables have densities fx, which can in general be ex-
pressed in series form (see Feller [102], Chapter 17, Section 6). In three im-
portant cases, there are closed forms.

The normal distribution
o =2, X ~ N(u, o?).

The Cauchy distribution

o

a=1, =0, fX(X):JT[(x—M)Z‘FOJ]‘

The Lévy distribution

1
2
o\ /2 1 o f
fX(x) = <E> m exp [—m} orx > (.



34 Lévy processes

Exercise 1.2.22 (The Cauchy distribution) Prove directly that
/OO eiux o dx = eiuu—alul
—00 l(x —w)?+o?]
(Hint: One approach is to use the calculus of residues. Alternatively, by inte-
grating from —oo to 0 and then 0 to oo, separately, deduce that

o
. 2
/ e e Wy = )
oo 1412

Now use Fourier inversion; see Subsection 3.8.4.)

Exercise 1.2.23 Let X and Y be independent standard normal random vari-
ables. Show that Z has a Cauchy distribution, where Z = Y /X when X # 0
and Z = 0 otherwise. Show also that W has a Lévy distribution, where
W = 1/X? when X # 0 and W = 0 otherwise.

Note that if a stable random variable is symmetric then Theorem 1.2.21
yields

ox (u) = exp(—p*|u|*) forall 0 < o <2, (1.14)

where p = o for0 < o < 2 and p = U/ﬁ when o = 2; we will write
X ~ SoS in this case.

Although it does not have a closed-form density, the symmetric stable dis-
tribution with « = 3/2 is of considerable practical importance. It is called the
Holtsmark distribution and its three-dimensional generalisation has been used
to model the gravitational field of stars: see Feller [102], p. 173 and Zolotarev
[312].

One of the reasons why stable laws are so important in applications is the
nice decay properties of the tails. The case a =2 is special in that we have
exponential decay; indeed, for a standard normal X there is the elementary
estimate

e_y2/2
2wy

see Feller [101], Chapter 7, Section 1.
When o # 2 we have a slower, polynomial, decay as expressed in the
following:

PX >y)~ asy — o0;

1
lim y*P(X > y) = CQL'BU“,
y—00 2
. -8
lim y*P(X < —y) =C, o,
y—>00 2
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where C, > 1; see Samorodnitsky and Taqqu [271], pp. 16-18, for a proof
and an explicit expression for the constant C,. The relatively slow decay of
the tails of non-Gaussian stable laws makes them ideally suited for modelling
a wide range of interesting phenomena, some of which exhibit ‘long-range
dependence’; see Taqqu [294] for a nice survey of such applications. The
mathematical description of ‘heavy tails’ is intimately related to the concept
of regular variation. For a detailed account of this, see Bingham et al. [46],
particularly Chapter 8, or Resnick [259].

The generalisation of stability to random vectors is straightforward: just
replace X1, ..., X,;, X and each d, in (1.13) by vectors, and the formula in
Theorem 1.2.20 extends directly. Note however that when o # 2 in the random
vector version of Theorem 1.2.20, the Lévy measure takes the form

c
V(d.X) = de

where ¢ > 0.
The corresponding extension of Theorem 1.2.21 is as follows (see Sato
[274], p. 83 for a proof).

Theorem 1.2.24 A random variable X taking values in R? is stable if and only
if for all u € R? there exists a vector m € R? and

(1) there exists a positive definite symmetric d x d matrix A such that, when
o =2,

1
¢x (u) = exp [i(m, u) — >, Au)} ;

(2) there exists a finite measure p on S9-1 such that, when o #1,2,

ox (1)
. o . T )
=exp {z(m, u) — /Sdl [(u, $)| [1 — i tan (7)]sgn (u, s),o(ds)},

(3) there exists a finite measure p on S~ such that, when o = 1,

ox (1)
:exp{i(m,u)—f |(u,s)||:1+i;sgn(u,s)log|(u,s)|]p(ds)}.
Sd—l
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Note that, for 0 < o < 2, X is symmetric if and only if

¢x (u) = exp [— /Sdl |(u, S)I“p(dS)]

for each u € R and X is rotationally invariant for 0 < o < 2 if and only if
the R¥-version of equation (1.14) holds.

We can generalise the definition of stable random variables if we weaken
the conditions on the random variables (Y (n), n € N) in the general central
limit problem by requiring these to be independent but no longer necessarily
identically distributed. In this case the limiting random variables are called
self-decomposable (or of class L) and they are also infinitely divisible. Al-
ternatively, a random variable X is self-decomposable if and only if for each
0 < a < 1 there exists a random variable Y,, that is independent of X and such
that

XLaX+Y, &  ¢xw)=xlau)dy, @),

forall u € R4, Self-decomposable distributions are discussed in Sato [274],
p. 90-9, where it is shown that an infinitely divisible law on R is self-
decomposable if and only if the Lévy measure is of the form

v(dx) = @dx,
|x |

where k is decreasing on (0, 0o) and increasing on (—oo, 0). There has recently
been increasing interest in these distributions from both the theoretical and
applied perspectives; see for example Bingham and Keisel [49] or the article
by Z. Jurek in [19] and references therein.

1.2.6 Diversion: Number theory and relativity

We will look at two interesting examples of infinitely divisible distributions.

The Riemann zeta distribution

The Riemann zeta function ¢ is defined, initially for complex numbers z =
u + iv where u > 1, by the (absolutely) convergent series expansion

&m=2%
n=1
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which is equivalent to the Euler product formula

(@) =] . (1.15)
peP - P
‘P being the set of all prime numbers.

Riemann showed that ¢ can be extended by analytic continuation to a mero-
morphic function on the whole of C, having a single (simple) pole at z = 1. He
also investigated the zeros of ¢ and showed that that these are at {—2n, n € N}
and in the strip |u| < 1. The celebrated Riemann hypothesis is that all the latter
class are in fact on the line # = 1/2, and this question remains unresolved
although Hardy has shown that an infinite number of zeros are of this form.
For more about this and related issues see e.g. Chapter 9 of Patterson [250]
and references therein.

We will now look at a remarkable connection between the Riemann zeta
function and infinite divisibility that is originally due to A. Khintchine (see
[121], pp. 75-6), although it has its antecedents in work by Jessen and
Wintner [159].

Fix u € R with u > 1 and define ¢,, : R — C by

_Su+iv)
¢u(v) = T i0)’
forallv € R.

Proposition 1.2.25 (Khintchine) For each u > 1, ¢, is the characteristic
function of an infinitely divisible probability measure.

Proof Using (1.15) and the Taylor series expansion of the complex function
log(1 + w), where |w| < 1, we find for all v € R that (taking the principal
value of the logarithm),

log [¢u(v)] = log [£(u + iv)] — log [¢ (u +i0)]

= Zlog(l _ p—u) _ Zlog(l . p—(u+iu))

peP peP
Z Z ( —m(u+lv) p—mu )
peP m=1 m

:ZZP ﬂmlog(p)v_l)
Z/ (@ = Db (),

I
ﬁM
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Hence we see that ¢, is the limit of a sequence of characteristic functions
of Poisson laws. It follows by the Lévy continuity theorem that ¢, is the
characteristic function of a probability measure that is infinitely divisible, by
Glivenko’s theorem and Exercise 1.2.12(2). O

After many years of neglect, some investigations into this distribution have
recently appeared in Lin and Hu [197]. Other developments involving number-
theoretic aspects of infinite divisibility can be found in Jurek [163], where the
relationship between Dirichlet series and self-decomposable distributions is
explored, and in the survey article by Biane, Pitman and Yor [41].

A relativistic distribution

We will consider an example that originates in Einstein’s theory of relativity. A
particle of rest mass m > 0 has momentum p = (p1, p2, p3) € R3. According
to relativity theory, its total energy is

E(p)= /mzc4+c2|p|2,

where ¢ > 0 is the velocity of light (see e.g. Born [54], p. 291) and, if we
subtract the energy mc? that is tied up in the rest mass, we obtain the kinetic
energy, i.e. the energy due to motion,

Em,c(p) =V m2c* + C2|p|2 — mc?.

Although m and c are ‘fixed’ by physics we have indicated an explicit depen-
dence of the energy on these ‘parameters’ for reasons that will become clearer
below. Define

¢m,(,'(p) = e_Em,c(p)’

where we now take p € R? for greater generality.

Theorem 1.2.26 ¢,, . is the characteristic function of an infinitely divisible
probability distribution.

Proof The fact that ¢, . is a characteristic function follows by Bochner’s the-
orem once we have shown that it is positive definite. Since E,, . is clearly
hermitian, demonstrating this latter fact is equivalent, by the Schoenberg cor-
respondence, to demonstrating that

> idiEpc(pi — pj) <0

i, j=1
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foralln e Nyo; € C, p; € R, 1 <i <n,with Y, a; = 0. Now

) " |p _p|2 1/2
Z @@ Ep (pi — pj) = mc? Z o) |:<1 " #) B 1}

i,j=1 i,j=1

—pi\"?
J
= mc Za,a1<1+ o )

i,j=1

n .2
<m Y g, <1+'m_1’|>

i,j=1

:_Za1a1|pl_ |

i,j=1

where the last assertion follows from the fact that the mapping p — —|p|? is
the Lévy symbol of a normal distribution and so is itself conditionally positive
definite.

To verify that the associated probability measure is infinitely divisible, it is
sufficient to observe that

1
[¢m,c(p)] & = ¢nm,c/n<p)
forall p e R?, n e N. ]

We will meet this example again in Chapter 3 in ‘quantised’ form.

1.3 Lévy processes

Let X = (X(¢),t > 0) be a stochastic process defined on a probability space
(2, F, P). We say that it has independent increments if for each n € N and
each0 <t <t < --- < tyy1 < 0o the random variables (X (¢j41) —
X (tj),1 < j < n) are independent and that it has stationary increments if
each X (tj41) — X (t)) £ X (tj11 — t;) — X (0).

We say that X is a Lévy process if:

(L1) X(0) =0 (as);
(L2) X has independent and stationary increments;
(L3) X is stochastically continuous, i.e. for all @ > 0 and for all s > 0

}imP(IX(t) — X)) >a)=0.
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Note that in the presence of (L1) and (L2), (L3) is equivalent to the condition
IimP(X ()| >a)=0
110

forall a > 0.
We are now going to explore the relationship between Lévy processes and
infinite divisibility.

Proposition 1.3.1 If X is a Lévy process, then X (t) is infinitely divisible for
eacht > 0.

Proof For each n € N, we can write

X)) =Y+ +Y"0)

Y0 =X <l%) ¢ <—(k ; Dt) .

The ¥ (¢) are i.i.d. by (L2). O

where each

By Proposition 1.3.1, we can write ¢x (1) = e for each t > 0,
u € RY, where each n(t,-) is a Lévy symbol. We will see below that
n(t,u) = tn(l,u) foreacht > 0, u € RY, but first we need the following
lemma.

Lemma 1.3.2 If X = (X (¢),t > 0) is stochastically continuous, then the map
t — ¢x ) (u) is continuous for each u € R4,

Proof Foreach s, t > 0 withr # s, write X (s, 1) = X (1) — X (s). Fix u € R,
Since the map y — ¢/ is continuous at the origin, given any € > 0 we can
find 81 > O such that

. ) €
sup |e!@Y — 1] < =
0<ly|<8; 2

and, by stochastic continuity, we can find §; > 0 such that whenever 0 <
[t —s| < 82, P(|X(s,1)| > &1) < €/4.
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Hence for all 0 < |t — 5| < §> we have

|dx ) (1) — Px () ()| =

/gwmmwkmxmmm_qu@
Q
5(/1|e“”y)—’ﬂpquﬂdy)

Rd

_ / 16D 1| py s (@)
Bs, (0)

+ / 16D 1 py s (@)
B, (0)°

< sup [/ — 1|4 2P(|X (s, 1) > &)
0<|y|<é

<e€,

and the required result follows. Ll

Theorem 1.3.3 If X is a Lévy process, then

bx oy (u) = "™

for eachu € R?, t > 0, where n is the Lévy symbol of X (1).

Proof Suppose that X is a Lévy process and that, for each u € RY, t > 0.
Define ¢, (t) = ¢x ) (u); then by (L2) we have for all s > 0

¢t +s)= [E(ei(lhx(t+s)))
= E(el'(u,XQ‘l’S)*x(S))ei(u’X@)))
= E(¢! X 0+9-X (D) (i X))
= ¢u (1) Py (s) (1.16)

Now
$,(0) =1 (1.17)

by (L1), and from (L3) and Lemma 1.3.2 we have that the map ¢t — ¢,(¢)
is continuous. However, the unique continuous solution to (1.16) and (1.17) is
given by ¢, (t) = €/*™, where « : R — C (see e.g. Bingham ez al. [46],
pp. 4-6). Now by Proposition 1.3.1 X (1) is infinitely divisible, hence « is a
Lévy symbol and the result follows. ]
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We now have the Lévy—Khinchine formula for a Lévy process X = (X (¢),
t>0),

E(e' X)) = exp <t{i(b, u) — 5 (u, Au)
+/ [¢"™Y —1 —i(u, )’)Xé(y)]v(d)’)}) (1.18)
RY—{0}

foreacht > 0, u € RY, where (b, A, v) are the characteristics of X (1).

We will define the Lévy symbol and the characteristics of a Lévy process X
to be those of the random variable X (1). We will sometimes write the former
as nx when we want to emphasise that it belongs to the process X.

Exercise 1.3.4 If X is a Lévy process with characteristics (b, A, v), show
that —X = (=X (¢),t > 0) is also a Lévy process and has characteristics
(—b, A, D), where D(A) = v(—A) for each A € B(R?). Show also that for
each ¢ € R the process, (X () + tc,t > 0) is a Lévy process, and find its
characteristics.

Exercise 1.3.5 Show that if X and Y are stochastically continuous processes
then so is their sum X +Y = (X (¢) + Y (¢), t > 0). (Hint: Use the elementary
inequality

P(|A+B|>c)<P(|A|>5)+P(|B|>5>
J— 2 2 9

where A and B are random variables and ¢ > 0.)

Exercise 1.3.6 Show that the sum of two independent Lévy processes is again
a Lévy process. (Hint: Use Kac’s theorem to establish independent incre-
ments.)

Theorem 1.3.7 If X = (X (¢),t > 0) is a stochastic process and there exists
a sequence of Lévy processes (X,,n € N) with each X, = (X,(t),t > 0)
such that X, (t) converges in probability to X (t) for each t > 0 and limy,—, o
limsup,_,o P(|X,(t) — X(t)| > a) = 0 forall a > 0, then X is a Lévy
process.

Proof (L1) follows immediately from the fact that (X, (0), n € N) has a subse-
quence converging to 0 almost surely. For (L2) we obtain stationary increments
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by observing that for each u € RELO<s <t <00,

E(e!@XO-X6)) = [im E(e!@Xn®=Xa())y

n—oo

= lim E(ei(M»Xn(th)))

n—oo

— F(e/ X =)

where the convergence of the characteristic functions follows by the argument
used in the proof of Lemma 1.3.2. The independence of the increments is
proved similarly.

Finally, to establish (L3), for eacha > 0,¢ > 0, n € N we have

P(X®)|>a) = P(IX (1) = X, (D] + X, ()] > a)
a

=P (X0 - X,01 > 5) + P (IX,01 > 5)

and hence

limsup P(|X (¢)] > a)

t—0
< limsup P <|X(t) — X, ()| > 3) + lim sup P (|Xn(t)| . 5’) .

t—0 2 t—0 2

(1.19)
But each X, is a Lévy process and so
lim sup P (|Xn(t)| > 3) — lim P (an(t)| > 3) —0,
t—0 2 t—0 2

and the result follows on taking lim,_, o in (1.19). |

1.3.1 Examples of Lévy processes

Example 1.3.8 (Brownian motion and Gaussian processes) A (standard)
Brownian motion in R? is a Lévy process B = (B(t), t > 0) for which

(B1) B(t) ~ N(0,tI) foreacht > 0,
(B2) B has continuous sample paths.

It follows immediately from (B1) that if B is a standard Brownian motion
then its characteristic function is given by

Pny () = exp (— 1t[ul?)

foreachu € R4, ¢ > 0.
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We introduce the marginal processes B; = (B;(t),t > 0), where each B;(¢)
is the ith component of B(z); then it is not difficult to verify that the B; are mu-
tually independent Brownian motions in R. We will henceforth refer to these
as one-dimensional Brownian motions.

Brownian motion has been the most intensively studied Lévy process. In
the early years of the twentieth century, it was introduced as a model for the
physical phenomenon of Brownian motion by Einstein and Smoluchowski
and as a description of the dynamical evolution of stock prices by Bachelier.
Einstein’s papers on the subject are collected in [92] while Bachelier’s thesis
can be found in [16]. The theory was placed on a rigorous mathematical basis
by Norbert Wiener [302] in the 1920s; see also [301]. The first part of Nelson
[236] contains a historical account of these developments from the physical
point of view.

We could try to use the Kolmogorov existence theorem (Theorem 1.1.16) to
construct one-dimensional Brownian motion from the following prescription
on cylinder sets of the form / tll'{ foroity

P )

11,02,.050n

1
B /H Qm)"2t(ty —t1) -+ (ty — ty—1)

1 2 . 2 — X 2
Xexp{__[x_l+u T M“dxl...dxm
2| fy — t by — Ih—1

However, the resulting canonical process lives on the space of all mappings
from R to R and there is then no guarantee that the paths are continuous. A
nice account of Wiener’s solution to this problem can be found in [301].

The literature contains a number of ingenious methods for constructing
Brownian motion. One of the most delightful of these, originally due to Paley
and Wiener [244], obtains Brownian motion in the case d = 1 as a random
Fourier series

> sin[7t(n+ 1
v gsnlrtn ],

B(t) = — -
7 n=0 n+ 2

foreach t > 0, where (£(n), n € NU{0}) is a sequence of i.i.d. N (0, 1) random
variables; see Chapter 1 of Knight [171]) for a modern account. A construction
of Brownian motion from a wavelet point of view can be found in Steele [288],
pp- 35-9.
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We list a number of useful properties of Brownian motion in the case d = 1;
this is far from exhaustive and, for further examples as well as details of the
proofs, the reader is advised to consult works such as Sato [274], pp. 22-8,
Revuz and Yor [260], Rogers and Williams [261], Karatzas and Shreve [167],
Knight [171] and It6 and McKean [141].

e Brownian motion is locally Holder continuous with exponent « for every
0<a<1/2,ie forevery T > 0, w € , there exists K = K (T, w) such
that

|B(t)(®) — B(s)(w)| < Kt —s|*

forall0<s <t <T.
e The sample paths ¢t — B(¢)(w) are almost surely nowhere differentiable.
e For any sequence (¢,, n € N) in R* with ,, 1 oo,

liminf B(t,) = —o0 a.s., lim sup B(t,) = oo a.s.
n—o0 n— 00

e The law of the iterated logarithm,

) (l, B() _ ) _
1m sup 12 — =1
10 {2rlog[log(1/0)]}

holds.

For deeper properties of Brownian motion, the reader should consult two
volumes by Marc Yor, [307], [308].

Let A be a positive definite symmetric d x d matrix and let o be a square
root of A, so that o is a d x m matrix for which coT = A. Now letb € R4 and
let B be a Brownian motion in R”. We construct a process C = (C(¢),t > 0)
in R by

C(t) =bt +0B(1); (1.20)

then C is a Lévy process with each C(tr) ~ N(th, tA). It is not difficult to
verify that C is also a Gaussian process, i.e. that all its finite-dimensional dis-
tributions are Gaussian. It is sometimes called Brownian motion with drift. The
Lévy symbol of C is

ne () = i (b, u) — Lu, Au).
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In the case b = 0, we sometimes write B4 (t) = C(t), for each t > 0, and call
the process Brownian motion with covariance A.

We will show in the next chapter that a Lévy process has continuous sample
paths if and only if it is of the form (1.20).

Example 1.3.9 (The Poisson process) The Poisson process of intensity A > 0
is a Lévy process N taking values in N U {0} wherein each N (¢) ~ w(At), so
that we have

At)"
PN = ny = &g
n!
for each n = 0,1,2,.... The Poisson process is widely used in applica-

tions and there is a wealth of literature concerning it and its generalisations;
see e.g. Kingman [169] and references therein. We define non-negative ran-
dom variables (T, N U {0}), usually called waiting times, by Tp = 0 and
forneN

T, =inf{t > 0; N(t) = n};

it is well known that the T}, are gamma distributed. Moreover, the inter-arrival
times T,, — T,,—1 for n € N are i.i.d. and each has exponential distribution with
mean 1/X; see e.g. Grimmett and Stirzaker [123], Section 6.8. The sample
paths of N are clearly piecewise constant on finite intervals with ‘jump’ dis-
continuities of size 1 at each of the random times (7}, n € N).

For later work it is useful to introduce the compensated Poisson process
N = (N (), ¢ > 0) where each N (t) = N (t) — At. Note that E(N (r)) = 0 and
E(N (t)%) = At foreacht > 0 .

Example 1.3.10 (The compound Poisson process) Let (Z(n),n € N) be a
sequence of i.i.d. random variables taking values in R? with common law 17

and let N be a Poisson process of intensity A that is independent of all the
Z(n). The compound Poisson process Y is defined as follows:

YO)=ZD)+---+Z(N(@®)) (1.21)
foreach ¢t > 0, soeach Y (¢) ~ w(At, ;7).

Proposition 1.3.11 The compound Poisson process Y is a Lévy process.
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Proof To verify (1) and (L2) is straightforward. To establish (L3), leta > 0;
then by conditioning and independence we have

P(Y(0)| > a)= ZP(IZ(l) +--+Z()| > a)P(N(1) =n),
n=0

and the required result follows by dominated convergence. O

By Proposition 1.2.11 we see that ¥ has Lévy symbol

ny (u) = [ R[(e"(”’” - 1)Kuz(dy)} :

Again the sample paths of Y are piecewise constant on finite intervals with
‘jump discontinuities’ at the random times (7 (n), n € N); however, this time
the size of the jumps is itself random, and the jump at 7 (n) can take any value
in the range of the random variable Z (n).

The compound Poisson process has important applications to models of
insurance risk; see e.g. Chapter 1 of Embrechts et al. [94].

Clearly a compound Poisson process is Poisson if and only if d = 1 and
each Z(n) = 1 (a.s.), so uz = §1. The following proposition tells us that two
independent Poisson processes must jump at distinct times (a.s.).

Proposition 1.3.12 If (N1(¢),t > 0) and (N2(t),t > 0) are two independent
Poisson processes defined on the same probability space, with arrival times
(Tn("), n € N) for j = 1,2, respectively, then

P(T" =T forsomem,n e N)=0.

Proof Let N(t) = N1(t) + N2(¢) for each t > 0; then it follows from Exercise
1.3.6 and a straightforward computation of the characteristic function that N is
another Poisson process. Hence, for each t > 0, we can write N (¢) = Z(1) +
--+4+Z(N(t)) where (Z(n),n € N) isi.i.d. witheach Z(n) = 1 (a.s.). Now let
m, n € N be such that T,f,l) = Tn@) (a.s.); if these are the first times at which
such an event occurs, it follows that Z(m +n — 1) = 2 (a.s.), and we have our
required contradiction. Cl

Example 1.3.13 (Interlacing processes) Let C be a Gaussian Lévy process as
in Example 1.3.8 and Y be a compound Poisson process, as in Example 1.3.10,
that is independent of C. Define a new process X by

X)) =C)+Y@),



48 Lévy processes

for all # > 0; then it is not difficult to verify that X is a Lévy process with Lévy
symbol of the form (1.8). The paths of X have jumps of random size occurring
at random times. In fact, using the notation of Examples 1.3.9 and 1.3.10,
we have

C(t) forO0 <t < T,
X (1) = c(T)+Z, fort =T,

X(T)+C@)—C(Th) forT), <t < T>,

X(T) + 2, fort = T»,

and so on recursively. We call this procedure an interlacing, since a continuous-
path process is ‘interlaced’ with random jumps. This type of construction will
recur throughout the book. In particular, if we examine the proof of Theorem
1.2.14, it seems reasonable that the most general Lévy process might arise as
the limit of a sequence of such interlacings, and we will investigate this further
in the next chapter.

Example 1.3.14 (Stable Lévy processes) A stable Lévy process is a Lévy
process X in which each X (¢) is a stable random variable. So the Lévy symbol
is given by Theorem 1.2.24. Of particular interest is the rotationally invariant
case, where the Lévy symbol is given by

n(u) = —olul*;

here 0 < o < 2 is the index of stability and o > 0.

One reason why stable Lévy processes are important in applications is that
they display self-similarity. In general, a stochastic process Y = (Y (¢),t > 0)
is self-similar with Hurst index H > 0 if the two processes (Y (at), t > 0) and
(@Y (), t > 0) have the same finite-dimensional distributions for all ¢ > 0.
By examining characteristic functions, it is easily verified that a rotationally
invariant stable Lévy process is self-similar with Hurst index H = 1/«, so that
e.g. Brownian motion is self-similar with H = 1/2. A nice general account of
self-similar processes can be found in Embrechts and Maejima [95]. In partic-
ular, it is shown therein that a Lévy process X is self-similar if and only if each
X () is strictly stable.

Just as with Gaussian processes, we can extend the notion of stability be-
yond the class of stable Lévy processes. In general, then, we say that a stochas-
tic process X = (X (¢),t > 0) is stable if all its finite-dimensional distributions
are stable. For a comprehensive introduction to such processes, see Samorod-
nitsky and Taqqu [271], Chapter 3.
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1.3.2 Subordinators

A subordinator is a one-dimensional Lévy process that is non-decreasing (a.s.).
Such processes can be thought of as a random model of time evolution, since
if T = (T(t),t > 0) is a subordinator we have

T@) =0 a.s. foreacht > 0,
and
T(t) <T(t) a.s. whenever t; < 5.

Now since for X (#) ~ N (0, Ar) wehave P(X () > 0) = P(X(t) <0) =1/2,
it is clear that such a process cannot be a subordinator. More generally we
have

Theorem 1.3.15 If T is a subordinator, then its Lévy symbol takes the form
oo
n(u) = ibu +/ " — Da(dy), (1.22)
0
where b > 0 and the Lévy measure A satisfies the additional requirements
o
AM—00,0)=0 and / (y A DA(dy) < oc.
0

Conversely, any mapping from R — C of the form (1.22) is the Lévy symbol
of a subordinator.

A proof of this can be found in Bertoin [37], Theorem 1.2 (see also Rogers
and Williams [261], pp. 78-9).
We call the pair (b, A) the characteristics of the subordinator T'.

Exercise 1.3.16 Show that the additional constraint on Lévy measures of sub-
ordinators is equivalent to the requirement

o
/ Y dy) < oo
o 14y
Now for each t > 0 the map u — E(e/“T ") can clearly be analytically con-
tinued to the region {iu, u > 0}, and we then obtain the following expression
for the Laplace transform of the distribution:

E(e*T®) = ¢~V
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where
Y (u) = —n(iu) = bu —|—/ (1 —e"")A(dy) (1.23)
0

for each u > 0. We observe that this is much more useful for both theoretical
and practical applications than the characteristic function.

The function  is usually called the Laplace exponent of the subordi-
nator.

Examples

Example 1.3.17 (The Poisson case) Poisson processes are clearly subordina-
tors. More generally, a compound Poisson process will be a subordinator if and
only if the Z(n) in equation (1.21) are all R*-valued.

Example 1.3.18 («-stable subordinators) Using straightforward calculus (see
the appendix at the end of this chapter if you need a hint), we find that for
O<a<1l,u>0,

o o /Oo(l —LIX) dx
u* = ——— —e ") ——.
r'a-owJj xlta

Hence by (1.23), Theorem 1.3.15 and Theorem 1.2.20 we see that for each
0 < a < 1 there exists an «-stable subordinator 7' with Laplace exponent

V) =u®,
and the characteristics of T are (0, A) where
2(dx) dx
X) = ———— .
I —a)x!+e

Note that when we analytically continue this to obtain the Lévy symbol we
obtain the form given in Theorem 1.2.21(2), with u = 0, 8 = 1 and 0% =
cos (am /2).

Example 1.3.19 (The Lévy subordinator) The %-stable subordinator has a
density given by the Lévy distribution (with 4 = 0 and o = 12/2)
4 —3/2_—12/(4s)
S)=|=——=])s e ,
Jr(s) (2 ﬁ)
for s > 0. The Lévy subordinator has a nice probabilistic interpretation as a
first hitting time for one-dimensional standard Brownian motion (B(¢),t > 0).
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More precisely:

t
T(t):inf{s > 0; B(s) = —} (1.24)
V2
For details of this see Revuz and Yor [260], p. 109, and Rogers and Williams
[261], p. 133. We will prove this result by using martingale methods in the next
chapter (Theorem 2.2.9).

Exercise 1.3.20 Show directly that, for each t > 0,

—tul/?

E(efuT(l)) — f eiquT(t)(S)dS — e ,
0

where (T (t), t > 0) is the Lévy subordinator. (Hint: Write g; (1) = E(e *T ),
Differentiate with respect to u and make the substitution x = ¢%/(4us) to
obtain the differential equation g/ (1) = —(t/ 2/u)g;(u). Via the substitution
y = t/(24/s) we see that g;(0) = 1, and the result follows; see also Sato [274]
p. 12)

Example 1.3.21 (Inverse Gaussian subordinators) We generalise the Lévy
subordinator by replacing the Brownian motion by the Gaussian process C =
(C(t),t = 0) where each C(t) = B(t) + yt and y € R. The inverse Gaussian
subordinator is defined by

T (t) =inf{s > 0; C(s) = 6t},

where § > 0, and is so-called because ¢+ — T (¢) is the generalised inverse of a
Gaussian process.

Again by using martingale methods, as in Theorem 2.2.9, we can show that
foreacht,u > 0,

E(e ") = exp [—tﬁ V2u +y? - V)] (1.25)

(see Exercise 2.2.10). In fact each T (¢) has a density, and we can easily com-
pute these from (1.25) and the result of Exercise 1.3.20, obtaining

8t
V2T

fros) = s exp[—1(£?8%s 7 + y7s)] (1.26)
foreach s, t > 0.

In general any random variable with density fr (1) is called an inverse Gaus-
sian and denoted as IG (8, y).
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Example 1.3.22 (Gamma subordinators) Let (T (), ¢t > 0) be a gamma pro-
cess with parameters a, b > 0, so that each T (¢) has density

bal at—1 —bx
frox) = F(at)x e,

for x > 0; then it is easy to verify that, for each u > 0,

/OOO e fro()dx = (1 + %>_m =P [—talog (1 * %)]

From here it is a straightforward exercise in calculus to show that

o o
/ e " fro(x)dx = / (1 — e ™ Yaxte ™ dx;
0 0

see Sato [274] p. 45 if you need a hint.

From this we see that (T (¢),¢ > 0) is a subordinator with » = 0 and
Adx) = ax~'e " dx. Moreover, Y (u) = alog(l + u/b) is the associated
Bernstein function (see below).

Before we go further into the probabilistic properties of subordinators we
will make a quick diversion into analysis.

Let f € C°°((0,00)) with f > 0. We say f is completely monotone if
(—=1)" £ > 0 forall n € N and a Bernstein function if (—1)" f® < 0 for all
n € N. We then have the following:

Theorem 1.3.23

(1) f is a Bernstein function if and only if the mapping x — e~7™ is com-
pletely monotone for all t > 0.
(2) f is a Bernstein function if and only if it has the representation

f(x) =a+bx +f (1 —=eHrdy)
0

for all x > 0, where a, b > 0 and fooo(y A DA(dy) < oo.
(3) g is completely monotone if and only if there exists a measure  on [0, 00)
for which

glx) = / e u(dy).
0

A proof of this theorem can be found in Berg and Forst [35], pp. 61-72.
To interpret this theorem, first consider the case a = 0. In this case, if we
compare the statement in theorem 1.3.23(2) with equation (1.23), we see that
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there is a one-to-one correspondence between Bernstein functions for which
limy_,o f(x) = 0 and Laplace exponents of subordinators. The Laplace trans-
forms of the laws of subordinators are always completely monotone functions,
and a subclass of all possible measures p appearing in Theorem 1.3.23(3)
is given by all possible laws pr(;) associated with subordinators. Now let f
be a general Bernstein function with @ > 0. We can give it a probabilistic
interpretation as follows. Let T be the subordinator with Laplace exponent
Y(u) = f(u) —a for each u > 0 and let S be an exponentially distributed
random variable with parameter a independent of T, so that S has the pdf
gs(x) = ae™® for each x > 0.

Now define a process Ts = (Ts(t), t > 0), which takes values in RT U {oo}
and which we will call a killed subordinator, by the prescription

{T(t) for 0 <t <3S,

Ts(t) = for t+ > §.

Proposition 1.3.24 There is a one-to-one correspondence between killed sub-
ordinators T (S) and Bernstein functions f, given by

E(e*uTs(t)) — o tfW)
foreacht,u > Q.

Proof By independence, we have

Ee " T0) = E(e™ x10,5(1) + E(e ™" 15,00 (1))
=EE™TO)P(S >1)
— eflIW(uH»a]’

where we have adopted the convention e~ = 0. O

One of the most important probabilistic applications of subordinators is to
‘time changing’. Let X be an arbitrary Lévy process and let T be a subor-
dinator defined on the same probability space as X such that X and T are
independent. We define a new stochastic process Z = (Z(¢),t > 0) by the
prescription

Z(t) = X(T (1)),

for each t+ > 0, so that for each w € 2, Z(#)(w) = X (T (¢)(w))(w). The key
result is then the following.

Theorem 1.3.25 Z is a Lévy process.
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Proof (L1) is trivial. To establish (L2) we first prove stationary increments.
LetO <t <t < ooand A € B(R?). We denote as D#,,1, the joint probability
law of T (¢1) and T (t2); then by the independence of X and T and the fact that
X has stationary increments we find that

P(Z(t) — Z(t) € A) = P(X(T (1)) — X(T (1)) € A)

:/ / P(X(s2) = X(51) € A)py, 1, (ds1, ds)
o Jo

= / f P(X(SZ _Sl) € A)ptl,tz(dsladSZ)
0 0
=P(Z(, — 1) € A).

For independent increments, let 0 < | < fr, < t3 < 00. We write py, .1
for the joint probability law of T (¢1), T () and T (#3). For arbitrary y € R,
define /1, : RT — C by hy(s) = E(e!”X®)) and, for arbitrary y;, y, € R,
define fy, y, : RT x R* x R* — Cby

Fyrm (1, 1z, u3) = E(expli (1, X (u2) — X (u1)])
x E(expli (y2, X (u3) — X (u2))]),

where 0 < u; < u» < uz < oo. By conditioning, using the independence of
X and T and the fact that X has independent increments we obtain

E(exp{il(y1. Z(t2) — Z(1)) + (y2. Z(13) — Z(12))]})
=E(fy,.. (T (1), T (1), T (13))).

However, since X has stationary increments, we have that

fyl,)’2(ula us, u3) = hyl (uz - ul)hyz(u3 - MZ)

foreachO < u; < uy < u3z < 0.
Hence, by the independent increments property of T, we obtain

E(exp{i[(y1, Z(t2) — Z(1)) + (v2. Z(13) — Z(:))]})
= E(hy, (T — T)hy, (T3 — T»))
= E(hy, (T — T1)) E(hy, (T3 — T»))
=E(expli(y1. Z(t2 — 1))]) E(exp[i (2. Z(13 — 1))]),

by the independence of X and T.
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The fact that Z () — Z(#1) and Z(t3) — Z(t>) are independent now follows
by Kac’s theorem from the fact that Z has stationary increments, which was
proved above. The extension to n time intervals is by a similar argument; see
also Sato [274], pp. 199-200.

We now establish (L3). Since X and T are stochastically continuous, we
know that, for any a € R?, if we are given any € > 0 then we can find § > 0
suchthat0 < h < 8 = P(|X(h)| > a) < €/2, and we can find 8’ > 0 such
that0 < h <8 = P(T(h) > §) < €/2.

Now, for all # > 0 and all 0 < & < min{$, 8/}, we have

P(Z(h)| > a)

= P(IX(T(M)| > a) :/ P(IX ()| > a) pru(du)
0

_ fo PUXW)| > a)pron(du) + / PUX ()] > @) pron(du)
[0,6) [8,00)

< sup P(IXw)| >a)+ P(T(h) =9)

0<u<$§

e+e
<-4+ -=e€.
2 2

Exercise 1.3.26 Show that for each A € B(Rd), t >0,

Pzn(A) = /OOO Pxw(A)pro(du).
We now compute the Lévy symbol 1z of the subordinated process Z.
Proposition 1.3.27
nz = —¥r o (—nx).
Proof Foreachu € RY, ¢t >0,

E(emzm(u)) — E(ei(u,X(T(t)))) — /oo E(ei(u.X(s)))pT([) (ds)
0

(o9)
:/ efs(f”X(”))pT(t)(ds) :E(e*nx(M)T(f))
0

— o 1T (=nx ()
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Note The penultimate step in the above proof necessitates analytic continua-
tion of the map u — E(e*T ) to the region Ran (nx).

Example 1.3.28 (From Brownian motion to 2«-stable processes) Let 7 be
an «-stable subordinator, with 0 < o < 1, and X be a d-dimensional Brownian
motion with covariance A = 21 that is independent of T'. Then for each s > 0,
u e R4, Yr(s) = s* and nx (1) = —|u|?, and hence nz (1) = —|u|®®, ie. Z is
a rotationally invariant 2¢-stable process.

In particular, if d = 1 and T is the Lévy subordinator then Z is the Cauchy
process, so each Z(t) has a symmetric Cauchy distribution with parameters
@ = 0and o = 1. It is interesting to observe from (1.24) that Z is constructed
from two independent standard Brownian motions.

Example 1.3.29 (From Brownian motion to relativity) Let 7 be the Lévy
subordinator, and for each ¢ > 0 define

fom(sst) = exp(=m?c*s + mc?t) fra)(s)

for each s > 0, where m, ¢ > 0.
It is then an easy exercise in calculus to deduce that

o
/ e fem(s; )ds = exp{—t[(u + m*cHY? — mc?).
0

Since the map u — (u + m?c*)1/2 — mc? is a Bernstein function that vanishes
at the origin, we deduce that there is a subordinator T, , = (T¢m(t),t >
0) for which each T, ,,(¢) has density f. ,(-;t). Now let B be a Brownian
motion, with covariance A = 2¢%1, that is independent of T; ,,; then for the
subordinated process we find, for all p € R,

nz(p) = —[(Ipl* + m*cH'? — mc?]

so that Z is a relativistic process, i.e. each Z(¢) has a relativistic distribution as
in Subsection 1.2.6.

Exercise 1.3.30 Generalise this last example to the case where T is an «-
stable subordinator with 0 < « < 1; see Ryznar [268] for more about such
subordinated processes.

Examples of subordinated processes have recently found useful applications
in mathematical finance and we will discuss this again in Chapter 5. We briefly
mention two interesting cases.



1.3 Lévy processes 57

Example 1.3.31 (The variance gamma process) In this case Z(¢) = B(T (¢))
for each + > 0, where B is a standard Brownian motion and 7 is an inde-
pendent gamma subordinator. The name derives from the fact that, in a formal
sense, each Z(¢) arises by replacing the variance of a normal random variable
by a gamma random variable. Using Proposition 1.3.27, a simple calculation
yields

Mz —at
® —(1+Z
z(0)(u) ( +2b)

foreach t > 0, u € R, where a and b are the usual parameters determining the
gamma process. For further details, see Madan and Seneta [206].

Example 1.3.32 (The normal inverse Gaussian process) In this case Z(¢) =
C(T(t)) + ut for each t > 0, where each C(t) = B(t) + Bt with 8 € R.
Here T is an inverse Gaussian subordinator which is independent of B and in
which we write the parameter y = /a2 — 2, where a € R with o?> > 2. Z
depends on four parameters and has characteristic function

Dz (a, B, 8, n)(u)
= exp {81|:\/a2 — B2 —Ja?— B+ iu)2i| +i,utu}

foreach u € R, t > 0. Here § > 0 is as in (1.25). Note that the relativistic
process considered in Example 1.3.29 above is a special case of this wherein
u=p=0,6 =cand @ = mc.

Each Z(¢) has a density given by

-1
Fr@) = C(a, B. 5, ; 1)q (x ;f’) K, (8t01q (x - “’)) o

for each x € R, where ¢(x) = /1 + x2;
Cla, B, 8, ju: 1) = 1~ e N e@=F=but

and K is a Bessel function of the third kind (see Subsection 5.6).
For further details see Barndorff-Nielsen [27, 28] and Carr et al. [67].

We now return to general considerations and probe a little more deeply
into the structure of nz. To this end we define a Borel measure my r on
R? — {0} by

iy (A) = /0 Px(AVA(d)
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for each A € B(R? — {0}); A is the Lévy measure of the subordinator T.
In fact, mx r is a Lévy measure satisfying the stronger condition f0°°(| vl A
1)myx 7(dy) < 00. You can derive this from the fact that for any Lévy process
X there exists a constant C > 0 such that for each t > 0

[E(X@); 1X(0)] < 1)] <C@ Al);
see Sato [274] p. 198, Lemma 30.3, for a proof of this.

Theorem 1.3.33 For each u € R,
nz() =bux + | (€ = Dmyr(dy).
Rz
Proof By Proposition 1.3.27, (1.23) and Fubini’s theorem we find that

na () = by () + / (€™ ® _ 1)a(ds)
0
= bnx (u) + / OO[IE(e““’X“”) — 1]A(ds)
0
= by (u) + / i (€'Y — D) px (o) (dy)r(ds)
0 d

= bnx (u) + /d(€i<”’y) — Dmx r(dy).
R

O

More results about subordinators can be found in Bertoin’s Saint-Flour lec-
tures on the subject [37], Chapter 6 of Sato [274] and Chapter 3 of Bertoin
[36].

1.4 Convolution semigroups of probability measures

In this section, we look at an important characterisation of Lévy processes. We
begin with a definition. Let (p;, t > 0) be a family of probability measures on
RY. We say that it is weakly convergent to 8 if

lim/ Fp(dy) = f(0)
0 JRd

forall f € Cp(RY).
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Proposition 1.4.1 If X is a stochastic process wherein X (t) has law p; for
eacht > 0and X(0) = 0 (a.s.) then (ps,t > 0) is weakly convergent to 8 if
and only if X is stochastically continuous att = 0.

Proof First assume that X is stochastically continuous at ¢ = 0 and suppose
that f € Cp(RY) with f # 0; then given any € > O there exists § > 0 such
that sup, ¢ g, (o) [/ (x) — f(0)| < €/2 and there exists 8 > Osuchthat0 < <
§ = P(X ()| > 6) < €/(4M), where M = sup,ga | f(x)]. For such t we
then find that

‘ fR [0 - F O]

= [ @@+ [ 1 - sl

Bs(0)°

< S;l}i()o) |f () = FO)|+2M P (X (1) € B5(0)°)

< €.

Conversely, suppose that (p;, ¢ > 0) is weakly convergent to §p. We use the
argument of Malliavin et al. [207], pp. 98-9. Fixr > O and € > 0. Let f €
Cp(R?) with support in B, (0) be such that 0 < f < I and £(0) > 1 — (¢/2).
By weak convergence we can find 7y > O such that

0<t<ty= ‘/Rd [f () — f(O)]pi(dy)

€
< —.

2
We then find that

PUXOI >r)=1=-P(X(O| =r)

<1- FOMpdy) =1- /Rd FOpi(dy)

B, (0)
-0+ /R O - f»]p@y

e+e
<-4+ -=¢€.
2 2
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A family of probability measures (p;, ¢t > 0) with pg = o is said to be a
convolution semigroup if

DPs+t = Ds * Dy forall s, >0,

and such a semigroup is said to be weakly continuous if it is weakly convergent
to &g.

Exercise 1.4.2 Show that a convolution semigroup is weakly continuous if and
only if

tim [ FOpan = [ FoIpidy)
Si,[ Rd Rd
forall f € Cp(RY),t > 0.
Exercise 1.4.3 Show directly that the Gauss semigroup defined by

1 2
pildx) = —=e¥/@dx
' 2t

for each x € R, t > 0, is a weakly continuous convolution semigroup.
Of course, we can recognise the Gauss semigroup in the last example as giv-

ing the law of a standard one-dimensional Brownian motion. More generally
we have the following:

Proposition 1.44 If X = (X (),t
law p; for each t > 0 then (p;,t
semigroup.

0) is a Lévy process wherein X (t) has

=
> 0) is a weakly continuous convolution

Proof This is straightforward once you have Proposition 1.4.1. O

We will now aim to establish a partial converse to Proposition 1.4.4.

1.4.1 Canonical Lévy processes

Let (ps, t > 0) be a weakly continuous convolution semigroup of probability
measures on R?. Define Q = {o : Rt — R?; »(0) = 0}. We construct a
o-algebra of subsets of Q2 as follows: for each n € N, choose 0 < #| < <

. <1, < oo and choose A1, As, ..., A, € B(R?). As in Subsection 1.1.7,

. Al Ay, A
we define cylinder sets ;)" 3" by

A1,Ap,... Ay .
Itl,lfQ,‘.z.,tn = {w € Q’ C()(t]) € Alv a)(t2) € AZv DR a)(tl’l) € An}
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Let F denote the smallest o-algebra containing all cylinder sets of €. We
define a set-function P on the collection of all cylinder sets by the prescription

P17
= / Py (d)’l)/ DPr—1 (dyr —y1)-- / Pt,ﬁtn,l(d)’n — Yn-1)
Ay Ay Ap
=/ / / XA, DX, (1 +y2) - xa, 1+ Y2+ ya)
R4 JRR4 R4
X P (dy1) pry—, (dy2) - -+ Piy—t,_, (dyn). (1.27)

By a slight variation on Kolmogorov’s existence theorem (Theorem 1.1.16)
P extends uniquely to a probability measure on (€2, F). Furthermore if we
define X = (X (¢),t > 0) by

X(1)(w) = o)

for all w € @, ¢t > 0, then X is a stochastic process on 2 whose finite-
dimensional distributions are given by

P(X(1) € A, X(t2) € Agy ..., X (ty) € Ay) = P (110224,

so that in particular each X (¢) has law p,. We will show that X is a Lévy
process. First note that (LL1) and (L3) are immediate (via Proposition 1.4.1). To
obtain (L2) we remark that, for any f € By (R"),

E(f(X (1), X (1), .... X (1))

2/ / / FOLYL+ Y2, syt 24+ )
R4 JR4 R4
X pl] (dy1)p12—11 (dYZ) e p[n—[,,_] (d)’n)

In fact this gives precisely equation (1.27) when f is an indicator function, and
the more general result then follows by linearity, approximation and dominated
convergence. (L2) can now be deduced by fixing u € R” and setting

f(xh-xZ’ c e 7Xn) = eXp [l Z(uj’xj _le)}

=1

for each x € R"; see Sato [274], p. 36 for more details. So we have proved the
following theorem.
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Theorem 1.4.5 If (p(¢),t > 0) is a weakly continuous convolution semigroup
of probability measures, then there exists a Lévy process X such that, for each
t >0, X(t) has law p(t).

We call X as constructed above the canonical Lévy process. Note that Kol-
mogorov’s construction ensures that

F=0c{X(),t >0}

We thus obtain the following result, which makes the correspondence between
infinitely divisible distributions and Lévy processes quite explicit:

Corollary 1.4.6 If w is an infinitely divisible probability measure on R? with
Lévy symbol n, then there exists a Lévy process X such that w is the law of
X (D).

Proof Suppose that p has characteristics (b, A, v); then for each > 0 the
mapping from R? to C given by u — /"™ has the form (1.11) and hence,
by Theorem 1.2.14, for each ¢ > 0 it is the characteristic function of an in-
finitely divisible probability measure p(¢). Clearly p(0) = §p and, by the
unique correspondence between measures and characteristic functions, we ob-
tain p(s +t) = p(s) * p(¢) for each s, ¢t > 0. By Glivenko’s theorem we have
the weak convergence p(t) — g as ¢ | 0, and the required result now follows
from Theorem 1.4.5. O

Note Let (p;,t > 0) be a family of probability measures on RY. We say that

it is vaguely convergent to § if

tim [ f0)pan = £0)

10 JRrd
for all f € C.(R?). We leave it to the reader to verify that Propositions 1.4.1
and 1.4.4 and Theorem 1.4.5 continue to hold if weak convergence is replaced
by vague convergence. We will need this in Chapter 3.

1.4.2 Modification of Lévy processes

Let X = (X(#),t >0)and Y = (Y (¢),t > 0) be stochastic processes defined
on the same probability space; then Y is said to be a modification of X if, for
eacht > 0, P(X(t) # Y (t)) = 0. It then follows that X and Y have the same
finite-dimensional distributions.

Lemma 1.4.7 If X is a Lévy process and Y is a modification of X, then Y is a
Lévy process with the same characteristics as X .
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Proof (L1) is immediate. For (L2), fix 0 < s <t < oo and let

N(s, 1) ={w € Q X (s)(®) =Y (s)(@) and X (1) (®) = Y (1) (»)}.
It follows that P (N (s, t)) = 1 since
PN (s,1)%) = {w € @ X(s)(@) # Y (s)(@) or X (1) (@) # Y (1) (@)}
<P(X(s)#Y(s))+ P(X(t) #Y (1)) =0.

To see that ¥ has stationary increments, let A € B(RY); then

P(Y(1)—Y(s) € A)

P(Y()—=Y(s) € A, N(s, 1)) + P(Y(t) =Y (s) € A, N(s5,1))
P(X(@®)—X(s) € A, N(s,1))
P(
p

A

X(1) — X(s) € A)
(X(t—5)€A)=P(Y(—ys) € A).

The reverse inequality is obtained in similar fashion. Similar arguments can be
used to show that ¥ has independent increments and to establish (L3).

We then see easily that X and Y have the same characteristic functions and
hence the same characteristics. U

Note In view of Lemma 1.4.7, we lose nothing in replacing a Lévy process by
a modification if the latter has nicer properties. For example, in Chapter 2 we
will show that we can always find a modification that is right-continuous with
left limits.

1.5 Some further directions in Lévy processes

This is not primarily a book about Lévy processes themselves. Our main aim is
to study stochastic integration with respect to Lévy processes and to investigate
new processes that can be built from them. Nonetheless, it is worth taking a
short diversion from our main task in order to survey briefly some of the more
advanced properties of Lévy processes, if only to stimulate the reader to learn
more from the basic texts by Bertoin [36] and Sato [274]. We emphasise that
the remarks in this section are of necessity somewhat brief and incomplete.
The first two topics we will consider rely heavily on the perspective of Lévy
processes as continuous-time analogues of random walks.
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1.5.1 Recurrence and transience

Informally, an R?-valued stochastic process X = (X (¢),t > 0) is recurrent
at x € R? if it visits every neighbourhood of x an infinite number of times
(almost surely) and transient if it makes only a finite number of visits there
(almost surely). If X is a Lévy process then if X is recurrent (transient) at
some x € RY, it is recurrent (transient) at every x € R?; thus it is sufficient to
concentrate on behaviour at the origin. We also have the useful dichotomy that
0 must be either recurrent or transient.

More precisely, we can make the following definitions. A Lévy process X
is recurrent (at the origin) if

liminf | X (#)] =0 a.s.

t—00

and transient (at the origin) if
lim | X ()] = o0 a.s.

—0o0

A remarkable fact about Lévy processes is that we can test for recurrence or
transience using the Lévy symbol 1 alone. More precisely, we have the follow-
ing two key results.

Theorem 1.5.1 (Chung—Fuchs criterion) Fix a > 0. Then the following are
equivalent:

(1) X is recurrent;

@

1
lim n (7) du = o0;
a0 Jp,0)  \g —nu)

3

1
lim sup/ N (—) du = oo.
a0 Je, \q —n(u)

Theorem 1.5.2 (Spitzer criterion) X is recurrent if and only if
1
N du = oo,
B4 (0) —n(u)

The Chung—Fuchs criterion is proved in Sato [274], pp. 252-3, as is the
‘only if” part of the Spitzer criterion. For the full story, see the original

for any a > 0.
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papers by Port and Stone [252], but readers should be warned that these are
demanding.

By application of the Spitzer criterion, we see immediately that Brownian
motion is recurrent for d = 1, 2 and that for d = 1 every «-stable process is
recurrent if 1 < o < 2 and transient if 0 < o < 1. For d = 2, all strictly -
stable processes are transient when 0 < o« < 2. For d > 3, every Lévy process
is transient. Further results with detailed proofs can be found in Chapter 7 of
Sato [274].

A spectacular application of the recurrence and transience of Lévy pro-
cesses to quantum physics can be found in Carmona et al. [64]. Here the ex-
istence of bound states for relativistic Schrédinger operators is shown to be
intimately connected with the recurrence of a certain associated Lévy process,
whose Lévy symbol is precisely that of the relativistic distribution discussed
in Subsection 1.2.6.

1.5.2 Wiener-Hopf factorisation

Let X be a one-dimensional Lévy process with cadlag paths (see Chapter 2 for
more about these) and define the extremal processes M = (M (t),t > 0) and
N = (N(),t > 0) by

M(t) = sup X(s) and N() = Oinf X (s).

0<s<t =s=t

Fluctuation theory for Lévy processes studies the behaviour of a Lévy pro-
cess in the neighbourhood of its suprema (or equivalently its infima) and a
nice introduction to this subject is given in Chapter 6 of Bertoin [36]. One
of the most fundamental and beautiful results in the area is the Wiener—
Hopf factorisation, which we now describe. First we fix ¢ > 0; then there
exist two infinitely divisible characteristic functions d);‘ and bq s defined as
follows:

¢ () = exp [ f Tt / e - 1>px<t>(dx)dr] ,
0 0

oo 0
¢y (u) = exp [ f (e / (™ — 1)Px(t)(dx)df] ,
0 —00

for each u € R. The Wiener—Hopf factorisation identities yield a remarkable
factorisation of the Laplace transform of the joint characteristic function of X
and M — X in terms of qb;r and ¢,. More precisely we have:
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Theorem 1.5.3 (Wiener-Hopf factorisation) For each ¢, t > 0, x,y € R,
oo
q/ e " E(exp(i{xM (1) + y[X (1) — M(D)1}))dt
0

—q /0 e~ E(exp(i{[yN (1) + x[X (1) — N (D)D)t
= ¢ )y ).

For a proof and related results, see Chapter 9 of Sato [274].

In Prabhu [253], Wiener—Hopf factorisation and other aspects of fluctuation
theory for Lévy processes are applied to a class of ‘storage problems’ that
includes models for the demand of water from dams, insurance risk, queues
and inventories.

1.5.3 Local times

The local time of a Lévy process is a random field that, for each x € R,
describes the amount of time spent by the process at x in the interval [0, ].
More precisely we define a measurable mapping L : R? x RT x @ — R* by

. I
L(X, t) = lim sup — X{\X(s)—x\<e}dsv
el 2€ Jo

and we have the ‘occupation density formula’

/ f(X(s)ds = /OO fx)L(x,t)dx a.s.
0 —00

for all non-negative f € Byp(R?). From this we gain a pleasing intuitive under-
standing of local time as a random distribution, i.e.

L(x,t) = / 8(lx — X ()N ds,
0

where § is the Dirac delta function.

It is not difficult to show that the map + — L(x, ¢) is continuous almost
surely; see e.g. Bertoin [36], pp. 128-9. A more difficult problem, which was
the subject of a great deal of work in the 1980s and 1990s, concerns the joint
continuity of L as a function of x and ¢. A necessary and sufficient condition
for this, which we do not state here as it is quite complicated, was established
by Barlow [18] and Barlow and Hawkes [17] and is described in Chapter 5 of
Bertoin [36], pp. 143-50. The condition is much simpler in the case where X
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is symmetric. In this case, we define the 1-potential density of X by

u(y) = / e 'pxp(y)dt
0

for each u € R? and consider the centred Gaussian field (Gx),x € Rd) with
covariance structure determined by u, so that for each x, y € R?,

E(Gx)G(y) =ulx —y).

The main result in this case is that the almost-sure continuity of G is a nec-
essary and sufficient condition for the almost-sure joint continuity of L. This
result is due to Barlow and Hawkes [17] and was further developed by Marcus
and Rosen [212]. The brief account by Marcus in [19] indicates many other
interesting consequences of this approach.

Another useful property of local times concerns the generalised inverse
process at the origin, i.e. the process Lal = (Lgl(t),t > 0), where each
Lal(t) = inf{s > 0; L(0,s) > t}. When the origin is ‘regular’, so that X
returns to 0 with probability 1 at arbitrary small times, then L !is a killed
subordinator and this fact plays an important role in fluctuation theory; see e.g.
Chapters 5 and 6 of Bertoin [36].

1.6 Notes and further reading

The Lévy—Khintchine formula was established independently by Paul Lévy
and Alexander Khintchine in the 1930s. Earlier, both B. de Finetti and A.
Kolmogorov had established special cases of the formula. The book by
Gnedenko and Kolmogorov [121] was one of the first texts to appear on this
subject and it is still highly relevant today. Proofs of the Lévy—Khintchine for-
mula often appear in standard graduate texts in probability; see e.g. Fristedt
and Gray [106] or Stroock [291]. An alternative approach, based on distribu-
tions, which has been quite influential in applications of infinite divisibility to
mathematical physics, may be found in Gelfand and Vilenkin [113]. Another
recent proof, which completely avoids probability theory, is given by Jacob
and Schilling [147]. Aficionados of convexity can find the Lévy—Khintchine
formula deduced from the Krein—Milman theorem in Johansen [160] or in Ap-
pendix 1 of Linnik and Ostrovskii [199].

As the Fourier transform generalises in a straightforward way to general
locally compact abelian groups, the Lévy—Khintchine formula can be gener-
alised to that setting; see Parthasarathy [247]. Further generalisations to the
non-abelian case require the notion of a semigroup of linear operators (see
Chapter 3 below); a classic reference for this is Heyer [128]. A more recent
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survey by the author of Lévy processes in Lie groups and Riemannian man-
ifolds can be found in the volume [23], pp. 111-39. Lévy processes are also
studied in more exotic structures based on extensions of the group concept. For
processes in quantum groups (or Hopf algebras) see Schiirmann [281], while
the case of hypergroups can be found in Bloom and Heyer [52].

Another interesting generalisation of the Lévy—Khintchine formula is to the
infinite-dimensional linear setting, and in the context of a Banach space the
relevant references are Araujo and Giné [11] and Linde [198]. The Hilbert-
space case can again be found in Parthasarathy [247].

The notion of a stable law is also due to Paul Lévy, and there is a nice
early account of the theory in Gnedenko and Kolmogorov [121]. A number of
books and papers appearing in the 1960s and 1970s contained errors in either
the statement or proof of the key formulae in Theorem 1.2.21 and these are
analysed by Hall in [126]. Accounts given in modern texts such as Sato [274]
and Samorodnitsky and Taqqu [271] are fully trustworthy.

In Subsection 1.2.5, we discussed how stable and self-decomposable laws
arise naturally as limiting distributions for certain generalisations of the cen-
tral limit problem. More generally, the class of all infinitely divisible distri-
butions coincides with those distributions that arise as limits of row sums of
uniformly asymptotically negligible triangular arrays of random variables. The
one-dimensional case is one of the main themes of Gnedenko and Kolmogorov
[121]. The multi-dimensional case is given a modern treatment in Meerschaert
and Scheffler [216]; see also Chapter VII of Jacod and Shiryaev [151].

The concept of a Lévy process was of course due to Paul Lévy and readers
may consult his books [192, 193] for his own account of these. The key modern
references are Bertoin [36] and Sato [274]. For a swift overview of the scope of
the theory, see Bertoin [38]. Fristedt [107] is a classic source for sample-path
properties of Lévy processes. Note that many books and articles, particularly
those written before the 1990s, call Lévy processes ‘stochastic processes with
stationary and independent increments’. In French, this is sometimes shortened
to ‘PSI’.

A straightforward generalisation of a Lévy process just drops the require-
ment of stationary increments from the axioms. You then get an additive pro-
cess. The theory of these is quite similar to that of Lévy processes, e.g. the
Lévy—Khinchine formula has the same structure but the characteristics are no
longer constant in time. For more details see Sato [274] and also the mono-
graph by Skorohod [287]. Another interesting generalisation is that of an in-
finitely divisible process, i.e. a process all of whose finite-dimensional distri-
butions are infinitely divisible. Important special cases are the Gaussian and
stable processes, whose finite-dimensional distributions are always Gaussian
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and stable, respectively. Again there is a Lévy—Khinchine formula in the gen-
eral case, but now the characteristics are indexed by finite subsets of [0, c0).
For further details see Lee [190] and Maruyama [215].

Subordination was introduced by S. Bochner and is sometimes called ‘sub-
ordination in the sense of Bochner’ in the literature. His approach is outlined in
his highly influential book [53]. The application of these to subordinate Lévy
processes was first studied systematically by Huff [136]. If you want to learn
more about the inverse Gaussian distribution, there is a very interesting book
devoted to it by V. Seshradi [282].

Lévy processes are sometimes called ‘Lévy flights’ in physics: [285] is a
volume based on applications of these, and the related concept of the ‘Lévy
walk’ (i.e. a random walk in which the steps are stable random variables), to a
range of topics including turbulence, dynamical systems, statistical mechanics
and biology.

1.7 Appendix: An exercise in calculus

Here we establish the identity

o o foo(l —MX) d'x
U= ——— —e ,
ra—owJ, xlte

whereu > 0,0 <a < 1.

This was applied to study a-stable subordinators in Subsection 1.3.2. We
follow the method of Sato [274], p. 46, and employ the well-known trick of
writing a repeated integral as a double integral and then changing the order of
integration. We thus obtain

/ (1—e")x 1%y = —/ (/ ue”ydy) x~ gy
0 0 0
= —/ (/ x_l_"‘dx) ue "dy
0 y

oo o 9]
u —uv . — u —x . —
:—f e“)y“dyz—f e xYdx
@ Jo a Jo

u®
=—IJd —oa),
o

and the result follows immediately.
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Martingales, stopping times and random
measures

Summary We begin by introducing the important concepts of filtration, martingale
and stopping time. These are then applied to establish the strong Markov property for
Lévy processes and to prove that every Lévy process has a cadlag modification. We
then meet random measures, particularly those of Poisson type, and the associated Pois-
son integrals, which track the jumps of a Lévy process. The most important result of
this chapter is the Lévy-Itd6 decomposition of a Lévy process into a Brownian motion
with drift (the continuous part), a Poisson integral (the large jumps) and a compensated
Poisson integral (the small jumps). As a corollary, we complete the proof of the Lévy—
Khintchine formula. Finally, we establish the interlacing construction, whereby a Lévy
process is obtained as the almost-sure limit of a sequence of Brownian motions with
drift wherein random jump discontinuities are inserted at random times.

In this chapter we will frequently encounter stochastic processes with cadlag
paths (i.e. paths that are continuous on the right and always have limits on the
left). Readers requiring background knowledge in this area should consult the
appendix at the end of the chapter.

Before you start reading this chapter, be aware that parts of it are quite tech-
nical. If you are mainly interested in applications, feel free to skim it, taking
note of the results of the main theorems without worrying too much about the
proofs. However, make sure you get a ‘feel’ for the important ideas: Poisson
integration, the Lévy-Itd decomposition and interlacing.

2.1 Martingales
2.1.1 Filtrations and adapted processes

Let F be a o-algebra of subsets of a given set 2. A family (F;, ¢ > 0) of sub
o-algebras of F is called a filtration if

F, € F; whenever s <t.

70
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A probability space (€2, F, P) that comes equipped with such a family
(Ft,t = 0) is said to be filtered. We write Fo = \/,>0 Fi. A family of
o-algebras (G;,t > 0) is called a subfiltration of (F;, t > 0)if G C F
foreacht > 0.

Now let X = (X (¢),t > 0) be a stochastic process defined on a filtered
probability space (€2, F, P). We say that it is adapted to the filtration (or F;-
adapted) if

X (t) is F,-measurable for each r > 0.

Any process X is adapted to its own filtration ]—"tX =0{X(s);0 <s <t}and
this is usually called the natural filtration.
Clearly, if X is adapted we have

E(X($)[F) = X(s)  as.

The intuitive idea behind an adapted process is that F; should contain all the
information needed to predict the behaviour of X up to and including time ¢.

Exercise 2.1.1 If X is F;-adapted show that, for all ¢ > 0, .EX C F;.

Exercise 2.1.2 Let X be a Lévy process, which we will take to be adapted to
its natural filtration. Show that for any f € By, (Rd), 0<s<t<oo,

E(f(X@)IF) = ” J(X(s) +y)pi—s(dy),

where p; is the law of X (¢) for each ¢+ > 0. (Hint: Use Lemma 1.1.8.)
Hence deduce that any Lévy process is a Markov process, i.e.

E(f(X)|FS) =E(f(X0))I1X(s))  as,
The theme of this example will be developed considerably in Chapter 3.

Let X and Y be F;-adapted processes and let o, 8 € R; then it is a simple
consequence of measurability that the following are also adapted processes:

aX +BY =(@X(@)+ BY (@), t = 0);

XY =(X®Y(@),t>0);

f(X)=(f(X(@)),t > 0) where f is a Borel measurable function on R4,
lim,— 00 X;, = (limy—00 Xu(2),t > 0), where (X, n € N) is a sequence
of adapted processes wherein X, (¢) converges pointwise almost surely for
eacht > 0.
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When we deal with a filtration (F;, ¢t > 0) we will frequently want to com-
pute conditional expectations E(-|Fy) for some s > 0, and we will often find
it convenient to use the more compact notation [E(-) for this.

It is convenient to require some further conditions on a filtration, and we
refer to the following pair of conditions as the usual hypotheses. These are
precisely:

(1) (completeness) Fo contains all sets of P-measure zero (see Section 1.1);
(2) (right continuity) F; = F;y, where Fryp = (oo Fite-

Given a filtration (F;, t > 0) we can always enlarge it to satisfy the com-
pleteness property (1) by the following trick. Let A denote the collection of
all sets of P-measure zero in F and define G, = F, v N for each ¢ > 0; then
(Gs, t = 0) is another filtration of F, which we call the augmented filtration.
The following then hold:

e any F;-adapted stochastic process is G;-adapted;
e for any integrable random variable Y defined on (2, F, P), we have
E(Y|G,) = E(Y|F;) (a.s.) foreach r > 0.

If X is a stochastic process with natural filtration FX then we denote the
augmented filtration as GX and call it the augmented natural filtration.

The right-continuity property (2) is more problematic than (1) and needs to
be established on a case by case basis. In the next section we will show that
it always holds for the augmented natural filtration of a Lévy process, but we
will need to employ martingale techniques.

2.1.2 Martingales and Lévy processes

Let X be an adapted process defined on a filtered probability space that also
satisfies the integrability requirement E(| X (¢)|) < oo for all # > 0. We say
that it is a martingale if, forall0 <s <t < oo,

E(XX®)|F) = X(s)  as.

Note that if X is a martingale then the map + — E(X (¢)) is constant.
We will find the martingale described in the following proposition to be of
great value later.

Proposition 2.1.3 If X is a Lévy process with Lévy symbol n, then, for each
u e R4, M, = (My(t),t > 0) is a complex martingale with respect to FX
where each

M, (t) = exp[i(u, X (1)) — tn(w)].
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Proof E(|M,(t)]) = exp[—tn(u)] < oo foreach r > 0.
For each 0 < s < ¢, write M, (t) = M,(s)exp[i(u, X)) — X(s))—
(t — s)n(u)]; then by (L.2) and Theorem 1.3.3

E(M, ()| F)) = M, (s) E(exp [i (u, X (t —5))]). exp[ — (t — s)n(u)]
= ML[(S)

as required. ]

Exercise 2.1.4 Show that the following processes, whose values at each ¢ > 0
are given below, are all martingales.

(1) C(t) = oB(t), where B(t) is a standard Brownian motion and o is an
r X d matrix.

() |C@®)|? —tr(A)t, where A = 0 To.

(3) exp[(u, C(1)) — %(u, Au)] where u € R?.

(4) N(t) where N is a compensated Poisson process with intensity A (see Sub-
section 1.3.1).

(5) N(1)? — ar.

(6) (E(Y|F:),t = 0) where Y is an arbitrary random variable in a filtered
probability space for which E(|Y]) < oo.

Martingales that are of the form (6) above are called closed. Note that in (1)
to (5) the martingales have mean zero. In general, martingales with this latter
property are said to be centred. A martingale M = (M (t),t > 0) is said to be
L? (or square-integrable) if E(|M (t)|?) < oo for each t > 0 and is continuous
if it has almost surely continuous sample paths.

One useful generalisation of the martingale concept is the following.

An adapted process X for which E(|X (¢)|) < oo for all + > 0 is a sub-
martingale if, forall0 <s <t < 00,1 <i <d,

E(X;(OF) = Xi(s)  as.

We call X a supermartingale if —X is a submartingale.

By a straightforward application of the conditional form of Jensen’s in-
equality we see that if X is a real-valued martingale and if f : R — R is
convex with E(] f(X(¢))]) < oo for all t+ > 0 then f(X) is a submartingale.
In particular, if each X (¢) > 0 (a.s.) then (X (#)?,t > 0) is a submartingale
whenever 1 < p < oo and E(|X(¢)|?) < oo forall t > 0.

A vital estimate for much of our future work is the following:
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Theorem 2.1.5 (Doob’s martingale inequality) If (X (¢), t > 0) is a positive
submartingale then, for any p > 1,

E ( sup X(s)p> <q"EX@®)"),

0<s<t
where 1/p+1/q = 1.

See Williams [304], p. A143, for a nice proof in the discrete-time case and
Dellacherie and Meyer [78], p. 18, or Revuz and Yor [260], Section 2.1, for
the continuous case. Note that in the case p = 2 this inequality also holds
for vector-valued martingales, and we will use this extensively below. More
precisely, let X = (X (¢), ¢ > 0) be a martingale taking values in R“. Then the
component (X; (1), > 0) is a real-valued submartingale for each 1 <i < d
and so, by Theorem 2.1.5, we have for each ¢ > 0

d d
E ( sup |X<s>|2) <Y E ( sup X; <s>2) <) CEX0))
i=1

O=<s=<t O<s=<t i—1
= ¢’E(X1)]).

We will also need the following technical result.

Theorem 2.1.6 Let M = (M(t), t > 0) be a submartingale.

(1) For any countable dense subset D of R™, the following left and right limits
exist and are almost surely finite for each t > 0:
M(@—)= lim M(s); M(@+) = lim M(s).
seD, st seD,s |t
(2) If the filtration (F;,t > 0) satisfies the usual hypotheses and if the map
t — E(M((¢)) is right-continuous, then M has a cadlag modification.

In fact (2) is a consequence of (1), and these results are both proved in
Dellacherie and Meyer [78], pp. 736, and in Revuz and Yor [260], pp. 63-5.

The proofs of the next two results are based closely on the accounts of
Bretagnolle [61] and of Protter [255], Chapter 1, Section 4.

Theorem 2.1.7 Every Lévy process has a cadlag modification that is itself a
Lévy process.

Proof Let X be a Lévy process that is adapted to its own augmented
natural filtration. For each u € RY we recall the martingales M,, of Proposition
2.1.3. Let D be a countable, dense subset of R™. It follows immediately from
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Theorem 2.1.6(1) that at each ¢+ > 0 the left and right limits M, (—) and
M, (t+) exist along D almost surely. Now for each u € R<, let O, be that
subset of € for which these limits fail to exist; then O = | J,cq¢ Ou is also a
set of P-measure zero.

Fix w € O and foreach ¢t > Olet (s,, n € N) be a sequence in D increasing
to . Let x1 (1) (w) and x2(¢)(w) be two distinct accumulation points of the set
{X (sp)(w), n € N}, corresponding to limits along subsequences (s;;, n; € N)
and (s, pnj € N), respectively. We deduce from the existence of M, (t—)
that limg, 4, ¢! (X (5n)(@)) exists and hence that x! (7)(w) and x*(¢)(w) are both
finite.

Now choose u € Q¢ such that (u, xtl (w) — xtz(a))) # 2nm for any n € Z.
By continuity,

lim ei(u,X(s,,l.)(w)) — ei(u,x,l(w)) and lim ei(“*X(S"j)(a’)) — ei(u,x,z(a)))
sn; M1 Sn 1t ’

and so we obtain a contradiction. Hence X always has a unique left limit along
D, atevery t > 0 on O°. A similar argument shows that it always has such right
limits on O°. It then follows from elementary real analysis that the process Y
is cadlag, where for each ¢ > 0

limgep 5 X (1) (w) if w € O°,

Yiw) = {o ifwe 0.

To see that Y is a modification of X, we use the dominated convergence theo-
rem for each r > 0 to obtain

E(ei(M»Y(I)*X(l))) = lim E(ei(M,X(S)*X(t))) =1
seD,s |t ’
by (L2) and (L3) in Section 1.3 and Lemma 1.3.2.
Hence P({w, Y (¢)(w) = X (t)(w)}) =1 as required. That Y is a Lévy pro-
cess now follows immediately from Lemma 1.4.7. U]

Example 2.1.8 It follows that the canonical Lévy process discussed in Subsec-
tion 1.4.1 has a cadlag version that lives on the space of all cadlag paths start-
ing at zero. A classic result, originally due to Norbert Wiener (see [301, 302]),
modifies the path-space construction to show that there is a Brownian motion
that lives on the space of continuous paths starting at zero. We will see below
that a general Lévy process has continuous sample paths if and only if it is
Gaussian.

We can now complete our discussion of the usual hypotheses for Lévy pro-
cesses.



76 Martingales, stopping times and random measures

Theorem 2.1.9 If X is a Lévy process with cadlag paths, then its augmented
natural filtration is right-continuous.

Proof For convenience, we will write GX = G. First note that it is sufficient to
prove that

gt = ﬂ gt—H/n

neN

for each ¢ > 0, so all limits as w |, ¢ can be replaced by limits as n — oo. Fix
£y81s ey Sm > 0anduy, ..., u, € RY Our first task is to establish that

E (exp |:i Z(uj, X(Sj))i| gz) =E <exp |:i Z(M]v X(Sj))i| gz+) .
j=1 j=1

2.1)

Now, (2.1) is clearly satisfied when maxj<j<; s; < t and the general case
follows easily when it is established for minj <<, s; > t, as follows. We take
m = 2 for simplicity and consider s, > s1 > t. Our strategy makes repeated
use of the martingales described in Proposition 2.1.3. We begin by applying
Proposition 1.1.5 to obtain

E(exp {i[(u1, X (s1)) 4 (u2, X (s2))1}|Gr+)
= grﬁE(exp{i[(ul, X (1) 4 (u2, X (52)1}|Gu)

= exp [s21(u2)] HmE(exp [i (w1, X (51))] Muy (52)|Gr)
= exp [s2n(u2)] luifftlE(eXP [i (u1, X (s1))] M, (s1)|Gw)
exp [(s2 = sn )| im E(exp [i 1 + uz, X (51))]|G)

exp [(s2 — sDn(u2) + s1m(uy + us)] g?}E(MulJruz(SlNgw)

= exp[(s2 = sn(w2) + sin(ur + u2)] lim My, (w)
= limexp [i (uy + uz, X (w))]
wt

x exp [(s2 — sOn(u2) + (51 — w)n(uy + uz)]
= exp [i(u1 + uz, X ()] exp [(s2 — s)n(u2) + (s1 — )nus + u)]
= E(exp {i[(u1, X (s1)) + (u2, X (52))1}|Gr).

where, in the penultimate step, we have used the fact that X is cadlag.
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Now let XU = (X(s1), ..., X(sp)); then by the unique correspondence
between characteristic functions and probability measures we deduce that

P(X™|G,y) = P(X™|G,)  as.

and hence, by equation (1.1), we have

E(g(X(s1)s - s X(sm)|Gis) = E(g(X (1), -+, X (5m)))|G1)

forall g : R4™ — R with E(lg(X(s1),..., X(sm))]) < oo. In particular, if we
vary t,m and s1, ..., S, we can deduce that

P(AlGi+) = P(AIG)

for all A € G. Now, suppose that A € G;; then we have

xa = P(A|Gi1) = P(AIG) = E(xalGy) a.s.

Hence, since G; is augmented, we deduce that G;+ C G; and the result
follows. O

Some readers may feel that using the augmented natural filtration is an un-
necessary restriction. After all, nature may present us with a practical situation
wherein the filtration is much larger. To deal with such circumstances we will,
for the remainder of this book, always make the following assumptions:

e (2, F, P) is a fixed probability space equipped with a filtration (F;,t > 0)
that satisfies the usual hypotheses;

e cvery Lévy process X = (X(t),t > 0) is assumed to be F;-adapted and to
have cadlag sample paths;

e X(t) — X(s) is independent of Fs forall0 <s <t < oo.

Theorems 2.1.7 and 2.1.9 confirm that these are quite reasonable assump-
tions.

2.1.3 Martingale spaces

We can define an equivalence relation on the set of all martingales on a prob-
ability space by the prescription that M| ~ M, if and only if M; is a modi-
fication of M;. Note that by Theorem 2.1.6 each equivalence class contains a
cadlag member.

Let M be the linear space of equivalence classes of F;-adapted L>-
martingales and define a (separating) family of seminorms (|| - ||;, ¢ > 0) by
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the prescription

1Ml = E(X ()2

then M becomes a locally convex space with the topology induced by these
seminorms (see Chapter 1 of Rudin [267]). We call M a martingale space.

For those unfamiliar with these notions, the key point is that a sequence
(M,,n € N) in M converges to N € M if ||M,, — N||; — 0 asn — oo for
allt > 0.

Lemma 2.1.10 M is complete.

Proof By the completeness of L2, any Cauchy sequence (M,,n € N) in M
has a limit N that is an F;-adapted process with E(IN()|?) < ooforall 7 > 0.
We are done if we can show that N is a martingale. We use the facts that
each M, is a martingale and that the conditional expectation E; = E(-|Fy)
is an L2-projection (and therefore a contraction). Hence, for each 0 < s <
< oo,

E(IN(s) — E;(N)I?) = E(IN(s) — My (s) + M, (s) — E{(N(1)[?)
<2[IN(s) — My ()| + 2| [Es (M, (t) — N®))|*
<2[IN(s) = My()|* + 2| M, (t) — N@®)|?

— 0 as n — oo,

where ||-|| without a subscript is the usual L2-norm; the required result
follows. O

Exercise 2.1.11 Define another family of seminorms on M by the prescription

) 12
HMmzﬁwEmmWQ

0<s<t

for each M € M, t > 0. Show that (||||;,# > 0) and (||-||;,t > 0) induce
equivalent topologies on M. (Hint: Use Doob’s inequality.)

In what follows, when we speak of a process M € M we will always
understand M to be the cadlag member of its equivalence class.

2.2 Stopping times

A stopping time is a random variable 7 : Q@ — [0, oo] for which the event
(T <t)e F;foreacht > 0.
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Any ordinary deterministic time is clearly a stopping time. A more interest-
ing example, which has many important applications, is the first hitting time
Ta of a process to a set. This is defined as follows. Let X be an F;-adapted
cadlag process and A € B(R?); then

T, = inf{t > 0; X (1) € A},

where we adopt the convention that inf{(}} = oo. It is fairly straightforward
to prove that T4 really is a stopping time if A is open or closed (see e.g.
Protter [255], p. 5). The general case is more problematic; see e.g. Rogers
and Williams [261], Chapter II, section 76, and references therein.

If X is an adapted process and T is a stopping time (with respect to the same
filtration) then the stopped random variable X (T') is defined by

X(T)(w) = X(T (0))()

(with the convention that X (00)(w) = lim;_, oo X(#)(w) if the limit exists (a.s.)
and X (00)(w) = 0 otherwise) and the stopped o -algebra Fr by

Fr={AeF,An{T <t} e F, VvVt >0}

If X is cadlag, it can be shown that X (T') is Fr-measurable (see e.g. Kunita
[182], p. 8).

A key application of these concepts is in providing the following ‘random
time’ version of the martingale notion.

Theorem 2.2.1 (Doob’s optional stopping theorem) If X is a cadlag mar-
tingale and S and T are bounded stopping times for which S < T (a.s.), then
X (S) and X (T) are both integrable, with

EX(()|Fs) = X(S) a.s.

See Williams [304], p. 100, for a proof in the discrete case and Dellacherie
and Meyer [78], pp. 8-9, or Revuz and Yor [260], Section 2.3, for the continu-
ous case. An immediate corollary is that

EX(T)) = EX(0))
for each bounded stopping time 7.

Exercise2.2.21f S and T are stopping times and o > 1, show that S+ T, «T,
S AT and S v T are also stopping times.
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If T is an unbounded stopping time and one wants to employ Theorem
2.2.1, auseful trick is to replace T by the bounded stopping times 7' An (where
n € N) and then take the limit as n — o0 to obtain the required result. This
procedure is sometimes called localisation.

Another useful generalisation of the martingale concept that we will use
extensively is the local martingale. This is an adapted process M = (M(¢),
t > 0) for which there exists a sequence of stopping times 7y < --- < 1, — 00
(a.s.) such that each of the processes (M (¢ A 1,),t > 0) is a martingale. Any
martingale is clearly a local martingale. For an example of a local martingale
that is not a martingale see Protter [255], p. 33.

2.2.1 The Doob-Meyer decomposition

Do not worry too much about the technical details in this section unless, of
course, they appeal to you. The main reason for including this material is to
introduce the Meyer angle bracket (-), and you should concentrate on getting
a sound intuition about how this works.

In Exercise 2.1.4 we saw that if B is a one-dimensional standard Brownian
motion and N is a compensated Poisson process of intensity A then B and N
are both martingales and, furthermore, so are the processes defined by B(r)> —t
and N2 — Mt, for each r > 0. It is natural to ask whether this behaviour extends
to more general martingales. Before we can answer this question, we need
some further definitions. We take d = 1 throughout this section.

Let Z be some index set and X = {X;,i € Z} be a family of random
variables. We say X is uniformly integrable if

lim sup E(|X; | xqx;1>n}) = 0.
=00 jeT

A sufficient condition for this to hold is that E(sup;.7 |X;]) < oo; see e.g.
Klebaner [170], pp. 171-2, or Williams [304], p. 128. Let M = (M (¢),t > 0)
be a closed martingale, so that M (t) = E(X|F;), for each ¢ > 0, for some ran-
dom variable X where E(]X|) < oo; then it is easy to see that M is uniformly
integrable. Conversely, any uniformly integrable martingale is closed; see e.g.
Dellacherie and Meyer [78], p. 79.

A process X = (X(¢),t > 0) is in the Dirichlet class or class D if
{X(r),t € T} is uniformly integrable, where 7 is the family of all finite
stopping times on our filtered probability space.

The process X is integrable if E(| X (¢)|) < oo, for each t > 0.

The process X is predictable if the mapping X : RT x Q@ — R given
by X (t, w) = X(¢)(w) is measurable with respect to the smallest o-algebra
generated by all adapted left-continuous mappings from RT x  — R. The
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idea of predictability is very important in the theory of stochastic integration
and will be developed more extensively in Chapter 4.
Our required generalisation is then the following result.

Theorem 2.2.3 (Doob—Meyer 1) Let Y be a submartingale of class D;
then there exists a unique predictable, integrable, increasing process A =
(A(t),t = 0) with A(0) = 0 (a.s.) such that the process given by Y (t) —
Y (0) — A(¢) for each t > 0 is a uniformly integrable martingale.

The discrete-time version of this result is due to Doob [83] and is rather easy
to prove (see e.g. Williams [304], p. 121). Its extension to continuous time is
much harder and was carried out by Meyer in [222], [223]. For more recent
accounts see e.g. Karatzas and Shreve [167], pp. 24-5, or Rogers and Williams
[262], Chapter 6, Section 6.

In the case where each Y (f) = M (¢)? for a square-integrable martingale M,
it is common to use the ‘inner-product’ notation (M, M)(¢) = A(t) for each
t > 0 and we call (M, M) Meyer’s angle-bracket process. This notation was
originally introduced by Motoo and Watanabe [232]. The logic behind it is as
follows.

Let M, N € M, then we may use the polarisation identity to define

(M,N)(t) = ;[(M 4+ N, M+ N)(t) — (M —N,M — N)®)].

Exercise 2.2.4 Show that

M(@)N(t) — (M, N)(t) is a martingale.

Exercise 2.2.5 Deduce that, for each t > 0;

(1) (M, N)(®) = (N, M)();

2) (aM+BM>, N)(t) = a{My, N)(t)+B(M>, N)(t) foreach M|, Mr, € M
and o, B € R;

(3) E((M, N)(t)?) < E((M, M)(t)) E((N, N)(t)), the equality holding if and
only if M(¢) = c¢N (¢) (a.s.) for some ¢ € R. (Hint: Mimic the proof of the
usual Cauchy—Schwarz inequality.)

The Doob-Meyer theorem has been considerably generalised and, although
we will not have need of it, we quote the following more powerful result, a
proof of which can be found in Protter [255] p. 94.

Theorem 2.2.6 (Doob—Meyer 2) Any submartingale Y has a decomposition
Y(@) =Y(0)+ M(t) + A(t), where A is an increasing, adapted process and
M is a local martingale.
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Note that the processes A that appear in Theorem 2.2.6 may not be pre-
dictable in general; however, there is a unique one that is ‘locally natural’, in a
sense made precise in Protter [255], p. 89.

We close this section by quoting an important theorem — Lévy’s martin-
gale characterisation of Brownian motion — which will play an important role
below.

Theorem 2.2.7 Let X = (X (t),t > 0) be an adapted process with continuous
sample paths having mean 0 and covariance E(X; ()X ;(s)) = a;j(s A t) for
1 <i,j=<d, st>0; where a = (a;}) is a positive definite symmetric d x d
matrix. Then the following are equivalent:

(1) X is a Brownian motion with covariance a;

(2) X is a martingale with (X;, X ;)(t) = a;jt foreach 1 <i, j <d,t > 0;
3) (exp [i(u, X)) + %(u, au)l], t > O) is a martingale for each u € R9.

We postpone a proof until Chapter 4, where we can utilise [td’s formula for
Brownian motion. In fact it is the following consequence that we will need in
this chapter.

Corollary 2.2.8 If X is a Lévy process satisfying the hypotheses of Theorem
2.2.7 then X is a Brownian motion if and only if

E(ei(u,X(t))) — o twan)/2

foreacht >0, u € R4,

Proof The result is an easy consequence of Proposition 2.1.3 and Theorem
2.2.703). O
2.2.2 Stopping times and Lévy processes

We now give three applications of stopping times to Lévy processes. We begin
by again considering the Lévy subordinator (see Subsection 1.3.2).

Theorem 2.2.9 Let B = (B(t),t > 0) be a one-dimensional standard Brown-
ian motion and for each t > 0 define

Proof (cf. Rogers and Williams [261] p. 18). Clearly each T'(¢) is a stop-
ping time. By Exercise 2.1.4(2), the process given for each 8 € R by
My(t) = expl0B(t) — %921‘] is a continuous martingale with respect to the

T@) = inf{s > 0; B(s) =

Sl =

then T = (T(t),t > 0) is the Lévy subordinator.
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augmented natural filtration for Brownian motion. By Theorem 2.2.1, for each
t>0,neN,06 >0, we have

1 =E(exp[0B(T(t) An)—10*(T (1) An)]).
Now foreachn € N,z > 0,let A, ; = {w € Q; T(¢)(w) < n}; then
E(exp[0B(T(t) An) — 10*(T(t) An)))
= E(exp{[0B(T (1)) — 36°T ()] xa,.})
+exp (— 30°n)E(exp [0 B(m)]xac,)-

But, for each w € Q, T(1)(w) > n = B(n) < t/+/2; hence
exp (—56°n) E (e"2® x4 )
< exp [—%9211 + (t@/\/i)] —0 as n— oo.
By the monotone convergence theorem,
1=E(exp [0 B(T (1)) — 16°T (1)]) = exp (81/v/2) E(exp [ — 16°T (1)]).
On substituting 6 = ~/2u we obtain

E(exp [~uT (1)]) = exp(~1+/u),

as required. O

Exercise 2.2.10 Generalise the proof given above to find the characteristic
function for the inverse Gaussian subordinator, as defined in Example 1.3.21.

If X is an F;-adapted process and T is a stopping time then we may define
anew process X7 = (Xr(t),t > 0) by the procedure

Xr(t) =X(T+1) — X(T)

for each + > 0. The following result is called the strong Markov property
for Lévy processes. For the proof, we again follow Protter [255], p. 23, and
Bretagnolle [61].

Theorem 2.2.11 (Strong Markov property) If X is a Lévy process and T is
a stopping time, then, on (T < 00):

(1) X7 is a Lévy process that is independent of Fr;
(2) foreacht > 0, Xt (t) has the same law as X (t);
(3) X7 has cadlag paths and is Fr4,-adapted.
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Proof We assume, for simplicity, that 7' is a bounded stopping time. Let A €
Frand foreachn € N, 1 < j < n,letu; € R, tj € RT. Recall from
Proposition 2.1.3 the martingales given by M, (1) = ¢! Wi X =m)) for each
t > 0. Now we have

E (XA exp |:i Z (uj, X(T +1;) = X(T + tj—l))i|>

j=1

M (T +1))
—E(xAl'[MuJ(TH 1‘[¢,, —_ l(up)

where we use the notation ¢; (1) = E(e!®X®)) foreacht > 0, u € R4,

Hence by conditioning and Theorem 2.2.1, we find that foreach 1 < j < n,
0 <a < b < oo, we have

E M, (T +b) . 1 B b
( m) (“m (M, (T +b)| m))

=E(xa) = P(A).

Repeating this argument n times yields

E (XA exp |:i Z (uj, X(T +1;) — X(T +[j—l)):|>

j=1
=P(A) [ [ ) (22)
j=1

Take A =Q,n=1,u; =u,t; =t in (2.2) to obtain

E(ei(u,xr(t))) — E(ei(u,X(t)))

from which (2) follows immediately.

To verify that X7 is a Lévy process, first note that (L.1) is immediate. (L2)
follows from (2.2) by taking A = 2 and n arbitrary. The stochastic continuity
(L3) of X7 follows directly from that of X and the stationary-increment prop-
erty. We now show that X7 and F7 are independent. It follows from (2.2) on
choosing appropriate u1, ..., u, and 1, ..., t, that for all A € Fr

E(XA exp[ > xr(z,»D (exp[ S, XT(t,))D P(A),

Jj=1 j=1
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so that

E (exp |:i Z(uj, XT(tj))j| ‘ﬂ) =FE (eXp [i Z(uj, XT(tj))D ,
j=1 j=1

and the result follows from (1.1). Part (1) is now fully proved. To verify (3),
we need only observe that X7 inherits cadlag paths from X. O

Exercise 2.2.12 Use a localisation argument to extend Theorem 2.2.11 to the
case of unbounded stopping times.

Before we look at our final application of stopping times, we introduce
a very important process associated to a Lévy process X. The jump process
AX = (AX(t),t > 0) is defined by

AX(@)=X(#)—X(1—-)

for each t > 0 (X (z—) is the left limit at the point ¢; see Section 2.8.)

Theorem 2.2.13 If N is a Lévy process that is increasing (a.s.) and is such that
(AN(t),t = 0) takes values in {0, 1}, then N is a Poisson process.

Proof Define a sequence of stopping times recursively by 7o = 0 and 7,, =

inf{t > T,—1; (N(t + T;,—1) — N(T,—1)) # 0} for each n € N. It follows from

Theorem 2.2.11 that the sequence (71, 7> — T, ..., Ty — T,,—1, .. .) is i.i.d.
By (L2) again, we have for each s, t > 0

P(Ty >s+1)=P(N(s) =0, Nt +s) — N(s) = 0)
= P(Ty > s)P(T) > 1).

From the fact that N is increasing (a.s.), it follows easily that the map t —
P(T1 > t) is decreasing and, by (L3), we find that the map + — P(T} > 1)
is continuous at t = 0. So the solution to the above functional equation is con-
tinuous everywhere, hence there exists A > 0 such that P(T} > t) = e~ for
each t > 0 (see e.g. Bingham et al. [46], pp. 4-6). So T; has an exponential
distribution with parameter A and

PINt)=0)=P(T) >t) =e M

foreacht > 0.
Now assume as an inductive hypothesis that

P(N@t)=n)=c¢e ;
n!
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then
P(N(t)=n+1)=P(Th2>1t, Tyy1 <1)
=P(Tpir > 1) — P(Tysy > 1).
But
Lin=T+O-T)+ -+ T — Ty

is the sum of n + 1 i.i.d. exponential random variables and so has a gamma
distribution with density

n+1sn

fra () =e™ fors > 0;

see Exercise 1.2.5. The required result follows on integration. [

2.3 Thejumpsof a L évy process— Poisson random measures

We have already introduced the jump process AX = (AX(¢),t > 0) associ-
ated with a Lévy process. Clearly AX is an adapted process but it is not, in
general, a Lévy process, as the following exercise indicates.

Exercise 2.3.1 Let N be a Poisson process and choose 0 < ;] < < oo.
Show that

P(AN() — AN()) =0|AN(t)) = 1) # P(AN () — AN(1)) = 0),
so that AN cannot have independent increments.

The following result demonstrates that A X is not a straightforward process
to analyse.

Lemma2.3.2If X is a Lévy process, then, for fixedt > 0, AX(t) =0 (a.s.).

Proof Let (t(n),n € N) be a sequence in R™ with t(n) 1 t asn — o0;
then, since X has cadlag paths, lim, .~ X (t(n)) = X (t—). However, by (L3)
the sequence (X (t(n)),n € N) converges in probability to X (#) and so has
a subsequence that converges almost surely to X(¢). The result follows by
uniqueness of limits. ]

Warning! Do not be tempted to assume that we also have AX(T) = 0 (a.s.)
when T is a stopping time.
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Much of the analytic difficulty in manipulating Lévy processes arises from
the fact that it is possible for them to have

Z |[AX (s)] = o0 a.s.

0<s<t

and the way these difficulties are overcome exploits the fact that we always have

Z IAX (5)]* < 00 a.s.

0<s<t

We will gain more insight into these ideas as the discussion progresses.

Exercise 2.3.3 Show that ZOSSSt |AX (s)] < oo (as.) if X is a compound
Poisson process.

Rather than exploring AX itself further, we will find it more profitable to
count jumps of specified size. More precisely, let 0 < r < oo and A € B(R? —
{0}). Define

N A)=#0<s <1 AX(s) € A} = ) xa(AX(s)).
0<s<t
Note that for each w € 2, t > 0, the set function A — N(¢, A)(w) is a
counting measure on 5B (R? — {0}) and hence

E(N(t, A)) =/N(t, A)(w)d P(w)

is a Borel measure on B(R? — {0}). We write () = E(N(1, -)) and call it the
intensity measure' associated with X. We say that A € B(R? —{0}) is bounded
below if 0 ¢ A.

Lemma 2.3.4 If A is bounded below, then N(t, A) < oo (a.s.) forall t > 0.

Proof Define a sequence of stopping times (TnA, n € N) by TlA = inf{r >
0; AX(t) € A} and, forn > 1,by T2 = inf{t > TA ; AX(t) € A}. Since X
has cadlag paths, we have TIA > 0 (a.s.) and lim,, _, o TnA = 00 (a.s.). Indeed,
if either of these were not the case then the set of all jumps in A would have
an accumulation point, and this is not possible if X is cadlag (see the proof of
Theorem 2.8.1 in Appendix 2.8). Hence, for each ¢t > 0,

N(t, A) = Z X(TA<n) < 00 a.s.
neN
O

1 Readers should be aware that many authors use the term ‘intensity measure’ to denote the product
of u with Lebesgue measure on Rt
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Be aware that if A fails to be bounded below then Lemma 2.3.4 may no
longer hold, because of the accumulation of infinite numbers of small jumps.

Theorem 2.3.5

(1) If A is bounded below, then (N(t, A),t > 0) is a Poisson process with
intensity (L(A).

Q) If A1,..., Ay € B[R? — {0}) are disjoint, then the random variables
N(t, Ay), ..., N(t, Ap) are independent.

Proof (1) We first need to show that (N (¢, A), t > 0) is a Lévy process, as we
can then deduce immediately that it is a Poisson process by Theorem 2.2.13.

(L1) is obvious. To verify (L2), note first that for0 < s <t < oo, n € N, we
have N(t, A) — N(s, A) = n if and only if there exists s < ] < --- <1, <t
such that

AX(@j))e A(l <j<n). (2.3)

Furthermore, AX (1) € A if and only if there exists a € A for which, given
any € > 0, there exists § > 0 such that
O<u—w<d=|Xw) —Xu) —al <e. (2.4)
From (2.3) and (2.4), we deduce that (N (¢, A) —N(s, A) =n) € o{X(v) —
X(u);s <u < v <t}, and (L2) follows.
To establish (LL3), note first that if N(z, A) = O for some ¢ > O then

N(s,A) = O forall 0 < s < t. Hence, since (L2) holds we find that for
alln e N

P(N(t,A) =0)

=P(N(£,A)=0,N<%,A):O,_..,N(t,A)=0>
() o () ()0
wor (5.9 (s () o]

From this we deduce that

limsup P(N (¢, A) = 0) = lim limsup [P <N (5 A) = O)] ,
n

t—0 n—00 150

~

:

and, since we can herein replace lim sup,_, , by liminf;_,(, we see that either
lim; .o P(N(t, A) = 0) existsandis O or 1 or liminf; .o P(N(t,A) =0) =0
and limsup,_,o P(N(¢t,A) =0) = 1.
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First suppose that liminf; .o P(N (¢, A) = 0) = 0 and that limsup,_,
P(N(t,A) = 0) = 1. Recall that if N(t, A) = O for some ¢t > 0 then
N(s,A) = 0 for all 0 < s < t. From this we see that the map r —
P(N(t, A) = 0) is monotonic decreasing. So if P(N(t,A) = 0) =€ > 0
for some ¢+ > 0 we must have liminf; .o P(N(t, A) = 0) > €. Hence, if
liminf; .o P(N(¢, A) =0) = 0then P(N(¢t, A) =0) =0 forall > 0 and so
limsup,_,o P(N(t, A) = 0) = 0, which yields our desired contradiction.

Now suppose that lim;—,o P(N (¢, A) = 0) = 0; then lim;_,g P(N (¢, A) #
0) = 1. Let A and B be bounded below and disjoint. Since N (¢, AU B) # 0 if
and only if N(¢, A) # O or N(¢, B) # 0, we find that lim,_,o P(N(t, AU B #
0) = 2, which is also a contradiction.

Hence we have deduced that lim;,_.o P(N (¢, A) = 0) = 1 and so lim,_,o
P(N(t, A) # 0) = 0, as required.

(2) Using arguments similar to those that led up to (2.3) and (2.4), we de-
duce that the events

(N@, Ay) =ny1), ..., (N, Ap) = ny)
are members of independent o -algebras. Ul

Remark 1 It follows immediately that «(A) < oo whenever A is bounded
below, hence the measure u is o -finite.

Remark 2 By Theorem 2.1.7, N has a cadlag modification that is also a
Poisson process. We will identify N with this modification henceforth, in ac-
cordance with our usual philosophy.

2.3.1 Random measures

Let (S, .A) be a measurable space and (2, F, P) be a probability space. A
random measure M on (S, A) is a collection of random variables (M (B), B €
A) such that:

(1) M©) =0
(2) (o-additivity) given any sequence (A,, n € N) of mutually disjoint sets in
A,

M( U A,,) = ZM(A,,) as.;
neN neN

(3) (independently scattered property) for each disjoint family (Bq, ..., By)
in A, the random variables M (By), ..., M(B,) are independent.
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We say that we have a Poisson random measure if each M (B) has a Poisson
distribution whenever M (B) < oo. In many cases of interest, we obtain a o -
finite measure A on (S, A) by the prescription A(A) = E(M (A)) forall A € A.
Conversely we have:

Theorem 2.3.6 Given a o-finite measure ). on a measurable space (S, A),
there exists a Poisson random measure M on a probability space (2, F, P)

such that A(A) = E(M (A)) forall A € A.

Proof See e.g. Ikeda and Watanabe [140], p. 42, or Sato [274], p. 122.

Suppose that S = R™ x U, where U is a measurable space equipped with
a o-algebra C, and A = B(RT) ® C. Let p = (p(¢),t > 0) be an adapted
process taking values in U such that M is a Poisson random measure on S,
where M([0,7) x A) =#{0 <s < t; p(s) € A} foreacht > 0, A € C. In this
case we say that p is a Poisson point process and M is its associated Poisson
random measure.

The final concept we need is a merger of the two important ideas of the
random measure and the martingale. Let U be a topological space and take C
to be its Borel o-algebra. Let M be a random measure on § = Rt xU. For each
A € C, define a process My = (My(t),t = 0) by Ma(t) = M([0,1) x A).
We say that M is a martingale-valued measure if there exists V € C such that
M is a martingale whenever A N'V = (. We call V the associated forbidden
set (which may of course itself be ().

The key example of these concepts for our work is as follows.

Example 2.3.7 Let U = R? — {0} and C be its Borel o-algebra. Let X be
a Lévy process; then AX is a Poisson point process and N is its associated
Poisson random measure. For each ¢t > 0 and A bounded below, we define the
compensated Poisson random measure by

N(t, A) = N(1, A) — tu(A).

By Exercise 2.1.4(4), (N, A),t > 0)isa martingale and so N extends to a
martingale-valued measure with forbidden set {0}.

In case you are unfamiliar with Poisson random measures we summarise
below the main properties of N. These will be used extensively later.

(1) Foreacht > 0, w € @, N(t,-)(w) is a counting measure on BRY —
{OD).

(2) For each A bounded below, (N (¢, A), t > 0) is a Poisson process with
intensity u(A) = E(N(1, A)).
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3) (]\7(t, A), t > 0) is a martingale-valued measure, where N(t, A) =
N(t, A) — tiu(A), for A bounded below.

2.3.2 Poisson integration

Let f be a Borel measurable function from R? to R? and let A be bounded
below; then for each t > 0, w € 2, we may define the Poisson integral of f as
a random finite sum by

fA FOON@ dx)@) =Y FN, (1) (@),

xXeA

Note that each f 4 S(ON(2,dx) is an R?-valued random variable and gives
rise to a cadlag stochastic process as we vary 7.

Now, since N (t,{x}) # 0 & AX(u) = x foratleastone 0 < u < t, we
have

/Af(X)N(t,dX) = Y FAX@)xa(AX (w)). 2.5

O<u<t

Let (TnA, n € N) be the arrival times for the Poisson process (N (¢, A),t >
0). Then another useful representation for Poisson integrals, which follows
immediately from (2.5), is

/ FOON( dx) =Y FIAX TN x0T (2.6)
A

neN

Henceforth, we will sometimes use (4 to denote the restriction to A of the
measure /L.

Theorem 2.3.8 Let A be bounded below. Then:

(1) for eacht > 0, fA f(x)N(t,dx) has a compound Poisson distribution
such that, for each u € R,

E (exp |:i <u/ F(x)N(, dx))]) = exp [t/(ei(“’x) — l)uf(dx)i|
A A

where Ly = [L o L
() if f € L'(A, na), we have

E( /; f(x)N(t,dx)) .y /A O (d);
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(3) if f € L3*(A, pa), we have

Var( )=tf 0 Pa(dn).
A

Proof (1) For simplicity, we will prove this result in the case f € LY(A, na).
The general proof for arbitrary measurable f can be found in Sato [274],
p. 124. First let f be a simple function and write f = Z?:l cjXA;, where

/ FX)N(z, dx)
A

eachc; € R9. We can assume, without loss of generality, that the A; are dis-
joint Borel subsets of A. By Theorem 2.3.5 we find that

Sl o)
— E(exp [i (“ ;C-’N(I’ Aj))])

HE (exp [i(u,c;N(t, Aj)])
j=1

S

exp {t[exp (i(u, Cj)) - 1]“(’4./)}

j=1

= exp [t/; {exp [i(u, f(x))] — 1},u(dx)i|.

~
I

Given an arbitrary f € L'(A, j14), we can find a sequence of simple func-
tions converging to f in L' and hence a subsequence that converges to f al-
most surely. Passing to the limit along this subsequence in the above yields the
required result, via dominated convergence.

Parts (2) and (3) follow from (1) by differentiation. |

It follows from Theorem 2.3.8(2) that a Poisson integral will fail to have a
finite mean if f ¢ L'(A, n).

Exercise 2.3.9 Show that if f : R — R is Borel measurable then

Y IF(AX @) xa(AX @) < 00 as.

O<u<t

Consider the sequence of jump size random variables (Y ]’ﬁ‘ (n),n € N),
where each

Y;‘(n):/f(x)N(T,f‘,dx)—ff(x)N(T;‘],dx). 2.7)
A A
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It follows from (2.6) and (2.7) that

Yiin) = fAX(TH)

foreachn € N.

Theorem 2.3.10

@)) (Yf(n), n € N) are i.i.d. with common law given by
w(AN f7(B))

2.8
n(A) -

P(Y}(n) € B) =

for each B € B(R?).
2) (fA f(x)N(t,dx), t > 0) is a compound Poisson process.

Proof (1) We begin by establishing (2.8). Using Theorem 2.3.8(2) and (2.7),
together with the fact that (TnA — TA ,n e N) are i.i.d. exponentially dis-

n—1°
tributed random variables with common mean 1/u(A), we obtain

P(Y} ) € B) = E(xs(Y} 1) = E[Eqa_ps (x5 (Y} ()))]

_ /0 s _/AXB(f(X))M(dx)pT,{‘—TnA1(ds)
_wAn ey
w7

as required. Hence our random variables are identically distributed. To see that
they are independent, we use a similar argument to that above to write, for any
finite set of natural numbers {iy, i, ...,i,}and B;, Bj,, ..., B;, € B(Rd),

P (Y{(i1) € By, Y} (i2) € By, ..., Y{'(in) € B;,)

= E[ETIA’TZATIA .... TA-TA, 1_[ XB,-j (Y?(lj)):|

j=1

= i Siy t Si . d
/0 fo /0 SirSiyteeS E/AXBJ(f(X))M( x)

X pT’/I‘ (dsil)pTi;‘—Tfl‘ (dsiy) -+ pra_ga 1 (dsi,,)

m Ip—

= P(Y{'(i) € Bi)P(Y[ (i) € By) - -+ P(Y['(im) € B;,),

by (2.8).
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(2) First we observe that (Y A(n) n € N) and the Poisson process
(N(t, A),t > 0) are independent. Indeed this follows from a slight extension
of the following argument. For eachm € N,n e NU{0},7 > 0, B € B(Rd),
we have

P(Y}(m) € B|N(t, A) =n) = P(Y}(m) € B]T) <1, T}\, > 1)
= P(Y{(m) € B),

by a calculation similar to that in (1). For each t > 0, we have

/ SN, dx) =Y} () + Y (2) 4+ Y (N, A)).
A

The summands are i.i.d. by (1), and the result follows. O

For each f € LI(A, na), t > 0, we define the compensated Poisson inte-
gral by

/ FEN . dx) = / FEN( dx) — 1 / ).
A A A
A straightforward argument, as in Exercise 2.1.4(4), shows that

(f FfN(@t,dx), t > 0)
A

is a martingale, and we will use this fact extensively later. By Theorem
2.3.8(1), (3) we can easily deduce the following two important facts:

E <exp [i <u, /A F(X)N(t, dx)) D
= exp {th [¢'“ =1 —iu, x)]uf(dx)} (2.9)
for each u € R? and, for f € L%(A, ua),
o

Exercise2.3.11 For A, B bounded below and f € L?(A, ua), g € L*(B, up),
show that

/ FX)N(z, dx)
A

2
) =t/A | £ )P (dx). (2.10)

< / F(ON(,dx), / g(x)N(t,dx>>=r / F()gx)p(dx).
A B ANB
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Exercise 2.3.12 For each A bounded below define
My = {/ Ff(X)N(t,dx), f € L*(A, MA)} .
A
Show that M 4 is a closed subspace of the martingale space M.

Exercise 2.3.13 Deduce that lim,,_, o TnA = o0 (a.s.) whenever A is bounded
below.

2.3.3 Processes of finite variation

We begin by introducing a useful class of functions. Let P = {a = 11 <
th < -+ < tp < tyy1 = b} be a partition of the interval [a, b] in R,
and define its mesh to be § = maxi<;<, |ti+1 — #;/|. We define the variation
var p(g) of a cadlag mapping g:[a, b] — R? over the partition P by the pres-
cription

varp(g) = Z lg(tiv1) — (@)
i=1

If V(g) = supp var p(g) < oo, we say that g has finite variation on [a, b]. If
g is defined on the whole of R (or RT), it is said to have finite variation if it
has finite variation on each compact interval.

It is a trivial observation that every non-decreasing g is of finite variation.
Conversely, if g is of finite variation then it can always be written as the differ-
ence of two non-decreasing functions; to see this, just write

Vi teg V(g -—g
8§ = 2 ) )
where V (g)(¢) is the variation of g on [a, t]. Functions of finite variation are
important in integration: suppose that we are given a function g that we are
proposing as an integrator, then as a minimum we will want to be able to define
the Stieltjes integral || ; fdg for all continuous functions f, where I is some
finite interval. It is shown on pp. 40—41 of Protter [255] that a necessary and
sufficient condition for obtaining such an integral as a limit of Riemann sums

is that g has finite variation (see also the discussion and references in Mikosch
[228], pp. 83-92).

Exercise 2.3.14 Show that all the functions of finite variation on [a, b] (or
on R) form a vector space.

A stochastic process (X(¢),t > 0) is of finite variation if the paths
(X (t)(w), t > 0) are of finite variation for almost all w € Q2. The following is
an important example for us.
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Example2.3.15 (Poisson integrals) Let N be a Poisson random measure, with
intensity measure w, that counts the jumps of a Lévy process X and let f :
R4 — R4 be Borel measurable. For A bounded below, let Y = (Y (¢), ¢ > 0)
be given by Y (t) = fA f(x)N(t,dx); then Y is of finite variation on [0, #]
for each + > 0. To see this, we observe that, for all partitions P of [0, ¢], by
Exercise 2.3.9 we have

varp(¥) < 3 |F(AX($)Ixa(AX(5)) < 00 as. (2.1

0<s<t

Exercise 2.3.16 Let Y be a Poisson integral as above and let n be its Lévy
symbol. For each u € R? consider the martingales M, = (M,(t),t > 0)
where each

M, (1) = ' @YO)=mw)

Show that M, is of finite variation. (Hint: Use the mean value theorem.)

Exercise 2.3.17 Show that every subordinator is of finite variation.

In fact, a necessary and sufficient condition for a Lévy process to be of
finite variation is that there is no Brownian part (i.e. A = 0 in the Lévy—
Khinchine formula) and that flx\<l |x|v(dx) < oo; see e.g. Bertoin [36] p. 15,
or Bretagnolle [60].

2.4 The L évy—td decomposition

Here we will give a proof of one of the key results in the elementary theory of
Lévy processes, namely the celebrated Lévy-Itd decomposition of the sample
paths into continuous and jump parts. Our approach closely follows that of
Bretagnolle [61]. First we will need a number of preliminary results.

Proposition 2.4.1 Let M ;, j = 1, 2, be two cadlag-centred martingales. Sup-
pose that, for some j, M is L? and that for each t > 0 E(|V(Mk(t)|2) < 00
where k # j; then

E[(M\(1), M2(1))] = E ( Z (AM,(s), AMz(S))) :

O<s<t

Proof For convenience, we work in the case d = 1. We suppose throughout
that M is L? and so M> has square-integrable variation. Let P = {0 = 1y <
th < th < --- < t, = t} be a partition of [0, 7]; then by the martingale
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property we have

EM, ()M (1))

m

|
_
._

m—

E([M(ti41) — My (1) ][ Ma(tj41) — Ma(2))])
j=0

I
iy

3
|

E([M:(tix1) — M1 (1) ][ Ma(tis1) — Ma(1)]).

Il
=}

i
Now let (P™, n € N) be a sequence of such partitions with

[ )

lim max i1 —

n—>o0 0<i(n)<m(n)—1
Then, with probability 1, we claim that

mn)—1
nlig)lo Z [Mi (titny1) — My (Gi) | [ M2 (tiny1) — Ma(tiny) ]
i(m=0

= > AM () AM(s).

0<s<t

To establish this claim, fix @ € 2 and assume (without loss of generality) that
(M (t)(w), t > 0) and (M2(t)(w), t > 0) have common points of discontinu-
ity A = (t,,n € N).

We first consider the set A€. Let (P,, n € N) be a sequence of partitions of
[0, 1] such that, for each n € N, AN [, 1", ]1 = ¢ forall 0 < j < m(n) — 1.
Dropping  for notational convenience, we ﬁnd that

m(n)
Z
=0
=

[Ml (tin+1) — M (ti(m)} [Mz(fi(n>+1) - MZ(fi(m)]‘

max |M1 (ti(n)+1) - M, (li(n)ﬂ Varp, (M)

0<i<m(n)—1

—0 as n— oo

Turning our attention to A, we fix € > 0 and choose § = (§,,n € N) to be
such that

max {|Mi(t,) — My(ty — 8,) — AM, (1,)],
|Ma(t,) — Ma(ty — 8,) — AM (1)1} <

€
K2n’



98 Martingales, stopping times and random measures

where

K =2 sup [M(s)| 4+ 2 sup |M(s)|.

0<s<t 0<s<t

To establish the claim in this case, we consider

o0

5(5) = Z {[Ml(tn) - Ml(tn - 5n):”:MZ(tn) - M2(tn - 8n)]
n=1
—AM, (tn)AMZ(tn)}-
We then find that

1S(8)]

<Y (M) = My (ty — 8,) — AMy (1) || Ma(t,) — Ma(ty — 8,)]

n=1

+ ) [Mat) — Ma(ty — 8,) — AM(1,) || AM (1) |

n=1

52(SUP My (s)] + sup IMz(S)l)Z S

0<s<t O<s<t n=1 K2"

and the claim is thus established.

The result of the theorem follows by dominated convergence, using the fact
that for eachn € N

m(n)—1

Z [My(tigy+1) — M1 (i) | [Ma(tigy1) — Ma(tiny) ]
i(m=0

<2 sup [Mi(s)|V(Ma(1)),

0<s<t

and, on using Doob’s martingale inequality,

E < sup |M1(S)|V(M2(t))> <E < sup |M1(S)|2> +E(|V(M2(1))

0<s<t O=<s<t
<4E(M,()>) + E(IV(Ma(t)|?) < oo.
O

The following special case of Proposition 2.4.1 plays a major role below.

Example 24.2 Let A and B be bounded below and suppose that f €
L*(A, pua), g € L*(B, up). Foreach t > 0, let My (1) = [, f(x)N(t, dx)
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and M) (t) = fB g(x)]\?(t, dx); then, by (2.11),
VM) <V (/ f(x)N(t,dx)) +V (t/ f(x)v(dx))
A A
< / |f(x)|N(t,dx)+t/ Fx)v(dx).
A A

From this and the Cauchy—Schwarz inequality we have E(|V (M (¢) 12) < o0,
and so we can apply Proposition 2.4.1 in this case. Note the important fact that
E(M;(t)M3(t)) =0foreacht > 0if AN B = 0.

Exercise 2.4.3 Show that Proposition 2.4.1 fails to hold when M| = M, = B,
where B is a standard Brownian motion.

Exercise2.4.41Let N = (N(¢),t > 0) be a Poisson process with arrival times
(T, n € N) and let M be a centred cadlag L2-martingale. Show that, for each
t>0,

E(M()N () =E (Z AM(Tn)xmq}) :

neN

Exercise 2.4.5 Let A be bounded below and M be a centred cadlag L2-
martingale that is continuous at the arrival times of (N(¢, A),t > 0). Show
that M is orthogonal to every process in M 4 (as defined in Exercise 2.3.12).

For A bounded below note that, for each r > 0,

/xN(t,dx) = Y AXW)xa(AX (u))
A

O<u<t

is the sum of all the jumps taking values in the set A up to the time ¢. Since the
paths of X are cadlag, this is clearly a finite random sum.

Theorem 24.6 If A,, p = 1,2, are disjoint and bounded below, then
('[AI xN(t,dx),t > 0) and (fAz xN(t, dx),t > O) are independent stoch-
astic processes.

Proof Foreach p = 1,2, ¢t > 0, write X (¢, Ap) = pr xN(t,dx) and let
na, be the Lévy symbol of each of these compound Poisson processes (recall
Theorem 2.3.8). We will also have need of the centred cadlag L>-martingales
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(M,(1),t = 0) for p =1, 2, given by

My (1) = exp[i(up, X(t, Ap) —tna,] — 1

for each ¢ > 0, where u1, uy € RY. We will need the fact below that at least
one M), has square-integrable variation on finite intervals. This follows easily
after using the mean value theorem to establish that, for each # > 0, there exists
a complex-valued random variable p(¢) with 0 < |p(¢)| < 1 for which

My (1) = p)[i(up, X1, Ap)) — 114, ].

Now for 0 < s <t < oo we have

E(M, (1) Ms(5)) = E(M, (s)Ma(s)) + E([M, (1) — M (s)|Ma(s)).

Since A1 and A; are disjoint, M| and M; have their jumps at distinct times
and so E(M;(s)M2(s)) =0 by Proposition 2.4.1. However, M is a mar-
tingale and so a straightforward conditioning argument yields E([M(¢)
—M;(s)IM;(s)) = 0. Hence we have that, for all u, u, € R4,

B (e (41X 0:40) i (2. X 6.A2)) — (o @1 X (A1) (g1 (42X (.42

and so the random variables X (¢, A1) and X (s, A;) are independent by Kac’s
theorem.

Now we need to show that the processes are independent. To this end, fix
ni,ny € N, choose 0 =1 <1/ <--- < t,fp < ooandui.7 eRIL,0<j<n,
and write vf = uf + ufﬂ + .-+ ul, for p = 1,2. By (L2) we obtain

E (exp |:i Z](u}, X(t]. Al))i|) E (exp |:i i(ui, X, AQ))D
j=I1

k=1

=E (exp |:i i(v}, X! Ay) — X(t},l, Al)):|>
=1
x E (exp |:i 22(1),%, X(tkz, Ajy) — X(tk2_1, Az))i|>

k=1

= HE(exp [i(v}, X(t.} - t}_l, Al))])

j=1

X H]E(exp [i (vf, X (1 — 17_,. A2))])
k=1
=T ]E€xptilw}. Xt} —t]_. A+ . X1 — 121, A
j=1k=1
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ny n2

1_[ E(exp{i[(v},X(t},Al)—X(t}_l,Al))
i=1 k=1

~

+ (vf, X (17, A2) — X (111, A)]Y)

E (exp |:i Zl(v}, X(t}, Ay — X(l}_p A1)

=1

k=1

=E (exp |:i Db XL A +i Y (up X (8, Az))D :

j=1 k=1

i) (0F X (. Ad) — X (6, Az)):|>

and again the result follows by Kac’s theorem. U

We say that a Lévy processes X has bounded jumps if there exists C > 0
with
sup |[AX ()| < C.

0<t<oo

Theorem 2.4.7 If X is a Lévy process with bounded jumps then we have
E(X@®)|™) < oo forallm € N.

Proof Let C > 0 be as above and define a sequence of stopping times
(Ty,n e N) by T1 = inf{r >0, | X(¢)| > C} and, for n > 1, T;, = inf{t > T,,_1,
|X () — X(T,,—1)| > C}. We note that |AX(T,)| <C and that T, 11 — T, =
inf{t > 0; | X+ T,) — X(T,)| > C},foralln € N.

Our first goal will be to establish that, for all n € N,

sup |X(s ATy)| <2nC (2.12)

0<s<oo

and we will prove this by induction. To see that this holds for n = 1 observe
that

sup | X (s ATy)| = |X(T))]

0<s<o0

< [AX(T)| + |X(Th—)| = 2C.

Now suppose that the inequality (2.12) holds for some n > 1. We fix
o €  and consider the left-hand side of (2.12) when n is replaced by n + 1.
Now the supremum of | X (s A T,41)| is attained over the interval [0, T, (®))
or over the interval [T}, (w), T,+1(w)]. In the former case we are done, and in
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the latter case we have

sup | X (s A Ty1) ()]

0<s<oo

= sup |X (s)(@)]

Th(@)<s<Ty11(w)

< sup 1X (s)(w) — X(T)(@)| + | X(T,)(0)]

Ty (0)<5<T41(w)
| X (Th1) (@) — X (T) ()| + 2nC
< X (T ) (@) = X (Thq1—) ()]
+ X (Th1—) (@) — X(T) ()| + 2nC
<2(n+1C,

IA

as required.

By the strong Markov property (Theorem 2.2.11), we deduce that, for each
n > 2, the random variables 7, — T,,—| are independent of F7, , and have the
same law as 7. Hence by repeated use of Doob’s optional stopping theorem,
we find that there exists 0 < a < 1 for which

E(eiT”) — E(elee*(Tszl) - e*(Tn*Tn—l)) — [E(ele)]n =a". (2.13)

Now combining (2.12) and (2.13) and using the Chebyshev—Markov
inequality we see that for eachn e N, ¢t > 0,

P(IX ()| >2nC) < P(T, <t) <e'E(e ) <e'a". (2.14)

Finally, to verify that each E(| X (¢)|™) < oo, observe that by (2.14) we have

0o p2(+1)C
[ oo =Y [ v
x[>2nC ~ )y

oo

<QO)"e' Y (r+1)"d" < o0.

r=n

For each a > 0, consider the compound Poisson process

</ xN(t,dx),t > 0)
[x|>a

and define a new stochastic process Y, = (¥, (), t > 0) by the prescription

Y.(t) = X (1) —/ xN(t,dx).

|x|>a
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Intuitively, Y, is what remains of the Lévy process X when all the jumps of
size greater than a have been removed. We can get more insight into its paths
by considering the impact of removing each jump. Let (7,,,n € N) be the
arrival times for the Poisson process (N (f, B;(0)€), t > 0). Then we have

X (1) for 0 <t < T,
y ([) _ X(T\—-) for t =1y,
“ X)) — X(T)) + X(T,-) for T) <t < T,
Y. (T,—) for t =15,

and so on recursively.
Theorem 2.4.8Y, is a Lévy process.

Proof (L1) is immediate. For (L2) we argue as in the proof of Theorem 2.3.5
and deduce that, foreach 0 < s < t < 00, Y, (t) — Y,(s) is F; ;-measurable
where Fs; = o{X(u) — X(v); s < v <u < t}. To establish (L3), use the fact
that foreach b > 0,1 > 0,
b
> —].
2

P(|Y, ()] > b) < P (|X(t)| > g) + P Q/ xN(t, dx)
|x|za
O

We then immediately deduce the following:

Corollary 2.4.9 A Lévy process has bounded jumps if and only if it is of the
form Y, for some a > 0.

The proof is left as a (straightforward) exercise for the reader.
For each a > 0, we define a Lévy process Y, = (Y,(¢),t > 0) by

Y, = Y, (1) — E(Y,(1)).

It is then easy to verify that Y,isa cadlag centred L2-martingale.

Exercise 2.4.10 Show that E(Y, (1)) = t E(Y,(1)) for each t > 0.

In the following, we will find it convenient to take @ = 1 and write the
processes Y71, Y simply as Y, Y, respectively. So Y is what remains of our Lévy
process when all jumps whose magnitude is larger than 1 have been removed,
and Y is the centred version of Y. We also introduce the notation M (t,A) =
Ja xN(t,dx) for t > 0 and A bounded below.

The following is a key step towards our required result.
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Theorem 2.4.11 For each t > 0,

Y(t) = Yo(t) + Ya(2),

where Y. and Yq are independent Lévy processes, Y. has continuous sample
paths and

Ya(t) = / xN(z, dx).
|x]<1

Proof Let (¢,,n € N) be a sequence that decreases monotonically to zero,
wherein €; < 1. For each m € N let

Bm = {X € IRdvem+l = |x| Sém}

and for eachn € Nlet A, = Ur,;l:l B,,. Our first task is to show that the
sequence (M (-, Ap),n € N) converges in martingale space to Yq4. First note
that for each ¢ > 0 the M (¢, B,,) are mutually orthogonal by Proposition 2.4.1.
So, foreachn > 0,

E(IM(t, AP =Y E(M(, By)). (2.15)
m=1

By Proposition 2.1.3, the argument in the proof of Theorem 2.4.6 and Exer-
cise 2.4.5, we find that the Lévy processes ¥ — M (-, A,) and M(-, A,) are
independent, and so

Var(|Y (1)]) = Var(|Y (1) — M(t, A,)|) + Var(IM(z, A,)]).
Hence
E(IM(z, A,)I?) = Var(|M(t, A,)]) < Var(|Y (1))). (2.16)

By (2.15) and (2.16) we see that, for each > 0, the sequence (E(M (z, A,
n € N) is increasing and bounded above and hence convergent. Furthermore
by (2.15), for each ny < ny,

E(1M(t, Aw) — M(t, Ay)IP) = E(M(t, A1) —E(M(t, Ay)IP).
Hence we deduce that

Ya(t) =/ xN(t,dx) = L* — lim M(z, A,),
Ix|<1 n—00

and that Yy lives in martingale space. Furthermore it follows from Theorem
1.3.7 that Y4 is a Lévy process, where we have used Chebyshev’s inequality
to deduce that, for each b > 0, lim; o P(|Ya(t) — M(z, Ay)| > b) = O for
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all n € N. A similar argument shows that Y is a Lévy process in martingale
space, where

Ye(r) = L2 = lim [Y() — M@, A))].

The fact that Y, and Yy are independent follows by a straightforward limiting
argument applied to characteristic functions.

Now we need to show that Y. has continuous sample paths. If Y.(¢) = 0
(a.s.) for all + > 0 we are finished, so suppose that this is not the case. We
seek a proof by contradiction. Let N € 2 be the set on which the paths of Y,
fail to be continuous. If P(N) = 0, we can replace Y, by a modification that
has continuous sample paths, so we will assume that P(N) > 0. Then there
exists some b > 0 and a stopping time T such that P(|JAX(T)| > b) > 0. Let
A=1{xe¢e R4, |x| > b}; then by Proposition 2.4.1 we have for each t > 0,

f e LA, pa),

0+E ((Yc(t), f(X)N(, dx)))
|x|>b

= lim <(1?(¢) — M, Ay, f(x)zv(t,dx)» =0,

n—00 x|>b
and we have obtained our desired contradiction. OJ

We recall that p is the intensity measure of the Poisson random mea-
sure N.

Corollary 2.4.12 u is a Lévy measure.

Proof We have already shown that u((—1, 1)¢) < oo (see Remark 1 after
Theorem 2.3.5). We also have

/ xPu(dx) = lim / wPuidx) = lim E(M(, Au)?)
x|<lI n—00 J 4 n—00

=E(Y4]») < oo,

and the result is established. O

Corollary 2.4.13 For eacht > 0, u € R4,

E(e! )y = exp {t/
|

x|<1

[ei(“’x) —1—i(u, x)]u(dx)} .

Proof Take limits in equation (2.9). Ul
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Exercise 2.4.14 Deduce that foreacht > 0,1 <i <d,

i, Y0 = / 2 (d).

|x]<1

Theorem 2.4.15 Y, is a Brownian motion.

Proof Our strategy is to prove that for all u € R?, t > 0,
]E(ei(u,yc(t))) — e—t(u,Au)/Z (217)

where A is a positive definite symmetric d x d matrix. The result then follows
from Corollary 2.2.8, the corollary to Lévy’s martingale characterisation of
Brownian motion.

For convenience we take d = 1. Note that, since Y, has no jumps, all its
moments exist by Theorem 2.4.7 and since Y. is a centred Lévy process we
must have

o () = E(ei(“'YC(’))) — etn(u)’ (2.18)

where n € C®°(R) and n'(0) = 0. Repeated differentiation yields for each
t>0,m=>2,

E(Y.()™) = ait + ast> + - + ap_1t" ! (2.19)
where ay,ay ..., an—1 € R.
LetP ={0=1 <t < --- < t, = t} be a partition of [0, #] and,

for the purposes of this proof, write AY.(t;) = Yc(tj4+1) — Yc(¢;) for each
0 < j <n — 1. Now by Taylor’s theorem we find

n—1
]E(eich(t) _ 1) —F (Z (eich(thrl) _ eich(t_/-))>

j=0

=EW(L @) +E(L0) + EU:1)),

where
n—1
L) =iuy DAY ),
j=0
u2 n—1 )
Yot

L) =-= Ze’“ AN
j=0

u2 n—l , ,

L) = —— Z (em[YC(zj)ijYc(zj)] . equc(zj))[AYC(tj)]z’
2 =

witheach0 < 6; < 1.
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Now by independent increments we find immediately that

n—1
E(L (1) = iu ) E(e"")E(AYc(t;)) =0
j=0
and
2 n—1
E(L(1) = -5 ]2:; E (/")) E((AY(1)))?)
au? =,
== 2 b, Wt — 1), (2.20)
j=0

where we have used (2.18) and (2.19) and written a; = a > 0.
The analysis of I3(¢) is more delicate, and we will need to introduce, for
each o > 0, the event

By = max  sup |Y.(v) —Y.(u)| <«
05j5n71 tjgu‘vftjurl

and write

E(3(1)) = E(I3(0) xs,) + EU3(0) x5g)-

Now on using the elementary inequality |¢?Y — 1| < 2, for any y € R, we
deduce that

n—1

u22/ [AY.(t)(@)]’d P (o)
j=0 Y Bg

IE(L3(1)) xBe |

IA

1/2

IA

n—1 2
u*(P(B)'* | E (Z AYC(zj)z)

j=0
<u*(P(B)'? 0(t* + 1)/ (2.21)

where we have used the Cauchy—Schwarz inequality and (2.19).
On using the mean value theorem and (2.19) again, we obtain

3 n—1 3
E(5(1) x8,)] < % / Y 1AV (1) (@) PdP(w) < “‘”2'”' . (222)
B

a ]:O

Now let (P™ n € N) be a sequence of partitions with lim, . 8§, = 0,

where the mesh of each partition 8, = max;_ :m—, m |t"”, — '], and for
p 1<jm<m 14 j
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each n € N write the corresponding /i () as Ik(")(t) for j = 1,2, 3, and write
each By as B”. Now

max sup  [Ye(v) = Ye(u)| < sup 1Ye(v) — Ye(u)l

I<j=m® ) ) 0<u,v<t,lu—v|<8,
J

<u,v<t;
Su, st

—0 as n— oo,

by sample-path continuity, and so it follows (e.g. by dominated convergence)
that lim,_, 00 P((B{")¢) = 0. Hence we obtain, by (2.21) and (2.22), that

ful?
lim sup E(I;")(t)) < aatlul”

n—oo 2

But « can be made arbitrarily small, and so we deduce that
lim E(1I{" (1)) = 0. (2.23)
n—od
Taking limits in (2.20) yields
au2 t
lim E(L," (1) = —— f b5 (u)ds. (2.24)
n— 00 2 0

Combining the results of (2.23) and (2.24), we find that
au® !
$u) —1=——[ ¢s(u)ds.
2 Jo

Hence ¢, (1) = e’“"”‘z/z, as required. O

At last we are ready for the main result of this section.

Theorem 2.4.16 (The L évy—Itd decomposition) If X is a Lévy process, then
there exists b € Rd, a Brownian motion B with covariance matrix A and an
independent Poisson random measure N on Rt x (Rd — {0}) such that, for
eacht > 0,

X(t) = bt + Ba(t) +/

[x]<1

xN(t,dx)Jr/ xN(,dx). (2.25)

[x[=1

Proof This follows from Theorems 2.4.11 and 2.4.15 with

b=E (X(l) - / xN(l, dx)) .
[x[>1

The fact that B4 and N are independent follows from the argument of Theorem
2.4.6 via Exercise 2.4.4. L
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Note We will sometimes find it convenient for each ¢ > 0, to write

1
Ba(t) = (B)(1), ..., B4(1))
in the form
. m . .
Bi(t) =) olBI (1)
j=1
where B!, ..., B™ are standard one-dimensional Brownian motions and o is

ad x m real-valued matrix for which o1 = A.

Exercise 2.4.17 Write down the Lévy-Itd decompositions for the cases where
X is (a) a-stable, (b) a subordinator, (c) a subordinated process.

Exercise 2.4.18 Show that an a-stable Lévy process has finite mean if 1 <
o < 2 and infinite mean otherwise.

Exercise 2.4.19 Deduce that if X is a Lévy process then, for each ¢t > 0,
ZOssgt[AX(S)]z < 00 (a.s.).

An important by-product of the Lévy-Itd decomposition is the Lévy—
Khintchine formula.

Corollary 2.4.20 If X is a Lévy process then for eachu € R?, t > 0,

E(e! X)) = exp <t {i(b, u) — 3(u, Au)
+/ [¢/ —1 —i(u,y)xB(y)]u(dy)})- (2.26)
R—{0}

Proof By independence we have
B! X)) = R (el @Yy R (i@ YaOy | (ei (”’flxlzl XN(”dx))>

and the result follows by using equation (2.17) and the results of Corollary
2.4.13 and Theorem 2.3.8. ]

Now let p be an arbitrary infinitely divisible probability measure; then by
Corollary 1.4.6 we can construct a canonical Lévy process X for which p ap-
pears as the law of X (1). Note that X is adapted to its augmented natural
filtration and thus we obtain a proof of the first part of the Lévy—Khinchine
formula (Theorem 1.2.14).
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Note 1 We emphasise that the above argument is not circular, in that we
have at no time used the Lévy—Khinchine formula in the proof of the Lévy—
Itd6 decomposition. We have used extensively, however, the weaker result
E(e! X)) = ¢ where u € R?, t > 0, with n(u) = log [E(e'“-X(1)].
This is a consequence of the definition of a Lévy process (see
Theorem 1.3.3).

Note 2 The process ( St XN d). 1 = 0) in (2.25) is the compensated
sum of small jumps. The compensation takes care of the analytic complications
in the Lévy—Khintchine formula in a probabilistically pleasing way — since it
is an L2-martingale.

x| <

The process (flx|>l xXN(t,dx),t > 0) describing the ‘large jumps’ in
(2.25) is a compound Poisson process by Theorem 2.3.10.

Note 3 In the light of (2.25), it is worth revisiting the result of Theorem
24.7. If X is a Lévy process then the Lévy process whose value at time
t>0is X(t) — lelzl xN(t, dx) has finite moments to all orders. However,
(f\xlzl xN(t,dx),t > O) may have no finite moments, e.g. consider the case
where X is a-stable with 0 < o < 1.

Corollary 2.4.21 The characteristics (b, A, v) of a Lévy process are uniquely
determined by the process.

Proof This follows from the construction that led to Theorem 2.4.16. O

Corollary 2.4.22 Let G be a group of matrices acting on R%. A Lévy process is
G-invariant if and only if, for each g € G,

b = gb, A= gAg" and v is G-invariant.

Proof This follows immediately from the above corollary and the Lévy—
Khintchine formula. U

Exercise 2.4.23 Show that a Lévy process is O (d)-invariant if and only if it
has characteristics (0, al, v) where a > 0 and v is O (d)-invariant. Show that a
Lévy process is symmetric if and only if it has characteristics (0, A, v) where
A is an arbitrary positive definite symmetric matrix and v is symmetric, i.e.
v(B) = v(—B) for all B € B(R? — {0}).
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Exercise 2.4.24 Let X be a Lévy process for which
/ |x"v(dx) < o0
lx[=1

foralln > 2. Foreachn > 2, ¢t > 0, define

XP =Y [AX(®]" and YW(1) = X" (1) —EX" 1))

0<s<t

Show that each (Y™ (¢), ¢t > 0)is a martingale.
Note that these processes were introduced by Nualart and Schoutens [237]
and called Teugels martingales therein.

Jump and creep

Suppose that X is a Lévy process with Lévy—Itd decomposition of the form
X(t) = / xN(t,dx),
|x]<1

for all + > 0. Subtle behaviour can take place in the case v(é —{0}) = o0.
Intuitively, the resulting path can be seen as the outcome of a competition
between an infinite number of jumps of small size and an infinite drift. A deep
analysis of this has been carried out by Millar [230], in the case where d = 1
and v((0, 1)) > 0. For each x > 0, let T, = inf{t > 0; X (¢) > x}; then

P(X(T,—) =x < X(Ty)) = P(X(Ty—) <x = X(T,)) =0,

so that either paths jump across x or they hit x continuously. Furthermore,
either P(X(Ty) = x) > Oforall x > 0 or P(X(Ty) = x) = 0 for all
x > 0. In the first case, every positive point can be hit continuously in X and
this phenomena is called creep in Bertoin [36], pp. 174-5. In the second case,
only jumps can occur (almost surely). Millar [230] classified completely the
conditions for creep or jump for general one-dimensional Lévy processes, in
terms of their characteristics. For example, a sufficient condition for creep is
A =0and fi)l |x|v(dx) = oo, fol xv(dx) < oo. Thisis satisfied by ‘spectrally
negative’ «-stable Lévy processes (0 < a < 2), i.e. those for which ¢; = 0 in
Theorem 1.2.20(2).

2.5 Theinterlacing construction

In this section we are going to use the interlacing technique to gain greater
insight into the Lévy—It6 decomposition. First we need some preliminaries.
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2.5.1 Limit events — a review

Let (A(n), n € N) be a sequence of events in F. We define the tail events

linn_l)g}fA(n) = G ﬁ A(k) and limsup A(n) = ﬁ EOJ A(k).

n=1 k=n n=1k=n

Elementary manipulations yield

n—>00 n—00

p (hm ian(n)C) —1-P (lim sup A(n)) . (2.27)

The following is a straightforward consequence of the continuity of probabil-
ity:
P (lim ian(n)) < liminf P(A(n)) < limsup P(A(n))
n—oo

<P (lim sup A(n)) . (2.28)

For a proof see e.g. Rosenthal [264], p. 26.

We will need Borel’s lemma (sometimes called the first Borel-Cantelli
lemma), which is proved in many textbooks on elementary probability. The
proof is simple, but we include it here for completeness.

Lemma 2.5.1 (Borel’'slemma) If (A(n),n € N) is a sequence of events for
which Y2, P(A(n)) < oo, then P(limsup,_, ., A(n)) = 0.

Proof Given any ¢ > 0 we can find nyp € N such that m > ny =
Y02 ., P(A(n)) < €, hence we find

P (lim sup A(n)) <P (U A(n)) <> P(AM) <e,

n—00 n=m n=m

and the result follows. O

For the second Borel-Cantelli lemma, which we will not use in this book,
see e.g. Rosenthal [264], p. 26, or Grimmett and Stirzaker [123], p. 288.

2.5.2 Interlacing

LetY = (Y(¢),t > 0) be a Lévy process with jumps bounded by 1, so that we
have the Lévy—It6 decomposition

Y (1) :bt+BA(t)+/ xN(t, dx)

|x]<1
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for each t > 0. For the following construction to be non-trivial we will find it
convenient to assume that ¥ may have jumps of arbitrarily small size, i.e. that
there exists no 0 < a < 1 such that v((—a, a)) = 0.

Now define a sequence (¢,, n € N) that decreases monotonically to zero by

1
enzsup{yZO,/ x2u(dx)§—},
O<|x|<y 8"

where v is the Lévy measure of Y. We define an associated sequence of Lévy
processes Y, = (Y, (¢),t > 0), wherein the size of each jump is bounded
below by €, and above by 1, as follows:

Y, (1) = bt + BA(t) + / xN(t, dx)

en<lx|<l

=C,(1) —i—f xN(t,dx),
e, <|x|<1

where, for each n € N, C}, is the Brownian motion with drift given by

Co(t) = Ba(t) +1 [b —/ XV(dX)} ;
en<l|x|<1

foreacht > 0.

Now fe,1§|x|<1 xN(t, dx) is a compound Poisson process with jumps AY (¢)
taking place at times (7", m € N). We can thus build the process Y, by inter-
lacing, as in Example 1.3.13:

C,(t) forO0 <t < Tnl,
C.(ThH + AY (T} fort =T,

Y, (1) = 1 1 1 2
Y, (T,))+ C,(t) — C,(T)) forT, <t <T;,
Y (T?—) + AY(T?) fort = 1>,

and so on recursively.

Our main result is the following (cf. Fristedt and Gray [106], Theorem 4,
p. 608):
Theorem 2.5.2 For each t > 0,

lim Y,(t) =Y () a.s.
n— o0

and the convergence is uniform on compact intervals of R™.
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Proof Fix T > 0 then, foreach0 <t < T,n € N we have

Yor1(t) — Y, (1) = / xN(z,dx),

ent1<|x|<en

which is an L2-martingale. Hence by Doob’s martingale inequality we obtain
E ( sup {1 (t) — Yn<t>|2> < 4E(|Y,11(T) = Ya (D)
0<t<T
4T
=4T Ix|?v(dx) < —,
ens1 <lrl <y 8

where we have used (2.10). By Chebyshev’s inequality
P( |Yt1 (1) Y(t)|>1><4T
su 1(7) — >— < —
0<z£T " 2" 2n
and by Borel’s lemma (Lemma 2.5.1), we deduce that
1
limsup sup ¥, () = ¥V, ()] = 7 ) = 0:
n—oo 0<t<T
so, by (2.27),

1
P (liminf sup |YV,+1(t) =Y, ()| < —) =1.

n—>00 g<i<T on

Hence given any § > 0 there exists no € N such that, for m, n > ng, we have

n—1 n—1

1
sup Y, (1) — Y (1)] <Z sup |Y,11(t) = Y, (1)] < Z? <5

0<t<T ' 0<t<T —m

with probability 1, from which we see that (¥, (¢),n € N) is almost surely
uniformly Cauchy on compact intervals and hence is almost surely uniformly
convergent on compact intervals. O

Now let X be an arbitrary Lévy process; then by the Lévy-Ité6 decomposi-
tion, for eacht > 0,

X()=Y() —I—/ xN(t,dx).

[x[>1
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But f\x|>l xN (¢, dx) is a compound Poisson process and so the paths of X can
be obtained by a further interlacing with jumps of size bigger than 1, as in
Example 1.3.13.

2.6 Semimartingales
A key aim of stochastic calculus is to make sense of fot F(s)dX (s) for a suit-
able class of adapted processes and integrators X. It turns out, as we will see,
that the processes we will now define are ideally suited for the role of integra-
tors. We say that X is a semimartingale if it is an adapted process such that,
foreacht > 0,

Xt)=X0O0)+M(@)+ C(),

where M = (M(¢),t > 0) is a local martingale and C = (C(¢),¢ > 0) is an
adapted process of finite variation. In many cases of interest to us the process
M will be a martingale.

The Doob—Meyer decomposition (Theorem 2.2.3) implies that (M (t)z,
t > 0) is a semimartingale whenever M is square-integrable. Another im-
portant class of semimartingales is given by the following result.

Proposition 2.6.1 Every Lévy process is a semimartingale.

Proof By the Lévy-It6 decomposition we have, for each t > 0,

X(t)=M(@)+ C(r),

where

M (1) :BA(t)-l—/ xN(t,dx), C(@t) :bt-i—/ xN(t,dx).

lxl<l [x|>1
We saw above that M = (M (¢), t > 0) is a martingale.

But Y(r) = f|x|>1 XN (t,dx) is a compound Poisson process and thus for

any partition P of [0, ¢] we find that
varp(Y) < D IAX(9)| X100 (AX () <00 as,
0<s<t
and the required result follows. ]

In Chapter 4, we will explore the problem of defining

t

ft F(s)dX(s) =/I F(s)dM(s)+/ F(s)dC(s),
0 0 0
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for a class of semimartingales. Observe that if F is say locally bounded and
measurable and NV is the set on which C fails to be of finite variation then we
can define

JF@)(@)dCs) (@) foeQ—N,
0

/0 F(s)dC(s)(w) = { ifweN.

In general fé F(s)dM (s) cannot be defined as a Stieltjes integral; indeed the
only continuous martingales that are of finite variation are constants (see Revuz
and Yor [260], p. 114). We will learn how to get around this problem in
Chapter 4.

The Lévy-Itd decomposition admits an interesting generalisation to arbi-
trary semimartingales. We sketch this very vaguely — full details can be found
in Jacod and Shiryaev [151], p. 84. We define a random measure My on
Rt x R? in the usual way:

Mx(t, A) =#{0<s <1t; AX(s) € A}

foreacht > 0, A € B(R?). It can be shown that a compensator vy always
exists, this being a random measure on RT x R? for which (in particular)
fRd f () [Mx(t,dx) — vx(t,dx)] is a martingale for all measurable f such
that the integral exists.

For all + > 0 we then have the decomposition

X(1)=B@®)+ X(1) +/ h(x)[Mx(t, dx) — vx(t,dx)]
Rd

+f [x — h(x)|Mx(t, dx),
R4

where X€ is a continuous local martingale and B is an adapted process. The
mapping h appearing here is a fixed truncation function, so that h is bounded
and has compact support and A(x) = x in a neighbourhood of the origin.
Write C;; = (Xic, X ;f); then the characteristics of the semimartingale X are
(B, C, vy). Note that B depends upon the choice of /.

Resources for general material about semimartingales include Jacod and
Shiryaev [151], Métivier [221] and Protter [255].

2.7 Notesand further reading

Martingales were first developed by Doob [83] in discrete time and many of
their properties were extended to continuous time by P.A. Meyer. His work and
that of his collaborators is summarised in Dellacherie and Meyer [78]. Readers



2.8 Appendix: cadlag functions 117

should also consult early editions of Séminaire de Probabilités: for reviews of
some of these articles, consult the database at http://www-irma.u-strasbg.fr/
irma/semproba/e_index.shtml. See also the collection of articles edited by
Emery and Yor [96].

Brémaud [59] contains a systematic martingale-based approach to point
processes, with a number of applications including queues, filtering and
control.

The Lévy-Itd decomposition is implicit in work of Lévy [192] and was rig-
orously established by It6 in [142]. The interlacing construction also appears,
at least implicitly, for the first time in this paper. Bretagnolle [61] was respon-
sible for the martingale-based approach used in the present text. Note that he
credits this to unpublished work of Marie Duflo. An alternative proof that is
closer in spirit to that of It6 can be found in Chapter 4 of Sato [274].

The objects which we have called ‘martingale-valued measures’ were called
‘martingale measures’ by Walsh [299]; however, the latter terminology has
now become established in mathematical finance to denote probability mea-
sures under which the discounted stock price is a martingale (see Chapter 5).

2.8 Appendix: cadlag functions

Let ] = [a, b] be an interval in R*. A mapping f : I — R is said to be cadlag
(from the French continue a droite et limité a gauche) if, for all t € (a, b], f
has a left limit at 7 and f is right-continuous at 7, i.e.

e for all sequences (t,,n € N) in I with each #, < ¢ and lim, oo t, = t We
have that lim,,—, o f(t,;) exists;

e for all sequences (t,,n € N) in [ with each 7, > ¢ and lim, oo 1, = t We
have that lim,, 0 f(t,) = f(2).

A caglad function (i.e. one that is left-continuous with right limits) is de-
fined similarly.

Clearly any continuous function is cadlag but there are plenty of other ex-
amples, e.g. take d = 1 and consider the indicator functions f(t) = x[a,b) ()
where a < b.

If f is a cadlag function we will denote the left limit at each point ¢ € (a, b]
as f(t—) = limgq, f(s), and we stress that f(r—) = f(¢) if and only if f is
continuous at ¢. We define the jump at t by

Af@) = f(t) = f—-).

Clearly a cadlag function can only have jump discontinuities.
The following result is of great importance for stochastic calculus.
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Theorem 2.8.1If f is a cadlag function then the set S = {t, Af(t) # 0} is at
most countable.

Proof For each k > 0, define

Se ={t, |Af ()] > k}.

Suppose that Sy has at least one accumulation point x and choose a sequence
(xn,n € N) in Sy that converges to x. We assume, without loss of generality,
that the convergence is from the left and that the sequence is increasing (we
can, of course, always achieve this by passing to a subsequence if necessary).
Now, given any n € N, since x,, € S it follows that f has a left limit at
xp and so, given € > 0, we can find § > O such that, for all y with y < x,
satisfying x, — y < 8, we have f(x,—) — f(y) = €o(y) where |eg(y)| < €.
Now fix ng € N such that, for all m > n > ng, x,, — x, < §; then we have

J ) = fQm) = fxn) = fOn=) + fn—) — fxm) = ko + €o(m),

where |kg| > k.

From this it is clear that (f(x,), n € N) cannot be Cauchy and so f does
not have a left limit at x. Hence Sy has no accumulation points and so is at
most countable. However,

§S= U St/n»

neN

from which we deduce that S is countable, as required. Ul

Note that a more general theorem, which establishes the countability of the
set of discontinuities of the first kind for arbitrary real-valued functions, can be
found in Hobson [131], p. 304 (see also Klebaner [170], p. 3).

Many useful properties of continuous functions continue to hold for cadlag
functions and we list some of these below.

(1) Let D(a, b) denote the set of all cadlag functions on [a, b]; then D(a, b) is
a linear space with respect to pointwise addition and scalar multiplication.

) If f,g € D(a,b) then fg € D(a,b). Furthermore, if f(x) # 0 for all
x €la,b]then1/f € D(a,b).

(3) If f € C(RY,R?) and g € D(a, b) then the composition f o g € D(a, b).

(4) Every cadlag function is bounded on finite closed intervals and attains its
bounds there.

(5) Every cadlag function is uniformly right-continuous on finite
closed intervals.
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(6) The uniform limit of a sequence of cadlag functions on [a, b] is itself
cadlag.

(7) Any cadlag function can be uniformly approximated on finite intervals by
a sequence of step functions.

(8) Every cadlag function is Borel measurable.

All the above can be proved by tweaking the technique used for establishing
the corresponding result for continuous functions. Note that by symmetry these
results also hold for caglad functions.

If f € D(a, b) we will sometimes find it convenient to consider the associ-
ated mapping f : (a, b] — R defined by f(x) = f(x—) whenever x € (a, b].
Note that f and f differ at most on a countable number of points and f is
caglad on (a, b]. It is not difficult to verify that

sup |f(x—=)| = sup [f(x)l.
a<x<b a<x<b
Using (4), we can define seminorms on D(R™) = D((0, c0)) by taking the
supremum, i.e. || flla,p = SUp,<,<p | f(#)| forall 0 < a < b < oo; then the
{Il - llo.n, n € N} form a separati_ng_ family and so we obtain a complete metric
on D(R™T) by the prescription

40 g — max — L = 8llon
neN 27(1 + [ f — gllo.n)

(see e.g. Rudin [267] p. 33). Note however that d is not separable. In order
to turn D(R™) into a Polish space (i.e. a separable topological space that is
metrisable by a complete metric), we need to use a topology different from
that induced by d. Such a topology exists and is usually called the Skorohod
topology. We will not have need of it herein and refer the interested reader
to Chapter 6 of Jacod and Shiryaev [151] or Chapter 3 of Billingsley [45] for
details.
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Markov processes, semigroups and generators

Summary Markov processes and the important subclass of Feller processes are intro-
duced and shown to be determined by the associated semigroups. We take an analytic
diversion into semigroup theory and investigate the important concepts of generator
and resolvent. Returning to Lévy processes, we obtain two key representations for the
generator: first, as a pseudo-differential operator; second, in ‘Lévy—Khintchine form’,
which is the sum of a second-order elliptic differential operator and a (compensated)
integral of difference operators. We also study the subordination of such semigroups
and their action in LP-spaces.

The structure of Lévy generators, but with variable coefficients, extends to a general
class of Feller processes, via Courrege’s theorems, and also to Hunt processes asso-
ciated with symmetric Dirichlet forms, where the Lévy—Khintchine-type structure is
apparent within the Beurling—Deny formula.

3.1 Markov processes, evolutions and semigroups
3.1.1 Markov processes and transition functions

Intuitively, a stochastic process is Markovian (or, a Markov process) if using
the whole past history of the process to predict its future behaviour is no more
effective than a prediction based only on a knowledge of the present. This
translates into precise mathematics as follows.

Let (2, F, P) be a probability space equipped with a filtration (F;, ¢ > 0).
Let X = (X(¢),t > 0) be an adapted process. We say that X is a Markov
process if, for all f € Bb(Rd), 0<s<t<oo,

E(f(X@)IF) =E(f(X@)IX(s))  as. (3.1

Notes

(1) The defining equation (3.1) is sometimes called the ‘Markov property’.

120
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(2) R? may be replaced here by any Polish space, i.e. a separable topological
space that is metrisable by a complete metric.
(3) In discrete time, we obtain the well-known notion of the Markov chain.

Example 3.1.1 (Lévy processes) Let X be a Lévy process; then it follows by
Exercise 2.1.2 that X is a Markov process.

Recall that B, (R?) is a Banach space with respect to the norm

11l = sup{| f ()], x € R’}
for each f € Bp(RY).
With each Markov process X, we associate a family of operators (75 ;, 0 <

s <t < 00) from Bp(RY) to the Banach space (under the supremum norm) of
all bounded functions on R¥ by the prescription

(To ) x) = E(f(X(0)|X(s) = x)
for each f € By (Rd ), x € R“. We recall that 1 is the identity operator, [ f =
f, for each f € Bp(R?). We say that the Markov process X is normal if
Ty.1(Bp(R?)) € By(R?), foreach 0 < s <t < oo.

Theorem 3.1.2 If X is a normal Markov process, then

(1) T is a linear operator on Bb(Rd)for each) <s <t < oo.
2) Tss =1 foreach s > 0.

3) Ty sTss = Ty whenever 0 <r <s <t < 00.

4 f=0=T,f>0forall0<s <t < oo, f e By(RY).

(5) Ty is a contraction, i.e. ||T; ;|| < 1 foreach0 <s <t < oo.
©6) T (1) =1forallt > 0.

Proof Parts (1), (2), (3) and (4) are obvious.
For (3) let f € Bb(Rd), x € RY; then, foreach0 < r < s <t < 00,
applying conditioning and the Markov property (3.1) yields

(T @) =E(f(X1)|X(r) = x) = E(E(f(X(0)|F)IX(r) = x)
=E(E(f(X1)| X (s)IX(r) = x) =E(T;,, f(X(5))|X (r) = x)
= (Tp.5 (Tt ) (x).

(5) Foreach f € By(R%),0<s <t < 00,

T f1l = sup |E(f(X(@)|X(s) =x)

< sup E(If(X(l))||X(S) = x)

xeR4 xeRd
< sup | f(x)] sup E(1|X(s) = x)
xeR4 xeRd

= I 11l
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Hence each 7 ; is a bounded operator and

75,1l = sup{||T5,. (Il gl = 1} = 1.
OJ

Any family satisfying (1) to (6) of Theorem 3.1.2 is called a Markov evolution.
Note that of all the six conditions, (3) is the most important, as this needs the
Markov property for its proof. The other five properties all hold for arbitrary
stochastic processes.

ForeachO <s <t <o0,A € B(Rd), x € R4, define

Psix, A) = (T xa)(x) = P(X (1) € A|X(s) =x).  (32)

By the properties of conditional probability, each p;;(x,-) is a probability
measure on B(R?). We call the mappings p;., transition probabilities, as they
give the probabilities of ‘transitions’ of the process from the point x at time s
to the set A at time .

If X is an arbitrary Markov process, by equation (1.1) we have

(Tyu () = /R FOIpaardy) (3.3)

foreach0 <s <t < 00, f € By(R%), x € R,
From (3.3) we see that a Markov process is normal if and only if the map-
pings x — p;s.(x, A) are measurable for each A € B(RY),0<s <t < oo.
Normal Markov processes are a natural class to deal with from both an-
alytic and probabilistic perspectives, and from now on we will concentrate
exclusively on these.

Exercise 3.1.3 Let X be a Lévy process and let g; be the law of X (¢) for each
t > 0. Show that

Psi(A, x) = qr—s(A —x)
foreach0 <s <t <o0,A € B(Rd),x e R,
Exercise 3.1.4 A Markov process is said to have a transition density if for each

x €RY,0 < s <t < o0, there exists a measurable function Yy = ps.i(x,y)
such that

ps,t(xv A) = / ps,t(xv y)dy
A
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Deduce that a Lévy process X = (X (¢),t > 0) has a transition density if and
only if g, has a density f; for each r > 0, and hence show that

Psi(x, y) = fi—s(y —x)

foreachO) <s <t <o00,x,y cRY,

Write down the transition densities for (a) standard Brownian motion, (b)
the Cauchy process.

The following result will be familiar to students of Markov chains in its
discrete form.

Theorem 3.1.5 (The Chapman-Kolmogorov equations) If X is a normal
Markov process then for eachQ <r <s <t <00, x € R, Ac B(Rd),

Pral, A) = /R P Apestx,dy) (3.4)

Proof Note that since X is normal, the mappings y — ps.(y, A) are inte-
grable. Now applying Theorem 3.1.2 and (3.3), we obtain

Pri(x, A) = (T xa) (x) = (L5 (T, x4)) (x)

= (Ts,zxA)(y)pr,s(x,dy)=/ D5t (¥, A)prs(x, dy).
]Rd ]Rd

O

Exercise 3.1.6 Suppose that the Markov process X has a transition density as
in Exercise 3.1.4. Deduce that

Pri(x,2) = /d Pr.s (X, V) ps,i (¥, 2)dy
R

foreachO<r <s <t <ooandx,z € R,

We have started with a Markov process X and then obtained the Chapman—
Kolmogorov equations for the transition probabilities. There is a partial con-
verse to this, which we will now develop. First we need a definition.

Let {ps;; 0 < s <t < 0o} be a family of mappings from R? x B(R?) —
[0, 1]. We say that they are a normal transition family if, for each 0 < s <
t < 00:

(1) the maps x — ps;(x, A) are measurable for each A € B(Rd);
(2) ps.i(x,-) is a probability measure on B(RY) for each x € RY;
(3) the Chapman—Kolmogorov equations (3.4) are satisfied.
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Theorem 3.1.7 If {ps;; 0 < s <t < oo} is a normal transition family and
w is a fixed probability measure on R%, then there exists a probability space
(2, F, Py), a filtration (F;,t > 0) and a Markov process (X (t),t > 0) on
that space such that:

@)) P(X(t) e AlX(s) = x) = ps.i(x, A) (as.) foreach0 < s <t < oo,
x € R A e B(RY);
(2) X(0) has law .

Proof We remind readers of the Kolmogorov existence theorem (Theorem
1.1.16). We take €2 to be the set of all mappings from R* to R? and F to be
the o-algebra generated by cylinder sets It?f’,i _f_‘_l’;"'XA", where 0 < 1y < t] <

. <t, <ooand Ag, Ay, ..., A, € B(R?). Define

Pio,1y,..., t,l(AO X Ap X - X Ay)

= / I’L(d-x()) Po,1 (-x()ad-xl) ptl,tz(-xlad-XZ)
Ao Aq Aj

X f Pt,_1.t, (xn—la dxn)-
Ap

By the Chapman-Kolmogorov equations (3.4), we can easily verify that
(Pro,ty,ntns 0 <t < p < ... < 1y, < 00) satisfy Kolmogorov’s consistency
criteria and so, by Kolmogorov’s existence theorem, Theorem 1.1.16, there ex-
ists a probability measure P, and a process X = (X (¢),t > 0) on (2, F, P,)
having the py,,,....;, as finite-dimensional distributions. X is adapted to its
natural filtration.

(2) is now immediate. To establish (1) observe that by the above construc-

tion, foreach0 <s <t <00, A € B(Rd),
P(X(t) € A) =/ / Ps.(x, A)u(dxo) po,s(xo, dx).
R4 JR4
However,
P(X(t) € A) = /d P(X(1) € AlX(s) = x) px(5)(dx)
R

= /Rd ‘/‘Rd P(X(t) € AIX(S) =X)M(dx0)p0,s(x0,d)€),

and the result follows.
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Finally we must show that X is Markov. Let A € Fj; then for each f €
By(RY)

E(xaE(f(X(0)|F)) =E(f (X)) xa) = P(f(X(@)) € A)
2/ / /f(y)u(dxo)po,s(xo,dx)ps,t(x,dy).
R4 JRE J A

However, by (3.3),
E(aE(f(X(1)|X(s) =E (XA fRd S ps. (X (s), dy))

=/ / /f(y)u(de)po,s(xO,dx)ps,z(x,dy)-
RIJRIS A
We have shown that

E(xaB(f (X (0)))|F;) = E(xaE(f (X (0))|X (s))),
and the result follows since { x4, A € F,} is total! in L2(S2, F, Py). O

We call the process X constructed in this way a canonical Markov process.

A great simplification in the study of Markov processes is made by reduc-
tion to the following important subclass. A Markov process is said to be (time-)
homogeneous if

Ts,t - TO,t—s

forall 0 < s <t < oo; using (3.3), it is easily verified that this holds if and
only if

ps,t(-xv A) = pO,t—S(xa A)

foreach0 <s <t <oo,x c RY, A ¢ B(Rd). If a Markov process is not
homogeneous, it is often said to be inhomogeneous.

For homogeneous Markov processes, we will always write the operators
To,r as T; and the transition probabilities po ; as p;.

The key evolution property Theorem 3.1.2(3) now takes the form

o =TT, (3.5)

LA set of vectors S is fotal in a Hilbert space H if the set of all finite linear combinations of
vectors from S is dense in H.
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for each s,7 > 0. Theorem 3.1.2(2) now reads Tp = I and the Chapman—
Kolmogorov equations can be written as

Pras(x, A) = /Rd ps(y, A)pi(x, dy) (3.6)
foreachs,t >0,x e R4, A e B(Rd).

In general any family of linear operators on a Banach space that satisfies
(3.5) is called a semigroup. By (3.3) and Theorem 3.1.7 we see that the semi-
group effectively determines the process if the transition probabilities are nor-
mal. There is a deep and extensive analytical theory of semigroups, which we
will begin to study in the next chapter. In order to be able to make more effec-
tive use of this and to deal with one of the most frequently encountered classes
of Markov processes, we will make a further definition.

A homogeneous Markov process X is said to be a Feller process if

() T, : Co(RY) € Co(RY) forallr > 0,
(2) lim; o ||T; f — fI| =0 forall f € Co(RY).

In this case, the semigroup associated with X is called a Feller semigroup.
More generally, we say that any semigroup defined on the Banach space
Co(R?) is Feller if it satisfies (2) above and (one-parameter versions of) all
the conditions of Theorem 3.1.2.

Note 1 Some authors prefer to use Cp(RY) in the definition of a Feller process
instead of Co(R?). Although this can make life easier, the space Co(R?) has
nicer analytical properties than Cp,(R?) and this can allow the proof of impor-
tant probabilistic theorems such as the one below. In particular, for most of the
semigroups which we study in this book, condition (2) above fails when we
replace Co(R?) with C,(R%). For more on this theme, see Schilling [276]. We
will consider this point again in Chapter 6.

Note 2 There is also a notion of a strong Feller semigroup, for which it is
required that 73 (By, (R%)) € Cp(RY) for each + > 0. We will not have need of
this concept in this book.

Theorem 3.1.8 If X is a Feller process, then its transition probabilities are
normal.

Proof See Revuz and Yor [260], p. 83. O

The class of all Feller processes is far from empty, as the following result
shows.

Theorem 3.1.9 Every Lévy process is a Feller process.
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Proof If X is a Lévy process then it is a homogeneous Markov process by
Exercise 2.1.2. Let g; be the law of X (¢); then, by Proposition 1.4.4, (¢;, t > 0)
is a weakly continuous convolution semigroup of probability measures and,
using the result of Exercise 3.1.3 and (3.3), we see that for each f € By (R,
xeR >0,

(T, f)(x) = /R FG A gy,

Now let f € Co(R%). We need to prove that 7; f € Co(RY) for each t > 0.
First observe that if (x,,n € N) is any sequence converging to x € R? then,
by the dominated convergence theorem,

i (7)) = tim [ £+ )aidy)
R4

/ f&x+y)gi(dy) = (T f)(x),
R4

from which it follows that T; f is continuous. We can then apply dominated
convergence again to deduce that

|x1|i£100 (T, f)(x)| < |x1|iinoo /Rd |f (e + )lg:(dy)

= [ Jim 176+ plaan =o.
Rd |x|—00

To prove the second part of the Feller condition, observe that the result is trivial
if f = 0, so assume that f # 0 and use the stochastic continuity of X to
deduce that, for any € > 0 and any r > 0, there exists fo > 0 such that
0=<t<1to=q(B-(0)) <e/@fID.

Since every f € Co(R?) is uniformly continuous, we can find § > 0 such
that sup, cge | f(x +y) — f(x)| < €/2forall y € Bs(0).

Choosing r = §, we then find that, for all 0 < ¢ < 1o,

T f = fll = sup [T, f(x) = f(x)]

xeRd

S/B sup | f(x +y) — f(x)|g:(dy)

5(0) xeR?

n / sup | £(x + ) — £(x)g:(dy)
B,

5(0)° xeRY
€
< 54:(B5(0) + 21 f1lg:(Bs(0)%) <€,

and the required result follows. |
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3.1.2 Sub-Markov processes

Much of the material that we have discussed so far can be extended to a more
general formalism. Suppose that we are given a family {p;;,0 < s <t < o0}
of mappings from R? x B(R?) — [0, 1] which satisfy (1) and (3) of the
definition of a normal transition family, but (2) is weakened to

(2)) foreach0 <s <t <00,x € RY, ps.t(x, -) is a finite measure on B(Rd),
with py,(x, RY) < 1.

We can then extend the p; ; to give a normal transition family by using the
following device. We introduce a new point A, called the cemetery point, and
work in the one-point compactification RY U {A}; then {ps;, 0 <s <t < o0}
is a normal transition family, where we define

Psi(x, A) = p,,(x,A) whenever x € R?, A € B(RY),
Ds.i(x, {A}) =1 — py,(x, ]Rd) whenever x € RY,
P ({ALRYY =0,  po, (A {A) =1.

Exercise 3.1.10 Check that the members of the family {p;,,0 < s <t < o0}
satisfy the Chapman—Kolmogorov equations.

Given such a family, we can then apply Theorem 3.1.7 to construct a
Markov process X = (X (¢),t > 0) on R U {A}. We emphasise that X is
not, in general, a Markov process on R¢ and we may introduce the lifetime of
X as the random variable [y, where

Ix(w) = inf{r > 0; X (1)(w) ¢ R?}

for each w € Q.

We call X a sub-Markov process; it is homogeneous if ps ; = p;—s for each
0 <s <t < co. We may associate a semigroup (T,, t > 0) of linear operators
on By (R? U {oo}) with such a homogeneous Markov process X, but it is more
interesting to consider the semigroup (7}, r > 0) of linear operators on By, (R?)
given by

(T, f)(x) = /R FOIpdy)

foreacht > 0, f € By(R?), x € RY. This satisfies all the conditions of
Theorem 3.1.2 except (6), which is weakened to 7; (1) < 1 for all # > 0.
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If, also, each T;(Co(RY)) € Co(R?) and lim;_o ||T; f — f|| = 0, we say
that X is a sub-Feller process and (T, t > 0) is a sub-Feller semigroup. Many
results obtained in this chapter for Feller processes and Feller semigroups ex-

tend naturally to the sub-Feller case; see e.g. Berg and Forst [35] and Jacob
[148].

3.2 Semigroups and their generators

In the last section, we saw that the theory of homogeneous Markov processes is
very closely related to the properties of families of linear operators in Banach
spaces called semigroups. In this section, we will develop some understand-
ing of these from a purely analytical point of view, which we can then feed
back into later probabilistic discussions. Readers who feel they lack the neces-
sary background in functional analysis are recommended to study the appendix
to this chapter section 3.8, where they can learn in particular about unbounded
operators and related concepts used below such as domains, closure, graph
norms, cores and resolvents.

Most of the material given below is standard. There are many good books
on semigroup theory and we have followed Davies [76] very closely. Many
books about Markov processes also contain introductory material of a similar
type to that given below, and readers may consult e.g. Jacob [149], Ethier and
Kurtz [99] or Ma and Rockner [204].

Let B be a real Banach space and L(B) be the algebra of all bounded linear
operators on B. A one-parameter semigroup of contractions on B is a family
of bounded, linear operators (73, ¢ > 0) on B for which

(1) Tyys =TT forall s, t > 0,

2 To=1,

3) ||T;]| < 1forallt >0,

(4) the map t+ — T, from RT to L(B) is strongly continuous at zero, i.e.
lim, o |[|T; — || =0 forall ¢ € B,

From now on we will say that (73, t > 0) is a semigroup whenever it satis-
fies the above conditions.

Lemma 3.2.1 If (T;, t > 0) is a semigroup in a Banach space B, then the map
t — Ty is strongly continuous from R to L(B), i.e. lims_s,; || T} — Tyyr|| =0
forallt >0,y € B.

Proof If (T, t > 0) is a semigroup then it is strongly continuous at zero. Fix
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t >0, € B;then forall h > 0 we have

WTiwn¥y — Tyl = 1T (Th — D[l by (1) and (2)
< TTy = DYl < [T = DIl by (3).

A similar argument holds when & < 0, and the result follows. O

Note Semigroups satisfying just the conditions (1), (2) and (4) given above
are studied in the literature, and these are sometimes called Cq-semigroups.
Although they are no longer necessarily contractions, it can be shown that there
exist M > 0 and B8 € R such that ||T;|| < MeP! for all t > 0. Although all
the theory given below extends naturally to encompass this more general class,
we will be content to study the more restrictive case as this is sufficient for our
needs. Indeed, the reader should quickly confirm that every Feller semigroup
is a (contraction) semigroup on Cy (R?) in the above sense.

Example 3.2.2 Let B = Cy(R) and consider the semigroup (77, ¢ > 0) defined
by (T; f)(x) = f(x + 1) foreach f € Co(R), x € R4, t > 0. This is called
the translation semigroup. Now if f € C{°(R) is real-analytic, so that it can
be represented by a Taylor series, we have

o0

T =Y D" @) = ¢

n=0 """

where Df (x) = f’(x) defines the operator of differentiation.

Exercise 3.2.3 Check the semigroup conditions (1) to (4) for the translation
semigroup.

Exercise 3.2.4 Let A be a bounded operator in a Banach space B and for each
t > 0,Y € B, define

. tn n 3 9
Ty =) A" = ey
n=0 """

Show that (73, t > 0) is a strongly continuous semigroup of bounded operators
in B, that (T, t > 0) is norm-continuous, in that lim, ¢ ||7; — I|| = 0.

These examples have a valuable moral. Given a semigroup (7;,¢t > 0),
we should try to find a linear operator A for which 7, = ¢! can be given
meaning. In general, just as D is an unbounded operator that does not op-
erate on the whole of Cp(R?) so we would expect A to be unbounded in
general.
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Now let (T;,t > 0) be an arbitrary semigroup in a Banach space B. We
define

Ty -y

DA={WGB;EI¢¢€BsuChthat lif{)l‘ p
t

o)

It is easy to verify that D4 is a linear space and thus we may define a linear
operator A in B, with domain D4, by the prescription

AY = ¢y,
so that, for each ¢ € Dy,

Ay = lim Y~V

t}0 t
We call A the infinitesimal generator, or sometimes just the generator, of the
semigroup (77, ¢ > 0). In the case where (T3, ¢ > 0) is the Feller semigroup
associated with a Feller process X = (X (¢),t > 0), we sometimes call A the
generator of X.

In the following, we will utilise the Bochner integral of measurable map-
pings f : RT — B, which we write in the usual way as fot f(s)ds. This is
defined, in a similar way to the Lebesgue integral, as a limit of integrals of
simple B-valued functions, and we will take for granted that standard results
such as dominated convergence can be extended to this context. A nice intro-
duction to this topic can be found in Appendix E of Cohn [73], pp. 350-7. For
an alternative approach based on the Riemann integral, see Ethier and Kurtz
[99], pp. 8-9.

Let (T3, t > 0) be a semigroup in B and let y» € B. Consider the family of
vectors (Y (¢), t > 0), where each v (¢) is defined as a Bochner integral

wa)z/“nwdw
0

For s > 0, we will frequently apply the continuity of 7 together with the
semigroup condition (1) to write

nwa>=[;nﬂwdw (3.7)

Readers who are worried about moving 7 through the integral should read
Cohn [73], p. 352.
The following technical lemma plays a key role later.
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Lemma 3.2.5 y/(¢) € D4 foreacht > 0,¢¥ € B and

Ay () =T — .

Proof Using (3.7), the fundamental theorem of calculus, the fact that 7o = [
and a standard change of variable, we find for each # > 0,

1 (1 L[
gigz[Thwo)—w(r)]:lhlgg(zfo T du = [ Tuwdu)

l t+h 1 t
=1 — T,V du — — T, v d
im (5, [ rovau g [ nvan)
1 t+h 1 h
=1 — T,V du — — T, v d
im (5[ rovan— g [ o)

=Ty -,

and the required result follows. ]

Theorem 3.2.6

(1) Dy is dense in B.
(2) T;Dy € Dy foreacht > 0.
3) T Ay = ATy foreacht > 0,Y¥ € Da.

Proof (1) By Lemma 3.2.5, ¥/(t) € Dy foreacht > 0, Y € B, but, by the
fundamental theorem of calculus, lim; (¥ (t)/t) = v; hence D4 is dense in
B as required.

For (2) and (3), suppose that ¥ € D4 and ¢ > 0; then, by the definition of
A and the continuity of 7;, we have

1 .1
ATy = |:1hl?01 Z(Th - I):| Iy = lhlg)l E(Y}Jrh -y

1
=Tt|:lhlﬂ)1E(Th—I):|W = T AY.
O

The strong derivative in B of the mapping t — T;y, where ¥ € Dy, is
given by
d Tiny — Tnpr

a =T
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From the proof of Theorem 3.2.6, we deduce that

d
2 i =ALY. (3.8)

More generally, it can be shown that ¢ — T; is the unique solution of the
following initial-value problem in Banach space:

d
——u(r) = Au(r), u(0) = yr;
dt
see e.g. Davies [76], p. 5. This justifies the notation 7; = e’4.

Theorem 3.2.7 A is closed.

Proof Let (Y,,n € N) € D4 be such that lim,~ ¥, = ¥ € B and
lim,_, o AV, = ¢ € B. We must prove that € Dy and ¢ = Ay,

First observe that, for each ¢ > 0, by continuity, equation (3.8) and Theorem
3.2.6(3),

Ty — ¢ = lim (T — ¥) = nmf T, Ay, ds
n—oo n—oo 0
_ / T ds (3.9)
0

where the passage to the limit in the last line is justified by the fact that

t t
/nAwnds—f T, ds
0 0

n—oo

t
< hm/ 1T, (A — )l1ds
n—oo 0

<1 lim |4, — $)]| = 0.

lim ‘

Now, by the fundamental theorem of calculus applied to (3.9), we have
lim + (Ty — ) = 6.
t}0 t
from which the required result follows. U]
The next result is extremely useful in applications.

Theorem 3.2.8 If D C D, is such that

(1) D is dense in B,
) T;(D) € D forallt = 0,

then D is a core for A.
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Proof Let D be the closure of D in D, with respect to the graph norm |||.|||
(where we recall that ||[y||| = ||¥]] + ||Ay]| for each ¢ € Dy).

Let ¥ € Dy; then by hypothesis (1), we know there exist (¥,,n € N)
in D such that lim,— - ¥, = ¥. Now define the Bochner integrals () =
fot Ty ds and v, (1) = fot T, ds for each n € N and ¢ > 0. By hypothesis
(2) and Lemma 3.2.5, we deduce that each ¥,,(r) € D4. Using Lemma 3.2.5
again and the fact that T; is a contraction, we obtain for each r > 0

im [[[yr(6) = ¥ O]
= lim [|y(1) = Yu (]| + lim [JAY (1) — Ay (1)]]

SE&AHRW—WMM&ﬁggmﬂw—WP%E%—¢MI

< (+2) lim [y =yl =0,

and so Y (1) € D for each ¢ > 0. Furthermore, by Lemma 3.2.5 and the funda-
mental theorem of calculus, we find

) 1
1}%1‘ ;W(l‘)—lﬁ‘
! il
:1}&1 ;fo TﬂﬁdS—@bH—|—111¢1})1H;A1//(t)—A1//H
Y R
=1t1l1{)1 ;/O nwds—w“+1tlg)1H;(T,w—xp)—AwH=0.

From this we can easily deduce that G4 C D, from which it is clear that D is
a core for A, as required. O

We now turn our attention to the resolvent Ry (A) = (L — A)~!, which is
defined for all A in the resolvent set p (A). Of course, there is no a priori reason
why p(A) should be non-empty. Fortunately we have the following:

Theorem 3.2.9 If A is the generator of a semigroup (T;, t > 0), then (0, c0) C
p(A) and, for each ) > 0,

oo
Ri(A) = / e MT,dt. (3.10)
0
Proof For each A > 0, we define a linear operator S, (A) by the Laplace

transform on the right-hand side of (3.10). Our goal is to prove that this really
is the resolvent. Note first of all that Sy (A) is a bounded operator on B; indeed,
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for each ¥ € B, t > 0, on using the contraction property of 7; we find that

0 o l
1Sl < /O e M Ty llde < ||¢||/0 e Mdt = LIl

Hence we have ||S, (A)|| < 1/A.
Now define v, = S3(A)y for each ¥ € B. Then by continuity, change of
variable and the fundamental theorem of calculus, we have

o1
lhlﬁ)l E(Thlﬁ)\ — )
1 [ ) 1 [ )
=i — “MT dt — — “MT A dt
hlﬂ)l(h/(; e Ty h/o e Ty )

1 [ 1 [
=lim( — / e MO T pdr — — / e MTpdt
o \ h J, h Jo

. I 1 o
= —hme”lZ/O e MT,lﬂdt—l—lhlg)lE(eM— 1)/0 e MTydt
==Y + A5 (A)Y.
Hence ¥, € Dy and Ay, = —y + AS, (A)Y, i.e. forally € B

A= A)S.(AY = 7.

So A — A is surjective for all A > 0 and its right inverse is Sy (A).

Our proof is complete if we can show that A—A is also injective. To establish
this, assume that there exists ¥ # 0 such that (A — A)y¥y = 0 and define
Y, = ey for each t > 0. Then differentiation yields the initial-value problem

¥ = reMy = Ay,

with initial condition {9 = . But, by the remarks following equation (3.8),
we see that {; = Ty for all # > 0. We then have

T 1l = el = 1 I,

and so ||T;|| = ||T:¥||/||¥ ]| = |e*| > 1, since A > 0. But we know that each
T; is a contraction, and so we have a contradiction. Hence we must have ¢ = 0
and the proof is complete. ]

The final question that we will consider in this section leads to a converse to
the last theorem. Suppose that A is a given densely defined closed linear oper-
ator in a Banach space B. Under what conditions is it the generator of a semi-
group? The answer to this is given by the celebrated Hille—Yosida theorem.
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Theorem 3.2.10 (Hille-Yosida) Let A be a densely defined closed linear op-
erator in a Banach space B and let R)(A) = (A — AL be its resolvent for
A € p(A) C C. A is the generator of a one-parameter contraction semigroup
in B if and only if

(1) (0,00) € p(A),
2) IR (A)|| < 1/Aforall » > 0.

Proof Necessity has already been established in the proof of Theorem 3.2.9.
We will not prove sufficiency here but direct the reader to standard texts such
as Davies [76], Ma and Rockner [204] and Jacob [149]. O

The Hille—Yosida theorem can be generalised to give necessary and suffi-
cient conditions for the closure of a closable operator to generate a semigroup.
This result can be found in e.g. Section 4.1 of Jacob [149] or Chapter 1 of
Ethier and Kurtz [99].

3.3 Semigroups and generators of Lévy processes

Here we will investigate the application to Lévy processes of some of the ana-
Iytical concepts introduced in the last section. To this end, we introduce a Lévy
process X = (X (¢),t > 0) that is adapted to a given filtration (F;, ¢t > 0) in
a probability space (€2, F, P). The mapping 7 is the Lévy symbol of X, so
that

E(e! @XMy = (1)
for all u € R?. From Theorem 1.2.17 we know that n is a continuous, hermi-
tian, conditionally positive mapping from R? to C that satisfies 7(0) = 0 and
whose precise form is given by the Lévy—Khintchine formula. For each r > 0,

q; will denote the law of X (). We have already seen in Theorem 3.1.9 that X
is a Feller process and if (73, t > 0) is the associated Feller semigroup then

(T, ) (x) = /R FG o Yaay)

for each f € By(RY), x e R4, 1 > 0, i.e.
(T: f)(x) = E(f (X (@) + x)). (3.11)

3.3.1 Trandation-invariant semigroups

Let (7, a € RY) be the translation group acting in By (R%), so that (z, Hx) =
f(x —a) foreacha, x € RY, f € By(RY).
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We then find that

(T (ta ) x) = E((ta )X (1) +x)) = E(f(X(1) +x —a))
= (L Hx —a) = (n(T, f))(x),
i.e.
Tit, = 7.1,
foreacht > 0,a € R?. The semi group (T3, t > 0) is then said to be translation
invariant. This property gives us another way of characterising Lévy processes
within the class of Markov processes.

In the following result, we will take (€2, F, P) to be the canonical triple
given by the Kolmogorov existence theorem, as used in Theorem 3.1.7.

Theorem 3.3.1 If (T;,t > 0) is the semigroup associated with a canonical
Feller process X for which X (0) = O (a.s.), then this semigroup is translation
invariant if and only if X is a Lévy process.

Proof We have already seen that the semigroup associated with a Lévy pro-
cess is translation invariant. Conversely, let (7, > 0) be a translation-
invariant Feller semigroup associated with a Feller process X with transition
probabilities (p;, t > 0). Then for each a, x € Rt > 0, f e CO(Rd), by
(3.3) we have

(w(Ti ) (x) = i Fpi(x —a,dy).

Moreover,

(T (0 f)(0) = /R (@D dy) = /R FO—apix,dy)

=/ O pi(x,dy +a).
Rd
So, by translation invariance, we have
/ fOpi(x —a,dy) = / fO)pi(x,dy + a).
R4 R4

Now we may apply the Riesz representation theorem for continuous linear
functionals on CO(IR{‘I) (see e.g. Cohn [73], pp. 209-10) to deduce that

pi(x —a, B) = p;(x, B+a) (3.12)

forallt > 0,a,x € RY, B € B(RY).
Let g; be the law of X (¢) for each t > 0, so that g;(B) = p;(0, B) for
each B € B(R?); then, by (3.12), we have p;(x, B) = ¢g:(B — x) for each
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x € R?. Now apply the Chapman—Kolmogorov equations to deduce that, for
all s, t > 0,

Gi+s(B) = p115(0, B) = / p:(y, B)ps(0,dy) = / 9:(B — y)qs(dy),
R4 R4
so (g;, t > 0) is a convolution semigroup of probability measures. It is vaguely
continuous, since (7y, t > 0) is a Feller semigroup and so

13101 fOq(dy) = ltiﬁ)l(th)(O) = f(0)

for all f € Co(R%). Hence by Theorem 1.4.5 and the note at the end of Sub-
section 1.4.1, we deduce that the co-ordinate process on (€2, F, P) is a Lévy
process. O

Exercise 3.3.2 Let X be a Lévy process with infinitesimal generator A. Deduce
that, for all a € R?, 7,(D4) € D4 and that for all f € Dy

T Af = AT, f.

3.3.2 Representation of semigroups and generators by
pseudo-differential operators

We now turn our attention to the infinitesimal generators of Lévy processes.!

Here we will require a very superficial knowledge of pseudo-differential op-
erators acting in the Schwartz space S(R?) of rapidly decreasing functions.
Those requiring some background in this may consult the final part of Section
3.8. There is also no harm (apart from a slight reduction in generality) in re-
placing S(RY) by C°(R?) in what follows.

Let feS (R9). We recall that its Fourier transform is f € S(R?, C), where

fla = @my 2 [ e fds
R4
for all u € R?, and the Fourier inversion formula yields
f@) = @m)~"? / faye'“Ddu
Rd

for each x € R.

A number of useful results about the Fourier transform are collected in the
appendix at the end of this chapter. The next theorem is of great importance in
the analytic study of Lévy processes and of their generalisations.

! In order to continue denoting the infinitesimal generator as A, we will henceforth use a to denote
the positive definite symmetric matrix appearing in the Lévy—Khinchine formula.
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Theorem 3.3.3 Let X be a Lévy process with Lévy symbol n and characteris-
tics (b,a,v). Let (T;, t > 0) be the associated Feller semigroup and A be its
infinitesimal generator.

(1) Foreacht >0, f € S(RY), x € RY,
(T, f)(x) = @)~/ f £ (),
R4

so that Ty is a pseudo-differential operator with symbol e'".
(2) Foreach f € S(RY), x € RY,

(AF)(x) = @)~ f ¢ () Fudu,

Rd

so that A is a pseudo-differential operator with symbol n.
(3) Foreach f € S(RY), x € RY,

(Af)(x) = b'd; f (x) + 30" 8;0; f (x)

- /R S =@ =y 80,
(3.13)

Proof (1) We apply Fourier inversion within (3.11) to find for all > 0, f €
SR, x e R,

(L) =E(f(X(t) +x)) = 2n) E ( / e““”‘““”)f(u)du) :
]Rd

Since f e S(R?) c L' (RY), we have

/ ei(u,x)E(ei(u,X(t))) f(u)du
Rd

< [l B O fuidu
Rd

5/ | f w)|du < oo,
Rd

so we can apply Fubini’s theorem to obtain
(1,10 = @y [ DB ) fadu
R4

= (2m)"9? fd &N F ) dy.
R
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(2) For each f € S(RY), x € R?, we have by result (1),

1
(Af)(x) = ltiﬁ)l UL HE) = f0]

. emw) _ 1 .

= Q2n) " ?lim | ¢“Y —— f(u)du.
t}0 JRd t

Now, by the mean value theorem and Exercise 1.2.16, there exists K > 0 such

that

J.

since (1 4 ul?) f(u) € S(RY, C).

We can now use dominated convergence to deduce the required result.

(3) Applying the Lévy—Khinchine formula to result (2), we obtain for each
feSM®RY), x eRY,

emw _ 1

) —— fw)

du < /R InGo) f () ldu

< K/ (1 + 1P| f @) ldu < oo,
Rd

(Af)(x) = (271)_d/2/ ei(x’“){i(b, u) — %(au, u)
R4

+f [ =1 —i(u, y)xE(y)]v(dy)}f(u)du-
R4-{0}

The required result now follows immediately from elementary properties of
the Fourier transform, all of which can be found in Section 3.8. Of course an
interchange of integrals is required, but this is justified by Fubini’s theorem in
a similar way to the arguments given above. Ul

Note 1 The alert reader will have noticed that we have appeared to have
cheated in our proof of (2), in that we have computed the generator using the
pointwise limit instead of the uniform one. In fact the operators defined by
both limits coincide in this context; see Sato [274], Lemma 31.7, p. 209.

Note 2 An alternative derivation of the important formula (3.13), which does
not employ the calculus of pseudo-differential operators or Schwartz space,
can be found in Sato [274], pp. 205-12. It is also shown therein that CS° R)
is a core for A and that Cg(Rd) C Dy.

Note that Cé(Rd) is dense in Co(R?). We will establish the result C&(Rd) C
D4 later on, using stochastic calculus. An alternative analytic approach to
these ideas may be found in Courrege [74].
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Note 3 The results of Theorem 3.3.3 can be written in the convenient short-
hand form

TOHw) =" fuy,  Afw) =) f@u)
foreacht >0, f € S(Rd), ueR9,

We will now consider a number of examples of specific forms of (3.13)
corresponding to important examples of Lévy processes.

Example 3.3.4 (Standard Brownian motion) Let X be a standard Brownian
motion in R?. Then X has characteristics (0, 1, 0), and so we see from (3.13)
that

A—liaz—lA
24 T

where A is the usual Laplacian operator.

Example 3.3.5 (Brownian motion with drift) Let X be a Brownian motion
with drift in R¢. Then X has characteristics (b, a, 0) and A is a diffusion oper-
ator of the form

i 1 ij
A=Db 8i +§Cl 8i8j.

Of course, we can construct far more general diffusions in which each b’ and
a'/ is a function of x, and we will discuss this later in the chapter. The rationale
behind the use of the term ‘diffusion’ will be explained in Chapter 6.

Example 3.3.6 (The Poisson process) Let X be a Poisson process with in-
tensity A > 0. Then X has characteristics (0, 0, A§1) and A is a difference
operator,

(Af)x) =A(f(x + 1) = f(x)),

forall f € S(R?), x € R?. Note that ||Af]| < 2A|| f||, so that A extends to a
bounded operator on the whole of Cy (RY).

Example 3.3.7 (The compound Poisson process) We leave it as an exercise
for the reader to verify that

(Af)(x) = /R ) [fx+y) = f)]vdy)
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forall f € S(RY), x € R?, where v is a finite measure. The operator A again
extends to a bounded operator on the whole of Cy (RY).

Example 3.3.8 (Rotationally invariant stable processes) Let X be a rotation-
ally invariant stable process of index o, where 0 < o < 2. Its symbol is given
by n(u) = —|u|* forall u € R? (see Subsection 1.2.5), where we have taken
o = 1 for convenience. It is instructive to pretend that n is the symbol for a
legitimate differential operator; then, using the usual correspondence u; —
—idj for 1 < j < d, we would write

Azn(D):—(\/_af_ag_..._g,j) — (=),

In fact, it is very useful to interpret (D) as a fractional power of the Lapla-
cian. We will consider fractional powers of more general generators in the next

section.

Example 3.3.9 (Relativistic Schrodinger operators) Fix m,c > 0 and re-
call from Subsection 1.2.6 the Lévy symbol —E,, ., which represents (minus)
the free energy of a particle of mass m moving at relativistic speeds (when
d =3):

E,c(u) = v/m2c* 4 2 |u)? — mc?.

Arguing as above, we make the correspondence u; — —id;, for1 < j < d.
Readers with a background in physics will recognise that this is precisely the
prescription for quantisation of the free energy, and the corresponding genera-
tor is then given by

A= —(x/mzc4 — 2N — mcz) .

Physicists call —A a relativistic Schrodinger operator. Of course, it is more
natural from the point of view of quantum mechanics to consider this as an
operator in L?(RY), and we will address such considerations later in this
chapter. For more on relativistic Schrédinger operators from both a proba-
bilistic and physical point of view, see Carmona et al. [64] and references
therein.

Note Readers trained in physics should note that we are employing a system
of units wherein i = 1.

Exercise 3.3.10 Show that Schwartz space is a core for the Laplacian. (Hint:
Use Theorem 3.2.8.)
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We will now examine the resolvent of a Lévy process from the Fourier-
analytic point of view and show that it is always a convolution operator.

Theorem 3.3.11 If X is a Lévy process, with associated Feller semigroup
(T;,t = 0) and resolvent R, for each ) > 0, then there exists a finite mea-
sure ju; on R? such that

R, (f) = [f*w
foreach f € S(RY).
Proof Fix A > 0, let n be the Lévy symbol of X and define r;, : RY — C by

ra(u) = 1/ — n(u)]. Since R(n(u)) < 0 for all u € RY, it is clear that r;, is
well defined, and we have

o
r(u) :f e MMt
0

for each u € R?. We will now show that r; is positive definite. For each
Ccly...,cp, € Cand uy, ..., u, e RY,

d 0 d
E cicir(u; —uj) = / e M E cic;eMiT1Idr > 0,
ij=1 0 ij=1

as u — MW g positive definite. Since u — n(u) is continuous, so also is
u — ry(u) and hence, by a slight variant on Bochner’s theorem, there exists a
finite measure 1, on B(R?) for which

) = ) = @) 2 [ e )
R4
forall u € RY.
Now we can apply Theorem 3.2.9, Theorem 3.3.3(2), Fubini’s theorem and

known results on the Fourier transform of a convolution (see Section 3.8) to
find that for all f € S(R?), x € R?,

(R f)(x) :/0 e (T, f)(x)dt

= (m)~? / e ( / ei(”’x)e’”(”)f(u)du>dt
0 R4

o
= (271)_d/2/ €9 F(u) (/ e_’\’e’"(“)dt) du
RY 0
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= (27r)d/2/ ei(”’x)f(u)r,\(u)du
Rd

— )P f &) 7 )T (u) du
]Rd

= (2n)_d/2[d ei(“’x)m(u)du
i

= (f * ) (x).

Exercise 3.3.12 Show that, for all B € B(RY),

o0
MA(B)=/ e M px(—B)dt;
0

see Bertoin [36], p. 23.

Just like the semigroup and its generator, the resolvent can also be repre-
sented as a pseudo-differential operator. In fact, for each A > 0, R has symbol
[A — n()]~". The following makes this precise:

Corollary 3.3.13 For each » > 0, f € S(R?), x € R,

i F(u
e I
v k=)
Proof This is implicit in the proof of Theorem 3.3.11. 0

We remark that an interesting partial converse to Theorem 3.3.3(1) is estab-
lished in Reed and Simon [258], as follows.

Let F : RY — C be such that there exists k € R with R (F(x)) > k for all
x eRY,

Theorem 3.3.14 (7;,t > 0) is a positivity-preserving semigroup in L*>(R?)
with

T, f(u) =e™T® fu)

forall f € SRY), u e R t > 0, if and only if F = —n, where 1 is a Lévy
symbol.

The proof can be found in pages 215-22 of Reed and Simon [258].
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3.3.3 Subordination of semigroups

We now apply some of the ideas developed above to the subordination of semi-
groups. It is recommended that readers recall the basic properties of subordi-
nators as described in Subsection 1.3.2.

In the following, X will always denote a Lévy process in R? with symbol
nx, Feller semigroup (7.X, t > 0) and generator AX.

Let S = (S(t),t = 0) be a subordinator, so that S is a one-dimensional,
non-decreasing Lévy process and, for each u, t > 0,

]E(e—uS(t)) — e—tlﬁ(u)’
where ¥ is the Bernstein function given by
o
W =bus [ (=@
0

with & > 0 and [;°(y A DA(dy) < oo.

Recall from Theorem 1.3.25 and Proposition 1.3.27 that Z = (Z(t),t > 0)
is also a Lévy process, where we define each Z(t) = X (7'(¢)) and the symbol
of Z is n% = —y o (—n*). We write (T,Z,t > 0) and AZ for the semigroup
and generator associated with Z, respectively.

Theorem 3.3.15
(1) Forallt >0, f € By(R?), x € RY,

(T7 £)(x) = fo (TX £) () psc ds).
(2) Forall f € S(RY),

AZf =bAX f + /oo (T,X f — f)r@s).
0

Proof (1) In Exercise 1.3.26, we established that for each# > 0, B € B(Rd),
pzy(B) = [;° px(s)(B)ps(ds). Hence for each t > 0, f € By(R?), x €
RY, we obtain

(T7 ) (0) = E(F(Z() + x)) = /R PO VIPz@y)

- /0 (/Rd fx+ y)PX(s)(dy)> Psa(ds)

:/0 (T,X £) @) psey ds).
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(2) From the first equation in the proof of Theorem 1.3.33, we obtain for
eachu € RY,

n%(u) = bnyx () —i—f {exp[snx(u)] — l}k(ds), (3.14)
0
but by Theorem 3.3.3(2) we have

uﬂfxw::@an{/

¢, w) f wdu. (3.15)
R4

The required result now follows from substitution of (3.14) into (3.15), a
straightforward application of Fubini’s theorem and a further application of

Theorem 3.3.3(1), (2). The details are left as an exercise for the reader. U
The formula nz = —y o (—nyx) suggests a natural functional calculus
wherein we define AZ = —1//(—AX ) for any Bernstein function ¢. As an ex-

ample, we may generalise the fractional power of the Laplacian, discussed in
the last section, to define (—AX)® for any Lévy process X and any 0 < o < 1.
To carry this out, we employ the a-stable subordinator (see Example 1.3.18).
This has characteristics (0, A) where

d
Adx) = —> &
'l — o) xite
Theorem 3.3.15(2) then yields the beautiful formula
o o ds
— (A f = —— TXf — 3.16
A = s [ @ - (3.16)

forall f € S(RY).
Theorem 3.3.15 has a far-reaching generalisation, which we will now quote
without proof.

Theorem 3.3.16 (Phillips) Ler (T;,t > 0) be a strongly continuous contrac-
tion semigroup of linear operators on a Banach space B with infinitesimal
generator A and let (S(t),t > 0) be a subordinator with characteristics (b, 1).

e The prescription

ﬂ%=/‘m@mmmx
0

foreacht > 0, ¢ € B, defines a strongly continuous contraction semigroup
(TS,t > 0)in B.
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o If AS is the infinitesimal generator of(TtS, t > 0), then Dy is a core for AS
and, for each ¢ € D4,

A5 = bAG + /0 T — p)rds).

o IfB = Co(Rd) and (Ty, t > 0) is a Feller semigroup, then (TS, t > 0) is
also a Feller semigroup.

For a proof of this result see e.g. Sato [274], pp. 212-5, or Section 5.3 in
Jacob [149].

This powerful theorem enables the extension of (3.16) to define fractional
powers of a large class of infinitesimal generators of semigroups (see also
Schilling [275]).

To give Theorem 3.3.16 a probabilistic flavour, let X = (X (¢),t > 0) be
a homogeneous Markov process and S = (S(¢),t > 0) be an independent
subordinator; then we can form the process ¥ = (Y (¢),t > 0), where Y (¢) =
X(T (1)) foreacht > 0. Foreacht > 0, f € By(R?), x € R?, define

(T} /H(x) = E(f (Y ()Y (0) = x).

Then by direct computation (or appealing to Phillips’ theorem, Theorem
3.3.16), we have that (T.Y,t > 0) is a semigroup and

oo
(T HHx) = / (T () sa ds),
0
where (T,;X, ¢ > 0) is the semigroup associated with X.

Exercise 3.3.17 Deduce that (T,Y ,t > 0) is a Feller semigroup whenever
(T,X ,t > 0) is and that Y is a Feller process in this case.

Exercise 3.3.18 Show that forallt > 0, B € B(Rd ),

o
Pro(B) = / Pxs)(B)pr(ds),
0
and hence deduce that, for all x € RY,

P(Y(t) € B|Y(0) = x) =/O P(X(s) € B|X(0) = x) pr)(ds)

(a.s. with respect to px (o))
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3.4 LP-Markov semigroups

We have seen above how Feller processes naturally give rise to associated
Feller semigroups acting in the Banach space Co(R¢). Sometimes, it is more
appropriate to examine the process via semigroups induced in L? (R?), where
1 < p < o0, and the present section is devoted to this topic.

3.4.1 LP-Markov semigroups and Lévy processes

We fix 1 < p < oo and let (T3, ¢ > 0) be a strongly continuous contraction
semigroup of operators in L”(R?). We say that it is sub-Markovian if f €
LP(R%) and

0<f<1 ae. = O0<Tf<l1 ae

forall ¢ > 0.

Any semigroup on L” (R?) can be restricted to the dense subspace Cc(R9).
If this restriction can then be extended to a semigroup on By, (RY) that satisfies
T;(1) = 1 then the semigroup is said to be conservative.

A semigroup that is both sub-Markovian and conservative is said to be L?-
Markov.

Notes

(1) Readers should be mindful that the phrases ‘strongly continuous’ and ‘con-
traction’ in the above definition are now with respect to the L?-norm, given
by l1glly = (fiza 18()1Pdx)"/? for each g € L?(RY).

(2) If (T;, t > 0) is sub-Markovian then it is L?-positivity preserving, in that
feLlP®)and f > 0(ae) = T;f > 0 (ae.) forall r > 0; see Jacob
[149], p. 365, for a proof.

Example 3.4.1 Let X = (X(¢), ¢t > 0) be a Markov process on R4 and define
the usual stochastic evolution

(T, /)(x) = E(f(X ()X (0) = x)

for each f € Bb(Rd), xeRI > 0. Suppose that (T;, ¢+ > 0) also yields a
strongly continuous contraction semigroup on L” (R?); then it is clearly L”-
Markov.

Our good friends the Lévy processes provide a natural class for which the
conditions of the last example hold, as the next theorem demonstrates.
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Theorem 3.4.2 If X = (X(¢),t > 0) is a Lévy process then, foreach 1 < p <
oo, the prescription (T; f)(x) = E(f (X (t) + x)) where f € LP(RY), x € RY,
t > 0 gives rise to an LP-Markov semigroup (T; > 0).

Proof Let g; be the law of X (¢) for each + > 0. We must show that each T; :
LP(Rd) — LP(Rd). In fact, for all f € L”(Rd),t > 0, by Jensen’s inequality
(or Holder’s inequality if you prefer) and Fubini’s theorem, we obtain

T F1I5 = /Rd /Rd fx+ g (dy)

S/ / |f x4+ 2)1Pq:(dy)dx
Rd JR4

=/ (/ |f(x+y)|”dX> 4r(dy)

R4 R4

=/ </ |f(x)|”dx)qt(dy)=||f||”,
R4 R4

and we have proved that each T is a contraction in L” (Rd ).

Now we need to establish the semigroup property T4 f = T;T; f for all
s,t > 0. By Theorem 3.1.9 and the above, we see that this holds for all f €
Co(RY)NLP(R?). However, this space is dense in L” (R?), which follows from
that fact that C.(R?)  Co(R4) N LP(R?), and the result follows by continuity
since each 7; is bounded.

Finally, we must prove strong continuity. First we let f € C.(R?) and
choose a ball B centred on the origin in R. Then, using Jensen’s inequality
and Fubini’s theorem as above, we obtain for each r > 0

in =11 = [ | 1649 = rwlaa

5/ (/ If(x+y)—f(X)|”dX) 4r(dy)
R4 B

4 / ( ot y) — f(x)l”dx) a:(dy)
R4 B¢

5/ (/ If(X+y)—f(x)|”dX) ¢ (dy)
R4 B

" /Rd (/B 2P max{| f (x + y)I”, |f(x)|P}dx> q.(dy)

< sup sup | f(x +y) = fOI”IB| + 27| f1I}4:(B°),

YEB xecR4

p
dx

p
dx




150 Markov processes, semigroups and generators

where |B| denotes the Lebesgue measure of B. By choosing B to have suf-
ficiently small radius, we obtain lim, o [|T; f — f|l, = O from the uniform
continuity of f and the weak continuity of (¢g;,# > 0), just as in the proof of
Theorem 3.1.9.

Now let f € L? (R9) be arbitrary and choose a sequence (f;;,n € N) in
C.(R?) that converges to f. Using the triangle inequality and the fact that
each T; is a contraction we obtain, for each t > 0,

Wi f = fIl = T fu = full N = Sl + 1L = full
<N fu = full +21LF = fall,

from which the required result follows. Ol

For the case p = 2 we can compute explicitly the domain of the infinites-
imal generator of a Lévy process. To establish this result, let X be a Lévy
process with Lévy symbol n and let A be the infinitesimal generator of the

associated L?-Markov semigroup.

Exercise 3.4.3 Using the fact that the Fourier transform is a unitary isomor-
phism of L*(R4, C) (see Subsection 3.8.4), show that

(T, f)(x) = 2m)~9/* / ¢ DM fy)duy
Rd

forallr > 0,x € R?, f € L2(RY).

Define H,(RY) = {f € L2RY); [pa In@)?| f (w)2du < oo} . Then we
have

Theorem 3.4.4 D4 = H, (RY).
Proof We follow Berg and Forst [35], p. 92. Let f € Dy; then Af =

lim, o[(1/)(T; f — f)] in Lz(Rd). We take Fourier transforms and use the
continuity of F to obtain

— 1 — ~
Af =1lim — (T, — .
J=lim (%7 = f)
By the result of Exercise 3.4.3, we have

— 1 ~ ~
Af =lim—(" f — f):
f }f?;(e =5
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hence, for any sequence (f,, n € N) in R for which lim,,—, o0 #, = 0, we get
S D
Af = lim —(e""f — f) a.e.
n—00 tn

However, limy,_oo[(1/2,)(e™" — 1)] = n and so Z}” = nf (a.e.). But then
nf e LXRY), ie. f € Hy(RY).

So we have established that D4 € 'H,, (RY).

Conversely, let f € 'H,; (Rd ); then by Exercise 3.4.3 again,

lim (7]~ f) = lim (" f ~ fy=nf € L@,

Hence, by the unitarity and continuity of the Fourier transform,
lim, | o[(1/)(T, f — f)] € L>(R%) and so f € Da. O

Readers should note that the proof has also established the pseudo-
differential operator representation

Af = @m)~? / D) f (w)du
Rd
for all f € H,(RY).
The space H,, (R?) is called an anisotropic Sobolev space by Jacob [148].
Note that if we take X to be a standard Brownian motion then n(u) = —% lu|?
for all u € R and

H,(RY) = {f € LZ(R‘I);/ jul*| f )Pdu < 00}-
Rd

This is precisely the Sobolev space, which is usually denoted H,(R?) and
which can be defined equivalently as the completion of CZ° (R?) with respect
to the norm

A 12
11l = (fRd(l + Iulz)zlf(u)lzdu)

for each f € C (R9). By Theorem 3.4.4, H,(R?) is the domain of the
Laplacian A acting in L2(R%).

Exercise 3.4.5 Write down the domains of the fractional powers of the
Laplacian (—A)"‘/z, where 0 < o < 2.

For more on this topic, including interpolation between L? and L7 sub-
Markovian semigroups (p < g < 00) and between L? sub-Markovian semi-
groups and Feller semigroups, see Farkas et al. [100].
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3.4.2 Self-adjoint semigroups

We begin with some general considerations.

Let H be a Hilbert space and (73, t > 0) be a strongly continuous contrac-
tion semigroup in H. We say that (T;, t > 0) is self-adjoint if T; = T;* for each
t>0.

Theorem 3.4.6 There is a one-to-one correspondence between the generators
of self-adjoint semigroups in H and linear operators A in H such that —A is
positive and self-adjoint.

Proof We follow Davies [76], pp. 99—100. In fact we will prove only that half
of the theorem which we will use, and we commend [76] to the reader for the
remainder.

Suppose that (T3, t > 0) is a self-adjoint semigroup with generator A, and
consider the Bochner integral

Xl//:/ Te "y dt
0

for each v € H; then it is easily verified that X is a bounded self-adjoint
operator (in fact, X is a contraction). Furthermore, by Theorem 3.2.9, we have
X = (I + A7, hence (I + A)~! is self-adjoint. We now invoke the spectral
theorem (Theorem 3.8.8) to deduce that there exists a projection-valued mea-
sure P in H such that (1 + A)~! = fRAP(dA). If we define f : R — R by
fG) = (1/r)—1then A = [ (1) P(d)) is self-adjoint. By Theorem 3.2.10,
(0, 00) € p(A); hence 0 (A) C (—o0, 0) and so —A is positive. O

There is a class of Markov processes that will be important in Section 3.6,
where we study Dirichlet forms. Let X = (X (¢), t > 0) be a Markov process
with associated semigroup (7'(¢), # > 0) and let i be a Borel measure on R4,
We say that X is a u-symmetric process if

/Rd JOO(Tr8)(x)u(dx) = fRd(th)(X)g(X)/«L(dX) (3.17)

forallr > 0 and all f, g € Bp(R?) with f, g > 0 (a.e. ). Readers should be
clear that the integrals in (3.17) may be (simultaneously) infinite.

In the case where p is a Lebesgue measure, we simply say that X is
Lebesgue symmetric.

Exercise 3.4.7 Let X be a normal Markov process with a transition density
p for which p(x,y) = p(y, x) for all x, y € R?. Show that X is Lebesgue
symmetric.



3.4 LP-Markov semigroups 153

Theorem 3.4.8 If X is a p-symmetric Markov process with associated semi-
group (Ty,t > 0) and ||T; fll2 < oo forall f € Co(R?Y with f =0, then
(Ty, t = 0) is self-adjoint in Lz(Rd, Ww.

Proof By linearity, if f, g € C.(R?), with f = 0and g <0, we still have that
(3.17) holds and both integrals are finite. Now let f, g € C.(R%) be arbitrary;
then, writing f = f+ — f~ and g = g* — g~, we again deduce by linearity
that (3.17) holds in this case. Finally let f, g € L>(R?, w); then, by the density
therein of Cc(Rd), we can find sequences (f,,n € N) and (g,,n € N) in
C.(R?) that converge to f and g respectively. Using the continuity of 7; and
of the inner product, we find for each # > 0 that

(f; Trg) = lim Lim (f,, Tigm) = lim lim (T, fy, gm) = (T, f, &).

n—00 m— o0 n—o00 m—0oQ

O

Now let X = (X(t), ¢ > 0) be a Lévy process taking values in R?. We have
already seen in Theorem 3.4.2 that (7;,¢ > 0) is an L”-Markov semigroup
where (7; f)(x) = E(f(X(t) + x) foreach f € LP(RY), x € R, ¢t > 0.
We recall that a Lévy process with laws (g;, ¢ > 0) is symmetric if g;(A) =
g:(—A) for all A € B(RY).

Exercise 3.4.9 Deduce that every symmetric Lévy process is a Lebesgue-
symmetric Markov process.

Although we could use the result of Exercise 3.4.9 and Theorem 3.4.8 to
establish the first part of Theorem 3.4.10 below, we will find it more instructive
to give an independent proof.

Theorem 3.4.10 If X is a Lévy process, then its associated semigroup (T;, t >
0) is self-adjoint in L*>(R?) if and only if X is symmetric.

Proof Suppose that X is symmetric; then ¢;(A) = ¢q;(—A) for each A €
B(RY), t > 0, where q; is the law of X (7). Then for each f € L2(RY), x e R4,

t>0,

(1, £)0) =B+ X0) = [ f0x+ yatdy)

=A;fu+ymmﬂwr=4wﬂx—w%ww
—E(f(x — X(1)).
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So foreach f, g € Lz(Rd ), t > 0, using Fubini’s theorem, we obtain

(T, f. g) = /R (T g xdx = /R CE(f(r— X)) gx)dx

_ / [ / f(x—y)g(x)dx]qz(dy)
R4 R4

= / [ fx)gx + y)dX] q:(dy)
R4 R4
= (/. T:8).

Conversely, suppose that (T3, t > 0) is self-adjoint. Then by a similar argument
to the one above, we deduce that for all f, g € Lz(Rd), t >0,

/R B+ X(0) g0y = /R CE(f( = X (1) g(0)dx.

Now define a sequence of functions (g,, n € N) by

2
gn(x) = n~4/? exp (—£>
n

Then each g, € S(RY) c L*(R?), and

n—oo

lim / E(f(x £ X ()gn(x)dx = E(f(£X(1));
Rd

see e.g. Lieb and Loss [196], Theorem 2.16, p. 58 and the argument in the
proof of Theorem 5.3, p. 118 therein.

We thus deduce that E(f (X (¢)) = E(f(—X(¢)) and, if we take f = x4
where A € B(RY), we obtain

P(X(t) e A)=P(X(t) e —A),
i.e. X is symmetric. O

Corollary 3.4.11 If A is the infinitesimal generator of a Lévy process with Lévy
symbol n, then — A is positive and self-adjoint if and only if

n(u) = —1(u, au) +/ [ cos(u, y) — 1]v(dy)

RY—{0}



3.4 LP-Markov semigroups 155

for each u € RY, where a is a positive definite symmetric matrix and v is a
symmetric Lévy measure.

Proof This follows immediately from Theorems 3.4.10 and 3.4.6 and Exercise
2.4.23. O

Equivalently, we see that A is self-adjoint if and only if In = 0.

In particular, we find that the discussion of this section has yielded a prob-
abilistic proof of the self-adjointness of some important operators in L?(R%),
as is shown in the following examples.

Example 3.4.12 (The Laplacian) In fact, we consider multiples of the Lapla-
cian and let a = 2y I where y > 0; then, for all u € Rd,

nw) =—ylu* and A =yA.

Example 3.4.13 (Fractional powers of the Laplacian) Let 0 < o < 2; then,
forall u € RY,

nw)=ul® and A= —(=A)2

Example 3.4.14 (Relativistic Schrodinger operators) Let m, ¢ > 0; then, for
allu € RY,

Ep () =v/m2c* 4+ cul>~mc* and A =—(/m2c* — 2A—mc?);
recall Example 3.3.9.

Note that in all three of the above examples the domain of the operator is
the appropriate non-isotropic Sobolev space of Theorem 3.4.4.

Examples 3.4.12 and 3.4.14 are important in quantum mechanics as the ob-
servables (modulo a minus sign) that describe the kinetic energy of a particle
moving at non-relativistic speeds (for a suitable value of y) and relativistic
speeds, respectively. We emphasise that it is vital that we know that such op-
erators really are self-adjoint (and not just symmetric, say) so that they legiti-
mately satisfy the quantum-mechanical formalism.

Note that, in general, if AX is the self-adjoint generator of a Lévy pro-
cess and (S(¢), t > 0) is an independent subordinator then the generator AZ of
the subordinated process Z is also self-adjoint. This follows immediately from
(3.14) in the proof of Theorem 3.3.15(2).
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3.5 Lévy-type operators and the positive maximum principle
3.5.1 The positive maximum principle and Courrege’s theorems

Let X be a Lévy process with characteristics (b, a, v), Lévy symbol 5 and
generator A. We remind the reader of key results from Theorem 3.3.3. For
each f € S(RY), x e RY,

(Af)(x) = b'd; f(x) + 2a"8;9; f (x)
" /R AR A Yo f @) xp(MIv(@y),
(3.18)

and A is a pseudo-differential operator with symbol 7, i.e.
(Af)(x) = @m)~"? / I f @), (3.19)
R

In this section, we turn our attention to general Feller processes and ask
the question, to what extent are the above representations typical of these?
Clearly Lévy processes are a special case and, to go beyond these, we must
abandon translation invariance (see Theorem 3.3.1), in which case we would
expect variable coefficients (b(x), a(x), v(x)) in (3.18) and a variable symbol
n(x, -)in (3.19). In this section, we will survey some of the theoretical structure
underlying Feller processes having generators with such a form.

The key to this is the following analytical concept.

Let S be a linear operator in Co(R?) with domain Dg. We say that S satisfies
the positive maximum principle if, whenever f € Dg and there exists xo € RY
such that f(xo) = sup,cge f(x) > 0, we have (Sf)(xp) < 0.

Our first hint that the positive maximum principle may be of some use
in probability comes from the following variant on the Hille—Yosida theorem
(Theorem 3.2.10).

Theorem 3.5.1 (Hille-Yosida—Ray) A densely defined closed linear operator
A is the generator of a strongly continuous positivity-preserving contraction
semigroup on Co(R?) if and only if

(1) (0,00) € p(A),
(2) A satisfies the positive maximum principle.

For a proof, see Ethier and Kurtz [99], pp. 165-6, or Jacob [149], Section
4.5. Just as in the case of Theorem 3.2.10, the above, theorem can be gener-
alised in such a way as to weaken the condition on A and simply require it to
be closable.
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Now we return to probability theory and make a direct connection between
the positive maximum principle and the theory of Markov processes.

Theorem 3.5.2 If X is a Feller process, then its generator A satisfies the posi-
tive maximum principle.

Proof We follow Revuz and Yor [260], Section 7.1. Let f € D4 and suppose
there exists xo € R such that f(x0) = sup,cga f(x) > 0.

Let (T;,t > 0) be the associated Feller semigroup and (p;, t > 0) be the
transition probabilities; then, by (3.3), we have

(T, f)(x0) = /Rd F ) pi(xo, dy).
Hence
1
(Af)(xo) = lim —f [f () = f(x0)]pi(x0, dy).
40 t Jpd
However, for each y € Rd,

J() = fxo) = sup f(y) = fxo) =0,

yeRd
and so (Af)(xg) < 0 as required. O

We will now present some fundamental results due to Courrége [75], which
classify linear operators that satisfy the positive maximum principle. First we
need some preliminary concepts.

(1) A C* mapping ¢ : R? x R? — [0, 1] will be called a local unit if:
(1) ¢(x,y) = 1 for all (x,y) in a neighbourhood of the diagonal D =
{(x,x); x € RY);
(ii) for every compact set K in R the mappings y — ¢ (x, y), where x €
K, have their support in a fixed compact set in R¥.
(2) A mapping f : R? — R is said to be upper semicontinuous if f (x)
limsup,_, . f(y) forall x € RY.
(3) A Lévy kernel is a family {u(x, ), x € R?}, where each p(x, -) is a Borel
measure on RY — {x}, such that:
(i) the mapping x — fRd—{x} ly — x|>f(y)u(x, dy) is Borel measurable
and locally bounded for each f € C, (]Rd );
(ii) foreach x € R?, and for every neighbourhood V, of x, u(x, RI—V,) <
0.

v

Now we can state the first of Courrége’s remarkable theorems.
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Theorem 3.5.3 (Courreége’s first theorem) If A is a linear operator in Co(R?)
and C (RY) C Dy, then A satisfies the positive maximum principle if and
only if there exist

o continuous functions c and bj, 1 < j < d, from R4 to R such that ¢(x) < 0
forall x € R4,

e mappings a'/ - R4 — R, 1 < i,j < d, such that (a” (x)) is a positive
definite symmetric matrix for each x € R? and the map x — (y, a(x)y) is
upper semicontinuous for each y € RY,

e a Lévy kernel 1,

e alocal unit ¢,

such that for all f € C° (RY), x € R4,

(Af) ()
= c(0)f(x) + b ()3, f (x) + a” (X)3;9; f (x)

+/Rd ( }[f(y) — f) =, MO —xD0 f ) u(x, dy).
(3.20)

A full proof of this result can be found in Courrege [75] or Section 4.5 of
Jacob [149].

It is tempting to interpret (3.20) probabilistically, in terms of a killing rate
¢, a drift vector b, a diffusion matrix a and a jump term controlled by ©. We
will return to this later.

Note that both Courrége and Jacob write the integral term in (3.20) as

/Rd { }[f(y) — 6, V) () = P, O =D fO)lulx, dy).

This is equivalent to the form we have given since, by definition of ¢, we can
find a neighbourhood N, of each x € R4 such that ¢(x,y)=1forall y € Ny;
then

/NC [6(x. y) — 1]u(x. dy) < oo,

and so this integral can be absorbed into the ‘killing term’.
Suppose that we are give a linear operator A in Co(R?) for which
Cc (RY) C D 4. We say that it is of Lévy type if it has the form (3.20).

Exercise 3.5.4 Show that the generator of a Lévy process can be written in the
form (3.20).

Now we turn our attention to pseudo-differential operator representations.
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Theorem 3.5.5 (Courrege’s second theorem) Let A be a linear operator
in Co(R%); suppose that Cgo(Rd) C D4 and that A satisfies the positive
maximum principle. For each x, u € R%, define

n(x,u) = e "W (Ae ) (x). (3.21)
Then:

o forevery x € R?, the map u — n(x, u) is continuous, hermitian and condi-
tionally positive definite;

e there exists a positive locally bounded function h : R? — R such that, for
each x,u € RY,

InCe, w)| < h(x)lul?;
o forevery f € CX[RY), x € RY,

(Af)(x) = 2m)~? / eIy (x, u) fu)du. (3.22)
Rd
Conversely, if 1 is a continuous map from R? x R? to C that is hermitian and
conditionally positive definite in the second variable then the linear operator
defined by (3.22) satisfies the positive maximum principle.

Note that it is implicit in the statement of the theorem that A is such that
(3.21) makes sense.

Probabilistically, the importance of Courrege’s theorems derives from
Theorem 3.5.2. If A is the generator of a Feller process and satisfies the domain
condition CZ° (RY) C Dy then it can be represented as a Lévy-type operator
of the form (3.20), by Theorem 3.5.3, or a pseudo-differential operator of the
form (3.22), by Theorem 3.5.5.

In recent years, there has been considerable interest in the converse to the
last statement. Given a pseudo-differential operator A whose symbol 7 is con-
tinuous from R? x R¥ to C and hermitian and conditionally positive definite in
the second variable, under what further conditions does A generate a (sub-)
Feller process? One line of attack follows immediately from Theorem 3.5.5:
since A must satisfy the positive maximum principle we can try to fulfil the
other condition of the Hille-Yosida—Ray theorem (Theorem 3.5.1) and then
use positivity of the semigroup to generate transition probabilities from which
a process can be built using Kolmogorov’s construction, as in Theorem 3.1.7.
Other approaches to constructing a process include the use of Dirichlet forms
(see Section 3.6) and martingale problems (see Subsection 6.7.3). The pioneers
in investigating these questions have been Niels Jacob and his collaborators
René Schilling and Walter Hoh. To go more deeply into their methods and
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results would be beyond the scope of the present volume but interested readers
are referred to the monograph by Jacob [148], the review article by Jacob and
Schilling in [23] and references therein.

Schilling has also used the analytical behaviour of the generator, in its
pseudo-differential operator representation, to obtain sample-path properties
of the associated Feller process. In [277] he studied the limiting behaviour, for
both ¢t | 0 and t — o0, while estimates on the Hausdorff dimension of the
paths were obtained in [278].

3.5.2 Examples of Lévy-type operators

Here we will consider three interesting examples of Lévy-type operators.

Example 3.5.6 (Diffusion operators) Consider a second-order differential op-
erator of the form

(Af)(x) = b’ (x)9; f (x) + a” (x)3;9; f (x),

foreach f € C®° (R%), x € R4, In general, it is possible to construct a Markov
process X in R? that is naturally associated with A under quite general condi-
tions on b and a. We call X a diffusion process and A the associated diffusion
operator. Specifically, we require only that each b’ be bounded and measurable
and that the ¢’/ are bounded and continuous, the matrix (a%/ (x)) being posi-
tive definite and symmetric for each x € R?. We will discuss this in greater
detail in Chapter 6. Conditions under which X is a Feller process will also be
investigated there.

Example 3.5.7 (Feller’s pseudo-Poisson process) Here we give an example
of a genuine Feller process whose generator is a Lévy-type operator. It was
called the pseudo-Poisson process by Feller [102], pp. 333-5.

Let § = (S(n), n € N) be a homogeneous Markov chain taking values in
R?. For each n € N, we denote its n-step transition probabilities by g™ so
that for each x € R, B € B(RY),

g™ (x. B) = P(S(n) € B|S(0) = x).

We define the transition operator Q of the chain by the prescription

QN (x) = /Rd fOaq(x,dy)

for each f € Bp(R?), x € RY, where we have used the notation g = ¢(!.
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Exercise 3.5.8 Deduce that for all f € By(RY), x € R¢,

(0" )(x) = A; FO) " dy).

Now let N = (N(¢),t > 0) be a Poisson process, of intensity A > 0, that is
independent of the Markov chain S and define a new process X = (X (¢),t >
0) by subordination,

X(t) = S(N(@)),

for all + > 0. Then X is a Feller process by Exercise 3.3.17. Clearly, if S
is a random walk then X is nothing but a compound Poisson process. More
generally, using independence and the results of Exercises 3.5.8 and 3.2.4, we
obtain foreacht > 0, f € Bb(Rd), x e R4,

(T, /)(x) = E(f(X ()| X (0) = x)

=Y E(f(S®)[S©0) = x) P(N (1) = n)
n=0
o0 )\‘ n
= e Y E(f(S())|S(0) = x) (nt,)

n=0 :

(A)"

n!

= (0" )
n=0

— et[)”(Q_I)]f(x).

Hence, if A is the infinitesimal generator of the restriction of (7;,¢ > 0) to
Co(R%) then A is bounded and, for all f € Co(R?), x € R?,

(Af)(x) =A2((Q =D Hx) = /Rd [f ) = F)]rg(x, dy).

Clearly A is of the form (3.20) with finite Lévy kernel u = Aq.

The above construction has a converse. Define a bounded operator B on
Co(RY), by

(Bf)(x) = /R o) - gt dy),

where 1 is a non-negative bounded measurable function on R and g is a tran-
sition function, i.e. ¢(x, -) is a probability measure on B(R?), for each x € R¢
and the map x — ¢(x, A) is Borel measurable for each A € B(R?). It is
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shown in Ethier and Kurtz [99], pp. 1624, that B is the infinitesimal gener-
ator of a Feller process that has the same finite-dimensional distributions as a
certain pseudo-Poisson process.

Example 3.5.9 (Stable-like processes) Recall from Subsection 1.2.5 that if
X = (X(t),t = 0) is arotationally invariant stable process of index o € (0, 2)
then it has Lévy symbol n(u) = —|u|%, for all u € RY (where we have taken
o = 1 for convenience) and Lévy—Khintchine representation

L d
—|u|* = K () (™ —1— iuyxs) dy+
R4 — {0} [y|d+e’

where K () > 0.
Now letar : RY — (0, 2) be continuous; then we can assert the existence of
a positive function K on R? such that

‘ K(x)d
e = @D 1 — juyyq) DY
RY—{0} B2 |yjd+e

Define a mapping ¢ : RY xRY — Cby ¢ (x, u) = —|u|*™). Then ¢ clearly sat-
isfies the conditions of Theorem 3.5.5 and so is the symbol of a linear operator
A that satisfies the positive maximum principle.

Using the representation

(Af)(x) = —(271)"/2/ | F(u)el 0 dg
Rd

foreach f € § (RY), x € RY, we see that S(RY) C D4. An exercise in the use
of the Fourier transform then yields

i K(x)dy

(Af)(x) = (£ 42 = ) = ¥, 03] s
R4 —{0} |yl

It can now be easily verified that this operator is of Lévy type, with associated

Lévy kernel

Kx)dy

'U“(x’dy) = |y _x|d+a(x)

for each x € R.
By the usual correspondence, we can also write

(Af)(x) = (—(=A)* D72 f)(x).
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Of course, we cannot claim at this stage that A is the generator of a Feller
semigroup associated with a Feller process. Bass [29] associated a Markov pro-
cess with X by solving the associated martingale problem under the additional
constraint that 0 < inf cge o(x) < sup,cge @(x) < 2. Tsuchiya [296] then
obtained the process as the solution of a stochastic differential equation under
the constraint that o be Lipschitz continuous. For further studies of proper-
ties of these processes see Negoro [235], Kolokoltsov [174, 175] and Uemura
[298].

3.5.3 Theforward eguation

For completeness, we include a brief non-rigorous account of the forward
equation. Let (7, t > 0) be the semigroup associated with a Lévy-type Feller
process and, for each f € Dom(A), x € R?, ¢ > 0 write u(r, x) = (T; f)(x);
then we have the initial-value problem

du(t, x)

ot

with initial condition u(0, x) = f(x). Let (p;,t > 0) be the transition prob-
ability measures associated with (7, ¢ > 0). We assume that each p;(x, -) is
absolutely continuous with respect to Lebesgue measure with density o (x, -).
We also assume that, for each y € Rd, the mapping t — p(x, y) is dif-
ferentiable and that its derivative is uniformly bounded with respect to y. By

(3.3) and dominated convergence, for each t > 0, x € R?, we have for all
feCPRY,

du(t,x) (T, f)(x)
ar ot

_i _ apt(xvy)
= /Rdf(y)pt(x,y)dy—/Rdf(y)iat dy.

On the other hand,

= Au(t, x), (3.23)

Ault, x) = (TAf)(x) = /R (ADIPx, v dy

= /Rd FOATp(x, y) dy,

where AT is the “formal adjoint’ of A, which acts on p; through the y-variable.
We thus conclude from (3.23) that

3 t Pl
/ £O) [—p a2 A*p,<x,y>} dy = 0.
R t
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In the general case, there appears to be no nice form for AT however, if X isa
killed diffusion (so that u = 0 in (3.20)), integration by parts yields

ATp(x, y) = c()pi(x, y) = [6 (), (x, )] + 8, [a () pi (x, )]

In this case, the partial differential equation

8 ’
LD 4y, ) (3.24)

is usually called the Kolmogorov forward equation by probabilists and the
Fokker—Planck equation by physicists. In principle, we can try to solve it
with the initial condition pg(x, y) =8§(x — y) and then use the density to con-
struct the process from its transition probabilities. Notice that all the action in
(3.24) is with respect to the ‘forward variables’ ¢ and y. An alternative equa-
tion, which can be more tractable analytically, is the Kolmogorov backward
equation

Ipr—s(x,y)

as

Note that, on the right-hand side of (3.25), A operates with respect to the vari-
able x, so this time all the action takes place in the ‘backward variables’ s
and x.

A nice account of this partial differential equation approach to constructing
Markov processes can be found in Chapter 3 of Stroock and Varadhan [289].
The discussion of forward and backward equations in their introductory chap-
ter is also highly recommended.

= —Ap;s(x,y). (3.25)

Exercise 3.5.10 Find an explicit form for AT in the case where A is the gener-
ator of Lévy process.

3.6 Dirichlet forms

In this section, we will attempt to give a gentle and somewhat sketchy intro-
duction to the deep and impressive modern theory of Dirichlet forms. We will
simplify matters by restricting ourselves to the symmetric case and also by
continuing with our programme of studying processes whose state space is
RY. However, readers should bear in mind that some of the most spectacular
applications of the theory have been to the construction of processes in quite
general contexts such as fractals and infinite-dimensional spaces.

For more detailed accounts, we recommend the reader to Fukushima et al.
[112], Bouleau and Hirsch [55], Ma and Rockner [204], Chapter 3 of Jacob
[148] and Chapter 4 of Jacob [149].
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3.6.1 Dirichlet forms and sub-Markov semigroups

If you are unfamiliar with the notion of a closed symmetric form in a Hilbert
space, then you should begin by reading Subsection 3.8.3. We fix the real
Hilbert space H = L*(R?). By Theorem 3.8.9 there is a one-to-one corre-
spondence between closed symmetric forms £ in H and positive self-adjoint
operators T in H, given by £(f) = [|T'/2 f]|? for each f € Dr1/2. When we
combine this with Theorem 3.4.6, we deduce that there is a one-to-one corre-
spondence between closed symmetric forms in H and self-adjoint semigroups
(Ty,t > 0)in H.

Now suppose that (T}, t > 0) is a self-adjoint sub-Markovian semigroup in
H,sothat0 < f <1 (ae.)= 0<T;f <1 (ae.). We can ‘code’ the self-
adjoint semigroup property into a closed symmetric form £. How can we also
capture the sub-Markov property? The answer to this question is contained in
the following definition.

Let & be a closed symmetric form in H with domain D. We say that it is a
Dirichlet formif f €e D = (f vVO) Al e D and

E(fVOAD =& (3.26)

forall f € D.
A closed densely defined linear operator A in H with domain D4 is called
a Dirichlet operator if

(Af,(f=D") =0

forall f € Dy.
The following theorem describes the analytic importance of Dirichlet forms
and operators. We will move on later to their probabilistic value.

Theorem 3.6.1 The following are equivalent:

(1) (T;,t = 0) is a self-adjoint sub-Markovian semigroup in L*(R?) with
infinitesimal generator A;

(2) A is a Dirichlet operator and — A is positive self-adjoint;

(3) E(f) = ||(—=A)'/2 £|? is a Dirichlet form with domain D = D 412.

A proof of this can be found in Bouleau and Hirsch [55], pp. 12-13.

Example 3.6.2 (Symmetric Lévy processes) Let X = (X (z),t > 0) be a
symmetric Lévy process. In Theorem 3.4.10 we showed that these give rise to
self-adjoint L2-Markov semigroups and so they will induce a Dirichlet form
&, by Theorem 3.6.1(3). Let A be the infinitesimal generator of the process. It
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follows from Corollary 3.4.11 that, for each f € C°(RY),

(AF)(x) = Lal9,9, £ () + / (£G4 y) — FGO)]v(dy).

RY—{0}

The following formula is of course just a consequence of the Lévy—Khintchine
formula. Intriguingly, as we will see in the next section, it is a paradigm for the
structure of symmetric Dirichlet forms.

Forall f, g € C®RY),

E(f.g) = La¥ /R 30059 () dx

+ %f [f) — f(x+ )]
(R¢xR4)—D
x [g(x) — g(x + y)|v(dy)dx, (3.27)

where D is the diagonal {(x, x), x € Rd}.
To verify (3.27) we just use integration by parts, the symmetry of v and a
change of variable, to obtain

E(f.8) = —(f. Ag)
_ lqi /R ) 318)(x) dx

— / / F[gx +y) — gx)]v(dy) dx
Rd JRA_{0)
14 /R @0 58) () dx

+3 / / [fx+ (g +y) — fx +y)gk)
R4 Rd—{O}

— gl + ) + f()g(x)]v(dy)dx,

and the result follows.
A special case of Example 3.6.2 merits particular attention:

Example 3.6.3 (The energy integral) Take X to be a standard Brownian mo-
tion; then, for all f € Ha(RY),

1 1
e =33 [ anwiac=3 [ 1vrwrd

This form is often called the energy integral or the Dirichlet integral.
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3.6.2 TheBeurling-Deny formula

In this section we will see how the structure of symmetric Lévy processes
generalises to a natural class of Dirichlet forms. First we need a definition.

A core of a symmetric closed form £ with domain D in L*(R%) is a subset C
of DNC(R?) that is dense in D with respect to the norm ||| (see Subsection
3.8.3) and dense in C, (Rd) in the uniform norm. If £ possesses such a core, it
is said to be regular.

Example 3.6.4 Let T be a positive symmetric linear operator in L2(R?) and
suppose that CZ° (R9) is a core for T in the usual operator sense; then it is also
a core for the closed form given by £(f) = (f, Tf), where f € Dr.

We can now state the celebrated Beurling—Deny formula,

Theorem 3.6.5 (Beurling-Deny) If £ is a regular Dirichlet form in L*>(R?)
with domain D, then, for all f, g € D N C.(R?),

E(f.g) = /R 0D ) + /R FEgkE)

+ fR ) [f(x) = fFO][gx) —g(N]J(dx,dy) (3.28)
dyRd_p

where k is a Borel measure on RY, J is a Borel measure on R x R — D
(D ={(x,x),x € Rd} being the diagonal); the {,uij, 1 <i,j < d} are Borel
measures in RY with each ,u” = ,u-” and (u, w(K)u) > 0 forallu € R? and
all compact K € B(RY), where (K) denotes the d x d matrix with (i, Jj)th
entry u (K).

This important result clearly generalises (3.27), and its probabilistic inter-
pretation is clear from the names given to the various measures that appear in
(3.28): the i/ are called diffusion measures, J is called the jump measure and
k is the killing measure.

In general, a Dirichlet form £ with domain D is said to be local if, for all
f, g € D for which supp (f) and supp (g) are disjoint compact sets, we have
E(f, g) = 0. A Dirichlet form that fails to be local is often called non-local.
Since partial differentiation cannot increase supports, the non-local part of the
Beurling—Deny form (3.28) is that controlled by the jump measure J.

3.6.3 Closable Markovian forms

In concrete applications it is quite rare to have a closed form. Fortunately, many
forms that have to be dealt with have the pleasing property of being closable
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(see Subsection 3.8.3). In this case, we need an analogue of definition (3.26)
for such forms, so that they can code probabilistic information.

Let £ be a closable positive symmetric bilinear form with domain D. We
say that it is Markovian if, for each ¢ > 0, there exists a family of infinitely
differentiable functions (¢ (x), x € R) such that:

(1) ¢o(x) = x forall x € [0, 1];
2) —e <¢p.(x) <l+eforalx eR;
(3) 0 < ¢e(y) — pe(x) <y — x whenever x, y € Rwithx < y.

Furthermore, for all f € D, ¢.(f) € D and

E(P:(f) = EN).

Exercise 3.6.6 Given (¢ (x), x € R) as above, show that, for each x, y € R,
[pe ()] < |x], |9 (¥) — e (X)| < |y — x| and 0 < ¢, (x) < 1.

Note that when D = C?O(Rd), a family (¢¢(x), x € R) satisfying the
conditions (1) to (3) above can always be constructed using mollifiers (see e.g.
Fukushima et al. [112], p. 8.) In this case we also have ¢.(f) € CSO(R“!)
whenever f € C° (R9).

If we are given a closable Markovian form then we have the following re-
sult, which allows us to obtain a bona fide Dirichlet form.

Theorem 3.6.7 If £ is a closable Markovian symmetric form on L>(R?) then
its closure £ is a Dirichlet form.

Proof See Fukushima et al. [112], pp. 98-9. O

Example 3.6.8 (Symmetric diffusions) Let a(x) = (¢” (x)) be a matrix-
valued function from R to itself such that each a(x) is a positive definite
symmetric matrix and for each 1 < i, j < d the mapping x — a%/(x) is Borel
measurable. We consider the positive symmetric bilinear form on D given by

E(f) = /Rd a’ (x)8; f (x)9; f (x) dx, (3.29)

on the domain D = {f € C'(R?) N L2(RY), £(f) < oo}.
Forms of the type (3.29) appear in association with elliptic second-order
differential operators in divergence form, i.e.

d

(AP =Y a[a (0)9; £ ()],

ij=1
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for each f € C*° (Rd ), x € RY, where we assume for convenience that each
a'/ is bounded and differentiable. In this case, it is easily verified that A is sym-
metric and hence that £ is closable on the domain CS®° (R by Theorem 3.8.10.

More generally, it is shown in Fukushima et al. [112], pp. 100-1, that
& as given by (3.29) is closable if either of the following two conditions is
satisfied:

o foreach1 <i, j <d,da” € L} (R?) and 9;a"/ € L} (RY).

e (uniform ellipticity) there exists K > O such that (§, a(x)§) > K|& |2 for all
x, £ e R4

If £ is closable on C&° (R?) then it is Markovian. To see this, we use the
result of Exercise 3.6.6 to obtain for alle > 0, f € C° (Rd),

(e () = /R @090 06N dx
_ /R @I DD, (00, £ (0) di
< /R a3 9 fdx = ECD.

It then follows by Theorem 3.6.7 that £ is indeed a Dirichlet form.

Note that from a probabilistic point of view, a form of this type contains
both diffusion and drift terms (unless a is constant). This is clear when & is
determined by the differential operator A in divergence form.

Example 3.6.9 (Symmetric jump operators) Let o be a Borel measurable
mapping from RY x RY — R that satisfies the symmetry condition o(x, y) =
o(y, x) for all x, y € R?. We introduce the form

1
ch=3 [, o= fwlewyds (30

with domain C2°(RY).
We examine the case where £ is induced by a linear operator A for which

(Af)(x) = / [£ ) = F)]elx, y)dy

RY—{x}

for f € CPRY).
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Let us suppose that o is such that A is a bona fide operator in L>(R?); then,
by the symmetry of o, it follows easily that A is symmetric on C® (R%), with

EN) = (S Af).

We can now proceed as in Example 3.6.8 and utilise Theorem 3.8.10 to deduce
that £ is closable, Exercise 3.6.6 to show that it is Markovian and Theorem
3.6.7 to infer that & is indeed a Dirichlet form.

We will now look at some conditions under which A operates in L2(RY).
We impose a condition on o that is related to the Lévy kernel concept con-
sidered in Section 3.5. For each f € C° (R?) we require that the mapping

x — ly — xlo(x, y)dy
RY—{x}

is in Lz(Rd). Using the mean value theorem, there exists 0 < 6 < 1 such that,
for all x € RY,

(A szd a0 - oo, ydy

d 1/2
</Rl{ Iy—x|<2|af<x+e<y—x))|> o(x, y)dy

<d'? max sup |8 f(z)”/ |y—x

Isiz<n  Rd

from which we easily deduce that ||Af||> < oo, as required.
Another condition is given in the following exercise.

Exercise 3.6.10 Suppose that

/Rd /1;@1 |Q(x, y)|2dydx < 00.

Deduce that ||Af]||, < oo foreach f € ch(Rd).

A generalisation of this example was studied by René Schilling in [279].
He investigated operators, of a similar type to A above, that are symmetric and
satisfy the positive maximum principle. He was able to show that the closure of
A is a Dirichlet operator, which then gives rise to a Dirichlet form by Theorem
3.6.1 (see Schilling [279], pp. 89-90).



3.6 Dirichlet forms 171

We also direct readers to the paper by Albeverio and Song [3], where gen-
eral conditions for the closability of positive symmetric forms of jump type are
investigated.

3.6.4 Dirichlet formsand Hunt processes

Most of this subsection is based on Appendix A.2 of Fukushima et al. [112],
pp- 310-31. We begin with the key definition. Let X = (X(¢),t > 0) be a
homogeneous sub-Markov process defined on a probability space (2, F, P)
and adapted to a right-continuous filtration (F;,t > 0). We will also require
the augmented natural filtration (glx ,t > 0). We say that X is a Hunt process
if:

(1) X is right-continuous;

(2) X has the strong Markov property with respect to (QtX ,t > 0), i.e. given

any GX-adapted stopping time 7,

P(X(T +s) € B|GX) = P(X(s) € B|X(T))

forall s > 0, B € B(R?);

(3) X is quasi-left-continuous, i.e. if given any th -adapted stopping time T
and any sequence of g}‘ -adapted stopping times (7,,, n € N) that are in-
creasing to 7' we have

P (lim X(T,) = X(T), T < oo) — P(T < o0).

If the notion of Hunt process seems a little unfamiliar and obscure, the good
news is:

Theorem 3.6.11 Every sub-Feller process is a Hunt process.

In particular, then, every Lévy process is a Hunt process.

We now briefly summarise the connection between Hunt processes and
Dirichlet forms.

First suppose that X is a Hunt process with associated semigroup (73, t > 0)
and transition probabilities (p;, t > 0). We further assume that X is symmetric.
It can then be shown (see Fukushima er al. [112], pp. 28-9) that there
exists M < Bp(RY) N LYRY), with M dense in L2(R?), such that
limyo fpa f)pi(x,dy) = f(x) (ae.) forall f € M,x € RY. From this
it follows that the semigroup (73, ¢t > 0) is strongly continuous. Now since X
is symmetric, (7, ¢ > 0) is self-adjoint and hence we can associate a Dirichlet
form &£ with X by Theorem 3.6.1.
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We note two interesting consequences of this construction.

e Every Lebesgue-symmetric Feller process induces a Dirichlet form in
L2(R%).

e Every Lebesgue-symmetic sub-Feller semigroup in Co(R¢) induces a self-
adjoint sub-Markov semigroup in L2 (R%).

The converse, whereby a symmetric Hunt process is associated with an ar-
bitrary regular Dirichlet form, is much deeper and goes beyond the scope of
the present volume. The full story can be found in Chapter 7 of Fukushima
et al. [112] but there is also a nice introduction in Chapter 3 of
Jacob [148].

We give here the briefest of outlines. Let £ be a regular Dirichlet form
in L2(RY). By Theorem 3.6.1, we can associate a sub-Markov semigroup
(T;,t = 0) to £. Formally, we can try to construct transition probabilities
by the usual procedure p;(x, A) = (Trxa4)(x) forallt > 0, A € B(RY) and
(Lebesgue) almost all x € RY. The problem is that the Chapman—Kolmogorov
equations are only valid on sets of ‘capacity zero’. It is only by systemati-
cally avoiding sets of non-zero capacity that we can associate a Hunt process
X = (X(¢),t > 0) with £. Even when such a process is constructed, the map-
ping x — E(f(X(1)|X(©0) = x) for f € By(R?) N L2(R?) is only defined
up to a ‘set of capacity zero’, and this causes difficulties in giving a sense to
the uniqueness of X. For further discussion and also an account of the impor-
tant notion of capacity, see Fukushima et al. [112], Jacob [148] and Ma and
Rockner [204].

3.6.5 Non-symmetric Dirichlet forms

The material in this subsection is mostly based on Ma and Rockner [204], but
see also Chapter 3 of Jacob [148] and Section 4.7 of Jacob [149]).

Let D be a dense domain in LZ(R9). We want to consider bilinear forms
& with domain D that are positive, i.e. £(f, f) > 0 for all f € D, but not
necessarily symmetric. We introduce the symmetric and antisymmetric parts of
&, which we denote as & and &,, respectively, for each f, g € D, by

E(f. 9)=L[E(f, 9+E(g. f)] and &u(f. 9)=1[E(f. 8)—E(g, )]

Note that £ = & + &, and that & is a positive symmetric bilinear form.
In order to obtain a good theory of non-symmetric Dirichlet forms, we need
to impose more structure than in the symmetric case.
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We recall (see Subsection 3.8.3) the inner product (-, -)¢ induced by £ and
given by

for each f, g € D. We say that £ satisfies the weak-sector condition if there
exists K > 0 such that, for each f, g € D,

I(f. 8)el = Kl flle lIglle-

Exercise 3.6.12 Show that if £ satisfies the weak-sector condition then there
exists K1 > O such that, for all f € D,

IENI < K[l fll2 + &N
A positive bilinear form £ with dense domain D is termed coercive if:

(1) & is a closed symmetric form;
(2) & satisfies the weak sector condition.

A coercive form £ with domain D is said to be a Dirichlet form if, for all
f € D,wehave (f VO) Al € D and:

DD E(f+(fFVOALFfF—(fVO)AL) >0;
M2) E(fF—(fVOAL f+(fVO AL >0.

We comment below on why there are two conditions of this type. Note
however that if £ is symmetric then both (D1) and (D2) coincide with the
earlier definition (3.26).

Many results of the symmetric case carry over to the more general formal-
ism, but the development is more complicated. For example, Theorem 3.6.1
generalises as follows:

Theorem 3.6.13

(1) (T;, t > 0) is a sub-Markovian semigroup in L>(R?) with generator A if
and only if A is a Dirichlet operator.

(2) If € is a coercive form with domain D, then there exists a Dirichlet opera-
tor A such that D = D and E(f, g) = —(f, Ag) forall f, g € Dy ifand
only if € satisfies (D1).

See Ma and Rockner [204], pp. 31-2, for a proof.
You can clarify the relationship between (D1) and (D2) through the follow-
ing exercise.
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Exercise 3.6.14 Let A be a closed operator in L2(R?) for which there exists a
dense linear manifold D such that D € D4 N D 4+. Define two bilinear forms
&4 and €4+ with domain D by

Ealf, 8) = —(f. Ag), Ear(f. 8) = —(f A"g).
Deduce that £4 satisfies (D1) if and only if €4+ satisfies (D2).

We can also associate Hunt processes with non-symmetric Dirichlet forms.
This is again more complex than in the symmetric case and, in fact, we need
to identify a special class of forms called quasi-regular from which processes
can be constructed. The details can be found in Chapter 3 of Ma and Réckner
[204].

There are many interesting examples of non-symmetric Dirichlet forms on
both R? and in infinite-dimensional settings, and readers can consult Chapter
2 of Ma and Rockner [204] for some of these. We will consider the case of
a Lévy process X = (X (¢),t > 0) with infinitesimal generator A and Lévy
symbol 1. We have already seen that if X is symmetric then it gives rise to the
prototype symmetric Dirichlet form.

Define a bilinear form & on the domain S(R?) by

E(f.8) =—(f Ag)

forall f, g € S(R?). We will find that the relationship between Lévy processes
and Dirichlet forms is not so clear cut as in the symmetric case. First, though,
we need a preliminary result.

Lemma 3.6.15 For all f, g € S(RY),

E(f g) = — /R R dedu.

Proof Forall f, g € S(R?), by Theorem 3.3.3(2),

1 1
&(f. 8) = 5[5(f, & +E@ N]= —5[(1’, Ag) + (g, Af)]

1 A _— A
=3 [/ JFn@)gu)du +/ é’(u)n(u)f(u)du].
R4 R4
In particular, we have

E(f) = — /R 1F @

= —/Rd | @) R (nw)) du —i/Rd | f ) > S(n(w))du.
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However, A : S(RY) — Co(RY) and hence &( f) € R, so we must have
fRd | f(u) |2 I(n(u)) du = 0. The result then follows by polarisation. |

Exercise 3.6.16 Deduce that £ is positive, i.e. that E(f) > Oforall f € S(RY).

The following result is based on Jacob [149], Example 4.7.32.

Theorem 3.6.17 If £ satisfies the weak-sector condition, then, for all u € R4,
there exists C > 0 such that

I3(nw)| < C[1+R(nw)]. (3.31)

Proof Suppose that & satisfies the weak-sector condition; then, by Exercise
3.6.12, there exists K| > 0 such that |E(f)| < K[|l fll2 + & (f)] for all
f € S(R?). Using Parseval’s identity and the result of Lemma 3.6.15, we thus
obtain

’ /}R dlf(u)lzn(u)du < K, /R ) [1 4+ Rn@)]If@)Pdu.

Hence

2

2
[/R If(u)lzfﬁ(n(u))du} + [/R |f<u>|2rs<n<u>>du]
2
< K? [ /R ) [1+ m(n(u»]m(u)ﬂdu] :

We thus deduce that there exists C > 0 such that

' fR ) |f @) I(n(u)) du

<C /R [14 R @)]If @) du,

from which the required result follows. Ul

Theorem 3.6.17 indicates that the theory of non-symmetric Dirichlet forms
is not powerful enough to cover all Lévy processes: indeed, if we take X to be a
‘pure drift’ with characteristics (b, 0, 0) then it clearly fails to satisfy equation
(3.31) and so cannot yield a Dirichlet form. In Jacob [149], Example 4.7.32, it
is shown that the condition (3.31) is both necessary and sufficient for £ to be a
Dirichlet form. A result of similar type, but under slightly stronger hypotheses,
was first established by Berg and Forst in [34].
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3.7 Notes and further reading

The general theory of Markov processes is a deep and extensive subject and
we have only touched on the basics here. The classic text by Dynkin [86] is
a fundamental and groundbreaking study. Indeed, Dynkin is one of the giants
of the subject, and I also recommend the collection of his papers [87] for in-
sight into his contribution. Another classic text for Markov process theory is
Blumenthal and Getoor [51]. A more modern approach, which is closer to the
themes of this book, is the oft-cited Ethier and Kurtz [99].

A classic resource for the analytic theory of semigroups is Hille and Phillips
[129]. In fact the idea of studying semigroups of linear mappings in Banach
spaces seems to be due to Hille [130]. It is not clear which author first realised
that semigroups could be used as a tool to investigate Markov processes; how-
ever, the idea certainly seems to have been known to Feller in the 1950s (see
Chapters 9 and 10 of [102]).

The modern theory of Dirichlet forms originated with the work of Beurling
and Deny [39, 40] and Deny [79] provides a very nice expository account from
a potential-theoretic point of view. The application of these to construct Hunt
processes was developed by Fukushima and is, as discussed above, described
in Fukushima et al. [112]. The notion of a Hunt process is, of course, due to
G.A. Hunt and can be found in [138].

3.8 Appendix: Unbounded operators in Banach spaces

In this section, we aim to give a primer on all the results about linear operators
that are used in Chapter 3. In order to keep the book as self-contained as pos-
sible, we have included proofs of some key results; however, our account is,
by its very nature, somewhat limited and those who require more sustenance
should consult a dedicated book on functional analysis. Our major sources,
at least for the first two subsections, are Chapter 8 of Reed and Simon [257]
and Chapters 1 and 7 of Yosida [309]. The classic text by Kato [168] is also
a wonderful resource. We assume a basic knowledge of Banach and Hilbert
spaces.

3.8.1 Basic concepts: operators domains, closure, graphs,
cores, resolvents

Let By and B; be Banach spaces over either R or C. An operator from Bj to
B; is a mapping T from a subset D of B; into B>. We call D7 the domain of
T. T is said to be linear if Dr is a linear space and

T(ay + ) = aTy + BTy
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for all Y1, ¥» € Dr and all scalars « and 8. Operators that fail to be linear are
usually called non-linear.

From now on, all our operators will be taken to be linear and we will take
By = B> = B to be a real Banach space, as this is usually sufficient in prob-
ability theory (although not in quantum probability, see e.g. Meyer [226] or
Parthasarathy [249]). Readers can check that almost all ideas extend natu-
rally to the more general case (although one needs to be careful with com-
plex conjugates when considering adjoint operators in complex spaces). When
considering the Fourier transform, in the final section, we will in fact need
some spaces of complex functions, but these should present no difficulty to the
reader.

Linear operators from B to B are usually said to operate in B. The norm in
B will always be denoted as || - ||.

Let T} and T; be linear operators in B with domains D7, and Dr,, respec-
tively. We say that T3 is an extension of T if

(1) Dy, € Dy,
) Ty = Tyy forall ¥ € Dr,.

We write 71 C T in this case. If T3 is an extension of 77, we often call T}
the restriction of T, to Dy, and write T = 17| Dy, -

Linear operators can be added and composed so long as we take care with
domains. Let S and T be operators in B with domains Dg and D, respectively.
Then S 4 T is an operator with domain Dg N Dy and

S+ =Sy +Ty

for all v € Dg N Dr.
The composition ST has domain Dgr = D7 N T‘l(DS) and

STy = S(TY),

for all Y € Dgr.

Let T be a linear operator in B. It is said to be densely defined if its domain
Dr is dense in B. Note that even if S and T are both densely defined, S + T
may not be.

A linear operator T in B with domain D7 is bounded if there exists K > 0
such that

Tyl < K|yl

for all € Dr.
Operators that fail to be bounded are often referred to as unbounded.
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Proposition 3.8.1 A densely defined bounded linear operator T in B has a
unique bounded extension whose domain is the whole of B.

Proof (Sketch) Let ¢ € B; then since D7 is dense there exists ({,,n €
N) in Dy with lim,,—, o ¥, = . Since T is bounded, we deduce easily that
(TYn, n € N) is a Cauchy sequence in B and so converges to a vector ¢ € B.
Define an operator T with domain B by the prescription

Ty = ¢.

Then it is easy to see that T is linear and extends 7. Moreover, T is bounded
since

Tyl =gl = Lm [[Ty,]] < K lim [[Y,|l = K[|Vl
n—oo n— oo
where we have freely used the Banach-space inequality

|(Ilall = 11bID] < [la — b]| foralla, b € B.
It is clear that T is unique. [

In the light of Proposition 3.8.1, whenever we speak of a bounded operator
in B, we will implicitly assume that its domain is the whole of B.
Let T be a bounded linear operator in B. We define its norm ||T || by

Tl = sup{[IT¥|l; ¥ € B, |||l = 1};

then the mapping T — ||T|| really is a norm on the linear space L(B) of all
bounded linear operators in B. L(B) is itself a Banach space (and in fact, a
Banach algebra) with respect to this norm.

A bounded operator T is said to be a contraction if ||T|| < 1 and an isom-
etry if ||T|| = 1 (the Ito6 stochastic integral as constructed in Chapter 4 is
an example of an isometry between two Hilbert spaces). An operator 7 in B
that is isometric and bijective is easily seen to have an isometric inverse. Such
operators are called isometric isomorphisms.

Proposition 3.8.2 A linear operator T in B is bounded if and only if it is
continuous.

Proof (Sketch) Suppose that T is bounded in B and let ¢y € B and (v, n € N)
be any sequence in B converging to . Then by linearity

UTY = TYull < T 1Y = ¥l
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from which we deduce that (T¥,,n € N) converges to T and the result
follows.

Conversely, suppose that T is continuous but not bounded; then for each
n € N we can find ¥, € B with ||{,]|| = 1 and ||T¥y|| = n. Now let
¢n = Y /n; then lim,_, o ¢, = O but ||T¢,|| > 1 for eachn € N. Hence T
is not continuous at the origin and we have obtained the desired contradiction.

O

For unbounded operators, the lack of continuity is somewhat alleviated if
the operator is closed, which we may regard as a weak continuity property.
Before defining this explicitly, we need another useful concept. Let T be an
operator in B with domain Dr7. Its graph is the set Gt € B x B defined
by

Gr={(¥.TV¥): ¥ € Dr}.

We say that T is closed if Gt is closed in B x B. Clearly this is equivalent to the
requirement that, for every sequence (y,, n € N) which converges to v € B
and for which (Ty,,n € N) convergestop € B, ¥ € Drand¢p =Ty . If T
is a closed linear operator then it is easy to check that its domain D is itself a
Banach space with respect to the graph norm |||-||| where

= 11+ 1Tl

for each ¢ € Dr.

In many situations, a linear operator only fails to be closed because its do-
main is too small. To accommodate this we say that a linear operator 7' in B
is closable if it has a closed extension 7. Clearly T is closable if and only if
there exists a closed operator T for which Gr C G ;. Note that there is no
reason why T should be unique, and we define the closure T of a closable T
to be its smallest closed extension, so that T is the closure of T if and only if
the following hold:

(1) T is a closed extension of T';
(2) if T is any other closed extension of T' then D C Dy

The next theorem gives a useful practical criterion for establishing closabil-

ity.

Theorem 3.8.3 A linear operator T in B with domain Dt is closable if and
only if for every sequence (Yr,,n € N) in Dy which converges to 0 and for
which (T, n € N) converges to some ¢ € B, we always have ¢ = 0.
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Proof If T is closable then the result is immediate from the definition. Con-
versely, let (x, y1) and (x, y2) be two points in Gr. Our first task is to show
that we always have y; = y,. Let (x,ll, n € N) and (x,%, n € N) be two se-
quences in Dy that converge to x; then (x,ll — x,zl, n € N) converges to 0 and
(Tx,ll — Tx,%, n € N) converges to y; — y». Hence y; = y; by the criterion.
From now on, we write y = y; = y and define Ti1x = y. Then Tj
is a well-defined linear operator with D7y, = {x € B; thereexists y €
B such that (x, y) € G_T}. Clearly T extends T and by construction we have

G, = Gr, so that T; is minimal, as required. O

From the proof of Theorem 3.8.3, we see that a linear operator 7 is closable
if and only if

G7=Gr.

Having dealt with the case where the domain is too small, we should also
consider the case where we know that an operator 7 is closed, but the domain
is too large or complicated for us to work in it with ease. In that case it is very
useful to have a core available.

Let T be a closed linear operator in B with domain D7. A linear subspace
C of Dy is a core for T if

T|C = T,

i.e. given any ¥ € Dr, there exists a sequence (Y,,n € N) in C such that
lim, 00 ¥, = ¥ and limy, oo T, = T

Example 3.8.4 Let B = Co(R) and define

Dr = {f € Cy(R); f is differentiable and f’ € Co(R)}
and
Tf=f
forall f € Dr;then T is closed and C°(R) is a core for 7.

The final concept we need in this subsection is that of a resolvent. Let T
be a linear operator in B with domain Dr. Its resolvent set p(T) = {A €
C; Al — T is invertible}. The spectrum of T is the set o (T) = p(T)°. Note
that every eigenvalue of T is an element of o(T). If A € p(T), the linear
operator Ry (T) = (Al — T)’l is called the resolvent of T'.
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Proposition 3.8.5 If T is a closed linear operator in B with domain Dt and
resolvent set p(T), then, for all A € p(T), Ry (T) is a bounded operator from
B into Dr.

Proof We will need the inverse mapping theorem, which states that a continu-
ous bijection between two Banach spaces always has a continuous inverse (see
e.g. Reed and Simon [257], p. 83). Now since T is closed, Dr is a Banach
space under the graph norm and we find that for each A € p(T), Y € Dr,

AL =Dyl < AW+ 1T < max{L, [A]} [[[¥]]].

So Al — T is bounded and hence continuous (by Proposition 3.8.2) from Dr
to B. The result then follows by the inverse mapping theorem. [

3.8.2 Dual and adjoint operators — self-adjointness

Let B be a real Banach space and recall that its dual space B* is the linear
space comprising all continuous linear functionals from B to R. The space B*
is itself a Banach space with respect to the norm

1] = sup{|ZCx); [1x[| = 1}.

Now let T be a densely defined linear operator in B with domain D7. We
define the dual operator T® of T to be the linear operator in B* with Dyc =
{l e B*;loT € B*} and for which

T°l=1oT

for each [ € Dye, so that TCI(y) = (T ()) for each [ € Dye, € Dr.

One of the most important classes of dual operators occurs when B is a
Hilbert space with inner product (-, -). In this case the Riesz representation
theorem ensures that B and B* are isometrically isomorphic and that every
I € B* is of the form [y, for some ¥ € B, where Iy, (¢) = (¥, ¢) for each
¥ € B. We may then define the adjoint operator T* of T with domain D7+ =
{¢ € B;ly € Drc} by the prescription T*y = T¢(ly) for each ¢y € Dr=.
If S and T are both linear operators in a Hilbert space B, and ¢ € R, we
have

(S+al) € S*+aT”, (ST)* <T*S*, if SCTthenT" C S

Note that 7** = (T*)* is an extension of T'.
The following result is very useful.
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Theorem 3.8.6 Let T be a linear operator in a Hilbert space B. Then

(1) T* is closed,

(2) T is closable if and only if T* is densely defined, in which case we have
T — T**,

(3) if T is closable then (T)* = T*.

Proof See Reed and Simon [257], pp. 252-3, or Yosida [309], p. 196. O

In applications, we frequently encounter linear operators 7' that satisfy the
condition

(Y1, Tia) = (T, ¥2)

for all 1, Y2 € Dr. Such operators are said to be symmetric and the above
condition is clearly equivalent to the requirement that 7 C T*. Note that if T
is densely defined and symmetric then it is closable by Theorem 3.8.6(2) and
we can further deduce that 7 C T** C T*.

We often require more than this, and a linear operator is said to be self-
adjoint if T = T*. We emphasise that for T to be self-adjoint we must have
D7 = Drpx.

The problem of extending a given symmetric operator to be self-adjoint
is sometimes fraught with difficulty. In particular, a given symmetric operator
may have many distinct self-adjoint extensions; see e.g. Reed and Simon [257],
pp- 257-9. We say that a symmetric operator is essentially self-adjoint if it has
a unique self-adjoint extension.

Proposition 3.8.7 A symmetric operator T in a Hilbert space B is essentially
self-adjoint if and only if T = T*.

Proof We prove only sufficiency here. To establish this, observe that if S is
another self-adjoint extension of 7' then T C S and so, on taking adjoints,

S=8CT =T"=T.
Hence S = T. O
Readers should be warned that for a linear operator T to be closed and
symmetric does not imply that it is essentially self-adjoint. Of course, if T
is bounded then it is self-adjoint if and only if it is symmetric. The simplest

example of a bounded self-adjoint operator is a projection. This is a linear
self-adjoint operator P that is also idempotent, in that P> = P. In fact any
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self-adjoint operator can be built in a natural way from projections. To see this,
we need the idea of a projection-valued measure. This is a family of projections
{P(A), A € B(R)} that satisfies the following:

() P@) =0,PR)=1;
2) P(AiNAy) = P(A))P(Ay) forall A1, Ay € B(R);
(3) if (A,, n € N) is a Borel partition of A € B(R) then

P(AYY =) P(A)Y

n=1

for all € B.

For each ¢, ¥ € B, a projection-valued measure gives rise to a finite mea-
sure ug 4 on B(R) via the prescription pg y(A) = (¢, P(A)y) for each
A € B(R).

Theorem 3.8.8 (The spectral theorem) If T is a self-adjoint operator in a
Hilbert space B, then there exists a projection-valued measure {P(A), A €
BR)} in B such that for all f € B, g € Dr,

(¢, TYr) =fR?~M¢,v/(d/\).

We write this symbolically as

T:/AP(dk).
R

Note that the support of the measure pg o for each ¢ € Dr is o(T), the
spectrum of 7.

Spectral theory allows us to develop a functional calculus for self-adjoint
operators; specifically, if f is a Borel function from R to R then f(T) is again
self-adjoint, where

() =/Rf(?~)1’(d)»)-

Note that || f (T)Y|* = [ [f WP 1|P(d2)y||* for all y € D yery.

A self-adjoint operator T is said to be positive if (f, Tf) > 0 for all f €
D7. We have that T is positive if and only if o (T") C [0, 00).

It is easily verified that a bounded linear operator 7 in a Hilbert space B is
isometric if and only if 7*T = I. We say that T is a co-isometry it TT* = I
and unitary if it is isometric and co-isometric. 7 is an isometric isomorphism
of B if and only if it is unitary, and in this case we have 7! = T*.
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3.8.3 Closed symmetric forms

A useful reference for this subsection is Chapter 1 of Bouleau and Hirsch [55].

Let B be a real Hilbert space and suppose that D is a dense linear subspace
of B. A closed symmetric form in B is a bilinear map £ : D x D — R such
that:

(1) & is symmetric, i.e. £(f, g) = E(g, f) forall f, g € D;

(2) & is positive, i.e. E(f, f) = 0forall f € D;

(3) D is a real Hilbert space with respect to the inner product (-, -)¢, where,
for each f, g € D,

With respect to the inner product in (3), we have the associated norm
- lle = (07

For each f € D, we write £(f) = £(f, f) and note that £(-) determines
&(-, -) by polarisation.

An important class of closed symmetric forms is generated as follows. Let
T be a positive self-adjoint operator in B; then, by the spectral theorem, we
can obtain its square root 7''/2, which is also a positive self-adjoint operator in
B. We have D7 € D712 since, for all f € Dr,

WT'2FIP = (£, TF) < AINNTSI.

Now take D = Dgip2; then E(f) = [IT'2 1|2 is a closed symmetric form.
Indeed (3) above is just the statement that D12 is complete with respect to the
graph norm. Suppose that £ is a closed symmetric form in B with domain D.
Then we can define a positive self-adjoint operator A in B by the prescription

Dy ={f € D, 3g € Bsuchthat £(f, h) = (g, h), Yh € D},
Af =g forall f € Dy.

Our conclusion from the above discussion is

Theorem 3.8.9 There is a one-to-one correspondence between closed symmet-
ric forms in B and positive self-adjoint operators in B.

Sometimes we need a weaker concept than the closed symmetric form. Let
& be a positive symmetric bilinear form on B with domain D. We say that it
is closable if there exists a closed form &£ with domain D; that extends &, in
the sense that D € Dy and £(f) = &£ (f) whenever f € D. Just as in the
case of closable operators, we can show that a closable £ has a smallest closed
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extension, which we call the closure of £ and denote as £. We always write
its domain as D. Here are some useful practical techniques for proving that a
form is closable.

e A necessary and sufficient condition for a positive symmetric bilinear form
to be closable is that for every sequence (f,,n € N) in D for which
limy, 00 frn = 0 and limy, 00 E(fn — fm) = 0 we have lim, o0 E(fn) =
0.

e A sufficient condition for a positive symmetric bilinear form to be closable
is that for every sequence (f,,n € N) in D for which lim,,_,» f, = 0 we
have lim,,, o, £(fy,, g) = 0 for every g € D.

The following result is useful in applications.

Theorem 3.8.10 Let T be a densely defined symmetric positive operator in
B, so that (f,Tf) > 0 forall f € Dr. Define a form € by D = Dr and
Ef)=(f,Tf) forall f € D. Then:

(1) & is closable;
(2) there exists a positive self-adjoint operator T that extends T such that

E(f) = (f, Trf) forall f € D.

The operator Tr of Theorem 3.8.10 is called the Friedrichs extension
of T.

3.8.4 TheFourier transform and pseudo-differential operators

The material in the first part of this section is largely based on Rudin [267].
Let f € L'(R?, C); then its Fourier transform is the mapping f, defined
by

fw) = @m)~4? f e £(x)dx (3.32)
R4
for all u € R?. If we define F(f) = f then F is a linear mapping from
L'(R?, C) to the space of all continuous complex-valued functions on R?
called the Fourier transformation.

We introduce two important families of linear operators in L'(R9, C),
translations (ty, x € R?) and phase multiplications (ex, x € R%), by

@ H) =FfO—x), () =" f(y)
for each f € LY(R4, C) and x, y € R4,
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It is easy to show that each of t, and e, are isometric isomorphisms of
L'(R?, C). Two key, easily verified, properties of the Fourier transform are

— —_— A

wf=e.f and ef=1.f (3.33)

for each x € R?.
Furthermore, if we define the convolution f % g of f, g € L'(R?, C) by

(f *g)(x) = 2m)~%? fR fa=ygdy

for each x € R?, then we have (m) = f 8.
If 1 is a finite measure on RY, we can define its Fourier transform by

) = ()2 / e 1 (dx)
Rd

for each u € RY, and f1 is then a continuous positive definite mapping from
R? to C.
The convolution f %, for f € L'(R4, C) N Co(R¥, C), is defined by

(f %)) = 2m) 4 fR Fle oy,

and we have again that (m) = f .
Valuable information about the range of F is given by the following key
theorem.

Theorem 3.8.11 (Riemann-Lebesgue lemma) If f € L'(R¢, C) then f €
Co(R?, C) and || fllo < IIf 111

If f e L2(R?, C), we can also define its Fourier transform as in (3.32). It
then transpires that F : L2(R?,C) - L%XR4,C)is a unitary operator. The
fact that F is isometric is sometimes expressed by

Theorem 3.8.12 (Plancherel) If f € L*(R?, C) then
[ rwpar = [ 17
R4 R4
or

Theorem 3.8.13 (Parseval) If f, g € L2 (R, C) then

/mg(x)dX=/ fuw)gwdu.
R4 R4
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Although, as we have seen, F has nice properties in both L' and L2, perhaps
the most natural context in which to discuss it is the Schwartz space of rapidly
decreasing functions. These are smooth functions such that they, and all their
derivatives, decay to zero at infinity faster than any negative power of |x|. To
make this precise, we first need some standard notation for partial differential
operators. Let o = («q, ..., ag) be a multi-index, so that o« € (N U {0hH?. We
define |o| = o1 + - - - + g and

o o,
@ 1L 0% 9
- . o og
il 9x] dx,
Similarly, if x = (x1, ..., xs) € R? then x* = x}" -+ x5’

Now we define Schwartz space S(R?, C) to be the linear space of all f €
C*>(R?, C) for which

sup XD f (x)| < o0

xeR4
for all multi-indices « and B. Note that C2° (R4, C) c S(RY,C) and that
the ‘Gaussian function’ x — exp(—xz) is in S(R?, C). The space S(RY, C)
is dense in Co(R?, C) and in L?(R?, C) for all 1 < p < oo. These statements
remain true when C is replaced by R.

The space S(R?, C) is a Fréchet space with respect to the family of norms
{II.1ly, N € NU {0}}, where for each f € S(R?, C)

|1.f1ly = max sup (1 + [x[))[D* £ (x)].

le|<N | cRa

The dual of S(R?, C) with this topology is the space §'(R?, C) of tempered
distributions.

The operator  is a continuous bijection of S(R?, C) into itself with a con-
tinuous inverse, and we have the following important result.

Theorem 3.8.14 (Fourier inversion) If f € S (R4, C) then
f@) = @u ™| fae“Vdu.
Rd

In the final part of this subsection, we show how the Fourier transform
allows us to build pseudo-differential operators. We begin by examining the
Fourier transform of differential operators. More or less everything flows from
the following simple fact:

Daei(u,x) — uaei(u,x)’

for each x, u € R? and each multi-index «.
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Using Fourier inversion and dominated convergence, we then find that
(D" ) = @y P [ e
Rd

forall f € S(R?, C), x € R4,

If p is a polynomial in u of the form p(u) = Zla\sk cqu®, where k € N
and each ¢, € C, we can form the associated differential operator P(D) =
ZI al<k Ca D and, by linearity,

(P(D)f)(x) = 2m)~4/? /

p(u)f(u)ei(“’x)du.
Rd

The next step is to employ variable coefficients. If each ¢, € C®(RY),
for example, we may define p(x,u)= ngk co(@)u* and P(x, D)=
Z|a\5k co(x)D%. We then find that

(P(x, D) f)(x) = 2m) ™" / G 10) ) O,

R
The passage from D to P(x, D) has been rather straightforward, but now we
will take a leap into the unknown and abandon formal notions of differen-
tiation. So we replace p by a more general function o : RY x RY — C.
Informally, we may then define a pseudo-differential operator o (x, D) by the
prescription:

(o(x, D) f)(x) = (277)_01/2/ o (x, u) f(w)e'“Vdu,

R
and o is then called the symbol of this operator. Of course we have been some-
what cavalier here, and we should make some further assumptions on the sym-
bol ¢ to ensure that o (x, D) really is a bona fide operator. There are various
classes of symbols that may be defined to achieve this. One of the most useful
is the Hormander class S;’t s- This is defined to be the set of all o € C®(RY)
such that, for each multi-index « and S,

ID*DPo (x, u)| < Cyp(1 4 |u|?) " —Plel+918D/2

for each x,u € RY, where Cop > 0,m € Rand p,§ € [0, 1]. In this case
o(x,D) : S(RY,C) — S(R?, C) and extends to an operator S’ (R?,C) —
S'(R?, C).



3.8 Appendix: Unbounded operators in Banach spaces 189

For those who hanker after operators in Banach spaces, note the following:

e ifp>0andm < —d + p(d — 1) then o (x, D) : LP(R¢,C) — LP (R4, C)
for1 < p < o0;
e ifm=0and0 <8 <p < ltheno(x, D): L>(R?, C) - L?>(R%, ).

Proofs of these and more general results can be found in Taylor [295]. How-
ever, note that this book, like most on the subject, is written from the point of
view of partial differential equations, where it is natural for the symbol to be
smooth in both variables. For applications to Markov processes this is too re-
strictive, and we usually impose much weaker requirements on the dependence
of o in the x-variable. A systematic treatment of these can be found in Section
2.3 of Jacob [150].
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Stochastic integration

Summary We will now study the stochastic integration of predictable processes
against martingale-valued measures. Important examples are the Brownian, Poisson and
Lévy-type cases. In the case where the integrand is a sure function, we investigate the
associated Wiener-Lévy integrals, particularly the important example of the Ornstein—
Uhlenbeck process and its relationship with self-decomposable random variables. In
Section 4.4, we establish Itd’s formula, which is one of the most important results
in this book. Immediate spin-offs from this are Lévy’s characterisation of Brownian
motion and Burkholder’s inequality. We also introduce the Stratonovitch, Marcus and
backwards stochastic integrals and indicate the role of local time in extending Itd’s
formula beyond the class of twice-differentiable functions.

4.1 Integratorsand integrands

In Section 2.6 we identified the need to develop a theory of integration against
martingales that is not based on the usual Stieltjes integral. Given that our
aim is to study stochastic differential equations driven by Lévy processes, our
experience with Poisson integrals suggests that it might be profitable to inte-
grate against a class of real-valued martingale-valued measures M defined on
Rt x E, where E € B(R?). At this stage, readers should recall the definition of
martingale-valued measure from Subsection 2.3.1. We will frequently employ
the notation

M((s,t], A) =M(t,A) — M (s, A)

forall0 <s <t <00, A € B(E).
In order to get a workable stochastic integration theory, we will need to
impose some conditions on M. These are as follows:

190



4.1 Integrators and integrands 191

(M1) M{0}, A) =0 (ass.);
(M2) M((s,t], A) is independent of Fy;
(M3) there exists a o-finite measure p on R™ x E for which

E(M(t, A)) = p(t, A)

forall0 <s <t < 00, A € B(E). Here we have introduced the abbreviated
notation p(z, A) = p((0, t] x A).

Martingale-valued measures satisfying (M1) to (M3) are said to be of type
(2, p), as the second moment always exists and can be expressed in terms of
the measure p.

In all the examples that we will consider, p will be a product measure taking
the form

p((0, 1] x A) = tiu(A)
foreacht > 0, A € B(E), where u is a o-finite measure on E, and we will
assume that this is the case from now on.
By Theorem 2.2.3, we see that E((M (¢, A), M(t, A))) = p(t, A) provided
p(t, A) < oo.
A martingale-valued measure is said to be continuous if the sample paths
t — M(t, A)(w) are continuous for almost all w € 2 and all A € B(E).

Example 4.1.1 (Lévy martingale-valued measures) Let X be a Lévy pro-
cess with Lévy—Itd decomposition given by (2.25) and take £ = B — {0},
where we recall that B = {x € RY, |x| < 1}.Foreach1 <i <d, A € B(E),
define

M;(t, A) = aN(t, A — {0}) + ﬁaiij(t)So(A),

where o, B € R are fixed and oot = a. Then each M; is a real-valued
martingale-valued measure and we have

pi(t, A) = t[a’v(A —{0]) + Ba;8o(A)].

Note that p; (¢, A) < oo whenever A — {0} is bounded below.
In most of the applications that we consider henceforth, we will have
(a, p) = (1,0) or (0, 1).

Example 4.1.2 (Gaussian space-time white noise) Although we will not
use them directly in this book, we will briefly give an example of a class of
martingale-valued measures that do not arise from Lévy processes.

Let (S, X, n) be a measure space; then a Gaussian space—time white noise
is a random measure W on (S x Rt x Q, T ® B(RT) ® F) for which:
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(1) W(A) and W (B) are independent whenever A and B are disjoint sets in
BR"Y) ® F;
(2) each W(A) is a centred Gaussian random variable.

Foreacht > 0, A € X, we can consider the process (W4 (¢), t > 0) where
Wa(t) = W(A x [0, ¢]) and this is clearly a martingale-valued measure. In
concrete applications, we may want to impose the requirements (M1)—(M3)
above.

The simplest non-trivial example of a space—time white noise is a Brownian
sheet, for which S = (RT)? and ¥ is its Borel o-algebra. Writing Wy = W
([0, t1] x [0, £2] X --- x [0, tg41]), foreach t = (11, 12, ..., tg41) € (RT)4HL,
the Brownian sheet is defined to be a Gaussian white noise with covariance
structure

EWWs) = (s1 At1)(s2 Ata) -+ (Sag1 A tagr).

For further details and properties see Walsh [299], pp. 269-71. Some examples
of non-Gaussian white noises, that are generalisations of Lévy processes, can
be found in Applebaum and Wu [9].

Now we will consider the appropriate space of integrands. First we need to
consider a generalisation of the notion of predictability, which was introduced
earlier in Subsection 2.2.1.

Fix E € B(R?) and 0 < T < oo and let P denote the smallest o -algebra
with respect to which all mappings F : [0,T] x E x 2 — R satisfying (1)
and (2) below are measurable:

(1) for each 0 < t < T the mapping (x,w) — F(t,x,w) is B(E) @ F;-
measurable;
(2) Foreachx € E, w € 2, the mapping t — F (¢, x, w) is left-continuous.

We call P the predictable o-algebra. A P-measurable mapping G
[0,T] x E x Q — R is then said to be predictable. Clearly the definition
extends naturally to the case where [0, T] is replaced by R™.

Note that, by (1), if G is predictable then the process t — G(¢, x, -) is
adapted, for each x € E. If G satisfies (1) and is left-continuous then it
is clearly predictable. As the theory of stochastic integration unfolds below,
we will see more clearly why the notion of predictability is essential. Some
interesting observations about predictability are collected in Klebaner [170],
pp. 214-15.

Now let M be a (2, p)-type martingale-valued measure. We also fix T > 0
and define H> (T, E) to be the linear space of all equivalence classes of map-
pings F : [0, T] x E x 2 — R which coincide almost everywhere with respect
to p x P and which satisfy the following conditions:
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e F is predictable;
T
./ fE(|F(t,x)|2)p(dt,dx)<oo.
0 E

We may now define the inner product (-, -)7 , on Ha(T, E) by

T
<F’G>T,p:/ /E((F(t,X),G(t,X)))p(dl,dX)
0 E

for each F, G € Ha(T, E), and we obtain a norm ||| , in the usual way.
Note that by Fubini’s theorem we may also write

T
IFIE, :E(/o f |F<r,x>|2p<dz,dx>).
E

Lemma4.1.3 Hy(T, E) is a real Hilbert space.

Proof Clearly Hy (T, E) is a subspace of L2([0,T) x E x 2, p x P)). We
need only prove that it is closed and the result follows. Let (F,,n € N) be a
sequence in Ho(T, E) converging to F € L. It follows by the Chebyshev—
Markov inequality that (F,, n € N) converges to F in measure, with respect to
p x P, and hence (see e.g. Cohn [73], p. 86) there is a subsequence that con-
verges to F' almost everywhere. Since the subsequence comprises predictable
mappings it follows that F is also predictable, hence F € H»(T, E) and we
are done. U

Recall that p is always of the form p(dx, dt) = u(dx)dt. In the case where
E = {0} and n({0}) = 1, we write Ha(T, E) = H(T). The norm in H»(T')

is given by
T
IIFll7 =E (f |F(r>|2dz) :
0

For the general case, we have the natural (i.e. basis-independent) Hilbert-space
isomorphisms

Hy(T,E) = LA(E, u; Ho(T)) = L*(E, p) ® Ha(T),

where ® denotes the Hilbert space tensor product (see e.g. Reed and Simon
[257], pp. 49-53), and = means ‘is isomorphic to’.

Define S(T, E) to be the linear space of all simple processes in H (T, E)
where F is simple if, for some m,n € N, there exists 0 < t; <t < --- <
tm+1 = T and disjoint Borel subsets A1, A, ..., A, of E with each u(A4;) <
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o0 such that

m n

F = Z : CkF () X1 X Acs
=1 k=1

where each ¢ € R and each F(¢)) is a bounded F;;-measurable random vari-
able. Note that F is left-continuous and B(E) ® J;-measurable, hence it is
predictable.

In the case of H>(T), the space of simple processes is denoted S(7') and
comprises mappings of the form

m
F = ZF(tj)X(lj,fjH]'

j=1
Lemma4.1.4 S(T, E) is dense in Hy(T, E).

Proof We carry this out in four stages. In the first two of these, our aim is to

prove a special case of the main result, namely that S(7T') is dense in H>(T).
Step 1 (Approximation by bounded maps) We will denote Lebesgue mea-

sure in [0, T) by /. Let F € H»(T) and, foreach 1 <i <d, n € N, define

Fi(s, w) if |F(s, )| < n,

F,(s,0) = {0 if [F(s,w)| > n.

The sequence (F,, n € N) converges to F pointwise almost everywhere (with
respectto/ x P), since, given any & > 0, there exists n¢ € N such that

(sz)< U N Ul orlFt o) - Fi o) >e}>

ecQNR* npeN n=ng

=({x P) (ﬂ U {(t, w); |F(t, )| zn})

noeN n=ng

IA

. =\ |IF I3
D xP)IFto)lzn) < ) 3 <8,

n=ng n=ng

where we have used the Chebyshev—Markov inequality.
By dominated convergence, we obtain

lim ||F, — F||r = 0.
n—>00o
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Step 2 (Approximation by step functions on [0, T]) Let F € H(T) be
bounded as above. Define

2"—1 27"kT
F, (t, a)) = 2"T—1 Z (/ F(S, a))ds) X{2-"kT <t<2-"(k+1)T}
= \Voa-nr

foralln e N0 <t < T, w € Q; then it is easy to see that each F, € S(T).
For each n € N, define A,F = F,; then A, is a linear operator in H>(T')
with range in S(T). It is not difficult to verify that each A, is a contraction,
i.e. that ||A, F|lr < ||F||r, for each F € H,(T). The result we seek follows
immediately once it is established that, for each F € H>(T), lim,_  ||A, F —
F||r =0. This is comparatively hard to prove and we direct the reader to Steele
[288], pp. 90-3, for the full details. An outline of the argument is as follows.
For each n € N, define a linear operator B, : Ha(T) — L2([0, T)x 2, [ x P)
by

(B, F)(t, w)

2" 27"kT
= 2"T—1 Z (/ F(S, Cl))dS) X{2=n(k—=1)T <t<2-"kT}
= \J2ra-nr

for each w € Q,0 < ¢t < T. Note that the range of each B, is not in
S(T). However, if we fix w €  then each ((B,F)(-,w),n € N) can be
realised as a discrete-parameter martingale on the filtered probability space
(Sw, Gw, (QL(O"), n € N), Q,), which is constructed as follows:

I(A
So = {0} x[0,T], G, ={(w,A),AcB(0,TD}, Qu(A)= %

for each A € B([0, T]). Foreach n € N, Qa()") is the smallest o -algebra with
respect to which all mappings of the form

n

E Cr X{2=n(k—1)T <t<2="kT}»
k=1

where each ¢; € R, are QCE,") -measurable. Using the fact that conditional ex-
pectations are orthogonal projections, we deduce the martingale property from
the observation that, foreachn € N, (B, F)(t, w) = Eo(F (t, )|G™). By the
martingale convergence theorem (see, for example, Steele [288] pp. 22-3),
we can conclude that (B,F)(t,w),n € N) converges to F(z, ) for all
t € [0, T) except a set of Lebesgue measure zero. The dominated convergence
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theorem then yields lim,_, « ||BpF — F||r = 0. Further manipulations lead
to lim,— 00 ||An (B F) — Fl|7 = 0 for each fixed m € N. Finally, using these
two limiting results and the fact that each A, is a contraction, we conclude that
foreachn,m e N

|AnF — Fllr < [|An(F = By (F)Ir + [|An(BnF) — FlIr
< IF = Bu(F)llr + ||An(BnF) — Flir

and the required result follows.

By steps 1 and 2 together, we see that S(T') is dense in Ha(T).

Step 3 (Approximation by mappings with support having finite measure)
Let f € L*(E, w). Since p is o-finite, we can find a sequence (A,,n € N)
in B(E) such that each u(A,) < oo and A, 1 E as n — o0. Define (f,,n €
N) by fu = fxa,. Then we can use dominated convergence to deduce
that

lim |1 f, — fll2 = [If1I* = lim || f,]I> = 0.
n—0o0 n—>o
Step 4 (S(T, E) is dense in H(T, E)) Vectors of the form
m
ZF(tj)X(fj,tj+l]

j=1

are dense in H;(T') by steps 1 and 2, and vectors of the form Zzzl Ck XA, are
dense in L2(E, w), with each (Ayx) < oo, by step 3. Hence vectors of the
form

n m
<Z CkXAk> ® (Z F(tj)X(tj,tjurl])
k=1 j=1
are total in L2(E, 1) & Hp(T), and the result follows. O

Henceforth, we will simplify the notation for vectors in S(7T', E) by writing
each ¢, F(tj) = Fi(t;) and

n m,n

m
ZZC'kF(fj)X<z,~,r,-+1]XAk = Z Fe(t)) Xyt 0 X Ar-

j=1 k=1 j.k=1
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4.2 Stochasticintegration
4.2.1 The L2-theory

In this section our aim is to define, for fixed T > 0, the stochastic integral
It (F)= fOT Jg F(t,x)M(dt,dx) as a real-valued random variable, where
F € Hy(T, E) and M is a martingale-valued measure of type (2, p).

We begin by considering the case where F € S(T, E), for which we can
write

F = Fe(ti) X1 X A
Jk=1
as above. We then define
m,n
Ir(F) =" Fet)M (. tj41], Ap). 4.1)
jk=1

Before we analyse this object, we should sit back and gasp at the breathtak-
ing audacity of this prescription, due originally to K. It6. The key point in the
definition (4.1) is that, for each time interval [¢;, t; 1], Fy(¢;) is adapted to the
past filtration ]—",‘/. while M ((¢;, tj+1], Ax) ‘sticks into the future’ and is inde-
pendent of F;;. For a Stieltjes integral, we would have taken instead F (u ),
where f; < u; < t;41is arbitrary. It is impossible to exaggerate the importance
for what follows of It6’s simple but highly effective idea.

Equation (4.1) also gives us an intuitive understanding of why we need
the notion of predictability. The present ¢; and the future (¢;, #;41] should not
overlap, forcing us to make our step functions left-continuous.

Exercise 4.2.1 Deduce thatif F,G € S(T, E) and «, 8 € Rthen aF + BG €
S(T, E) and

It(aF 4+ BG) = alr (F) + Blr (G).

Lemma4.2.2 For eachT >0, F € S(T, E),
T
E(Ir(F)) =0, E(r(F)*) = / / E(|F(t, x)*)p(dt, dx).
0 E

Proof By the martingale property, foreach 1 < j < m, 1 < k < n, we
have

EM (1), 1j41], A) = 0.
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Hence by linearity and (M2),

m,n

E(Ir(F)) = Y E(Fi(t;)) B(M((t). tj1]. A) =0

Jk=1
By linearity again, we find that
E(I7 (F)?)

mn  m,n

= Z E(F(t)M((t), tj1], AOF @M (1, 11411, Ap))

J.k=11,p=1
n

o~
I

3
3

Y

Y B(F )M (1), 1], ADF )M (4, t111], Ag))
1 p=1I<j

+ Y Y E(F)Fp Mt tia], ADM (. 1411, Ap))
Jk=1 p=1

m,n

ZZE Fe@p)M (), 1], A Fp ()M (11, 1411, Ap)).

]k 1p=11i>j

Dealing with each of these three terms in turn, we find that by (M2) again

m,n

3 ZZE Fe)M (@), 1], AOFp ()M (11, 1411, Ag))
k=1 p=1I<j

m,n n

ZZZE(Fp(fI)M((tI, t41,Ap) Fr(t))EM ((t),1j411,Ar)) = 0

j=1p=1li<j

and a similar argument shows that

S 3 S E(FE )M 1), ADF )M (@ 1r11], Ap)) = 0

k=1 p=11>j

By (M2) and the independently scattered property of random measures,

S S () F DM 1311, AOM (. 5511, A))
Jj.k=1 p=1

mmn n

=2 ZE Fe(t)Fp))) B(M (¢, 1411, AOM (1), 1], Ap))
j.k=1 p=

= 3 EB(Fp)D) (M, 17411, AY).

j.k=1
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Finally, we use the martingale property and (M3) to obtain

Z ZE(Fk(tj)Fp(tj)M((tjv tivil, AOM((t), 1311, Ap))

Jok=1 p=1

= Y EFHH[EM (111, AP —EM (1, A)D)]
J.k=1

=Y E(Ft)Hp (). tis1], Ap),
j=l1

and this is the required result. U]

We deduce from Lemma 4.2.2 and Exercise 4.2.1 that /7 is a linear isometry
from S(T, E) into LZ(Q, F, P), and hence by Lemma 4.1.4 it extends to an
isometric embedding of the whole of H, (T, E) into L?(S2, F, P). We will
continue to denote this extension as I7 and will call I (F) the (It6) stochastic
integral of F € H,(T, E). When convenient, we will use the Leibniz notation
Ir(F) = [} [, F(t,x)M(dt, dx). We have

E(Ir(F)») = IFll},

for all F € Hy(T, E), and this identity is sometimes called [t0’s isometry. It
follows from Lemma 4.1.4 that for any F' € H (T, E) we can find a sequence
(Fu,n e N) e S(T, E) such that lim, . || F — Fyl|T,p, = 0 and

T T
/ / F@, x)yM(dt,dx) = L? — lim / / F,(t, x)M(dt,dx).
0o JE =0 Jjo JE
If0<a<b<T,A € B(E)and F € H(T, E), it is easily verified that
Xa.pyxaF € Ho(T, E) and we may then define

b
Iopa(F) = / / F(t,x)yM(dt,dx) = It (X@pnxaF).
a A

We will also write I, = I4.p:E.-

If ||F||;,p < ooforall# > 0 it makes sense to consider (/;(F),t > 0) asa
stochastic process, and we will implicitly assume that this condition is satisfied
whenever we do this.

The following theorem summarises some useful properties of the stochastic
integral.
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Theorem 4.23IfF,G € Hy(T, E) and a, B € R then:

(1) Ir(aF + BG) = alr (F) + BIr (G);

() E(r(F)) =0, E(r(F)?) = foT [ E(F (1, )P p(dt, dx);
3) (;(F),t = 0) is Fy-adapted;

@) (I;(F),t > 0) is a square-integrable martingale.

Proof (1) and (2) follow by continuity from Exercise 4.2.1 and Lemma 4.2.2.

For (3), let (F,,, n € N) be a sequence in S(T, E) converging to F; then
each process (I;(F,),t > 0) is clearly adapted. Since each I,(F,) — I;(F) in
L? as n — 00, we can find a subsequence (Fy, , ny € N) such that I;(F,,) —
I;(F) (a.s.) as ny — 00, and the required result follows.

4). Let F € S(T, E) and (without loss of generality) choose 0 < s =
1 < tiy1 < t. Then it is easy to see that [;(F) = I;(F) + I, (F) and hence
Es(1:(F)) = I;(F) + Es(I5,:(F)) by (3). However, by (M2),

E, (I, (F)) = E; ( DD RGpM )yt Ak))

j=l+1 k=1

n

= Y D E(F)) E(M((t), 1111, A) = 0.

j=Il+1 k=1

The result now follows by the contractivity of E; in L2. Indeed, let
(Fn,n € N) be a sequence in S(T, E) converging to F'; then we have

|[Bs (1 (F)) — B ()|, < [11L,(F) = L(Fy)ll2
:||F_F)1||T,p—> 0 asn — oo.
O

Exercise 4.2.4 Deduce that if F, G € H»(T, E) then
E(r (F)Ir(G)) =(F,G)r ,-

Exercise 4.25 Let M be a martingale-valued measure that satisfies (M1)
and (M2) but not (M3). Define the stochastic integral in this case as an
isometric embedding of the space of all predictable mappings F for which
I [ EAF (1, )1} (M, M)(dt, dx) < oo, where for each A € B(E), 1 > 0,
we define

(M’ M)(t’ E) = <M(’ E)’ M(’ E))(t)
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4.2.2 The extended theory

We define P, (T, E) to be the set of all equivalence classes of mappings F :
[0, T] x E x 2 — R which coincide almost everywhere with respect to p x P
and which satisfy the following conditions:

e F is predictable;

T
« P (/ / |F(t, x)|?p(dt,dx) < oo) =1.
0 E

Exercise 4.2.6 Deduce that P»(T, E) is a linear space and show that

Ho(T, E) S P(T, E).

Show also that P>(T, E) is a topological space with topology generated by the
basis {O4 F; F € P2(T, E), a > 0}, where O, r equals

T
{G e P,(T,E); P (/ / |G (t, x) — F(t, x)|*p(dt, dx) < a> = 1}.
0 E

We have a good notion of convergence for sequences in P>(T, E), i.e.
(Fy, n € N) converges to F if

T
P(lim[ /|Fn(t,x)—F(t,x)|2,o(dt,dx):0):1.
0 E

n—oo

Exercise 4.2.7 Imitate the argument in the proof of Lemma 4.1.4 to show that
S(T, E) is dense in P>(T, E).

Lemma 4.2.8 (cf. Gihman and Skorohod [118], p. 20) If F € S(T, E) then for

allC,K >0
T
P(/ /F(t,x)M(dt,dx) >C)
0o JE
K r )
§—2+P</ f|F(t,x)| ,o(dt,dx)>K>.
C o JE

Proof Fix K > 0 and define FK by

Fpty)  if Y02 @) o, il A) < K,

Fy (1) = .
0 otherwise.
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Then FX € §(T, E) and

mg  ng

T
| [ 1 e oreandn =33 ol an.
0 E

i=1 =1
where mg and ng are the largest integers for which

mg  ng

DO R o tial, A) < K.

i=1 I=1

By definition, we have

T
F = 1:"1( if and only if / / |F(t,x)|2,o(dt,dx) < K;
o JE

then, by the Chebychev—Markov inequality,

T
P(/ fF(t,x)M(dt,dx) >C)
o JE
T
:P(/ /F(t,x)M(dt,dx)
o JE
+P</ /F(t,x)M(dt,dx)
0.7 JE
T ~
fP(f /FK(t,x)M(dt,dx)
0o JE

~ 2 T
BT ([ e oo - )
0 E

>C, F:FK>

> C, F;«EFK>

> c) + P(F # Fg)

C2

K T )
sgrr ([ [reoroanan - k).
c o JE

as required.

Now let FF € P,(T, E); then by Exercise 4.2.7 we can find (F,,n € N)
in S(T, E) such that lim,_,, @(F), = 0 (a.s.), where for each n € N
a(F), = fOT fE |F(t,x) — Fu(t, x)|*p(dt, dx). Hence lim,_, o (F), = 0

in probability and so («(F),, n € N) is a Cauchy sequence in probability.
By Lemma 4.2.8, forany m,n € N, K, 8 > 0,
> ,B)
K

(
T
< — + P(/ / |F,(t, x) — F,,(t, x)|*p(dt, a’x)>K) . 4.2
o JE

T
/ /[Fn(wd—Fm(t,x)]M(dz,dx)
0 E
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Hence, for any y > 0, given € > 0 we can find my € N such that whenever
n,m > mo

T
P (/ f |F(t, x) — Fu(t, x)|?p(dt, dx) > yﬁz) <e.
0 E

Now choose K = y2 in (4.2) to deduce that the sequence

(/ / F,(t,x)M(dt,dx), n € N)
0T JE

is Cauchy in probability and thus has a unique limit in probability (up to
almost-sure agreement). We denote this limit by

T
1}(F)=/ /F(t,x)M(dt,dx),
0 E

so that

T T

//F(t,x)M(dt,dx) = lim //F,,(t,x)M(dt,dx) in probability.
n—o0

0 E 0 E

We call fT (F) an (extended) stochastic integral and drop the qualifier ‘ex-
tended’ when the context is clear.

We can again consider (extended) stochastic integrals as stochastic pro-
cesses (f[ (F), t > 0), provided that we impose the condition

P (/ / |F(t,x)|*p(dt, dx) < oo) =1
0 E

Exercise 4.2.9 Show that (1) and (3) of Theorem 4.2.3 continue to hold for
extended stochastic integrals.

forall ¢ > 0.

Exercise 4.2.10 Extend the result of Lemma 4.2.8 to arbitrary F € P>(T, E).

Exercise 4.2.11 Let Y be an adapted cadlag process on [0, T] and let F €
P2(T, E). Confirm that the mapping (s, x,:) — Y(s—)(-)F(s,x)(:) is in
Pr(T, E).

Of course we cannot expect the processes (IAt (F),t = 0) to be martingales
in general, but we have the following:
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Theorem 4.2.12

(1) (it(F), t > 0) is a local martingale.
) (I;(F),t = 0) has a cadlag modification.

Proof (1) Define a sequence of stopping times (7, n € N) by:

Tn(a)):inf{tzo;/ /|F(t,x)(a))|2p(a’t,dx)>n}
0 JE

for all w € Q2,n € N. Then lim,_,o T, = oo (a.s.). Define F,(t,x) =
F(t, x)xr,>n forallx € E,t > 0,n € N; then

// Fo(t, ) (@) Po(dt, dx) <,
0 E

hence F, € Hx(t, E) for all t > 0. By Theorem 4.2.3(4), each (f, (Fp),t >
0) is an L2-martingale, but f, (F,) = f, AT, (F) and so we have our required
result.

(2) Since (T,, n € N) is increasing, for each w € Q we can find no(w) € N
such that #p = 7o A Tj,(w). But by Theorem 4.2.3 each (IA,ATn (F),t = 0)
is a martingale and so has a cadlag modification by Theorem 2.1.6, and the
required result follows. ]

We finish this section by looking at the special case when our martingale-
valued measure is continuous.

Exercise 4.2.13 Show that if M is continuous then 7 (F) is continuous at each
0<t<T,whenF € S(T,E).

Theorem 4.2.14 If M is continuous and F € P>(T, E), then f,(F) is continu-
ouson [0, T].

Proof First we consider the case where FF € H)(T, E). Let (F,,n € N)
be a sequence in S(7, E) converging to F'; then by the Chebyshev—Markov
inequality and Doob’s martingale inequality we have, for each € > 0,

P ( sup |1, (Fn) — 1,(F)| > 6) = G%E( sup |1, (Fy) —Ir(F)|2>

0=<t<T 0<t<T
4 2
< 6_2E(|IT(Fn) — It (F)[%)

—0 as n— oo.
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Hence we can find a subsequence (Fy, , ny € N) such that

lim sup |[,(F,)—1L,(F)|=0 a.s.,
ng—=>00 o</ <T
and the required continuity follows from the result of Exercise 4.2.13 by an
€/3 argument. The extension to P>(T, E) follows by the stopping argument
given in the proof of Theorem 4.2.12(2). O

4.3 Stochasticintegralsbased on L évy processes

In this section our aim is to examine various stochastic integrals for which the
integrator is a Lévy process.

4.3.1 Brownian stochastic integrals

In this case we take E = {0} and we write P, (T, {0}) = P>(T), so that this
space comprises all predictable mappings F : [0,T] x 2 — R for which

P (fOT \F () 2dt < oo) =1

For our martingale-valued measure M we take any of the components (B!,
B2, ..., B™) of an m-dimensional standard Brownian motion B = (B(t), t >
0). For most of the applications in which we will be interested, we will want
to consider integrals of the type

Yir) = /t Fi(s)dB'(s)
0

forl <i <d,0<1t<T,where F = (F ') is a d x m matrix with entries
in P>(T). This stochastic integral generates an R9-valued process ¥ = (Y (¢),
0 <t < T) with components (Yl, YZ, R Yd), and Y is clearly continuous at
each 0 < ¢ < T by Theorem 4.2.14. Furthermore, if G = (G(¢),t > 0) is an
R?-valued predictable process with each G (t) € L'[0, T]then Z = (Z(t),t >
0) is adapted and has continuous sample paths, where foreach 1 <i < d

Z'(1) = / Fi(s)dB’(s) + f G'(s)ds (4.3)
0 0

(see e.g. Royden [266], p. 105, for a proof of the almost-sure continuity of
t — [y G'(s)(w)ds, where » € Q).

In the next section we will meet the following situation. Let (P,, n € N) be
a sequence of partitions of [0, T'] of the form

. (n) (n) (n) (n) _
P" - { - tO < [1 < [m(n) < tm(n)+1 - T}
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and suppose that lim,,_, », 6 (P,) = 0, where the mesh

(n)
t./‘ +1

6(P,) = max

0<j<m(n)

_ )
tj

Let (F(¢),t > 0) be a left-continuous adapted process and define a se-
quence of simple processes (F,, n € N) by writing

m(n)

_ (n)
F,(t) = Z(; F ™)Xo 0,0
foreachn e N,O<tr<T.
Lemma4.3.1F, - F inP,(T) as n — oc.

Proof This is left as an exercise for the reader. Ol

It follows by Lemma 4.3.1 via Exercise 4.2.10 that [,(F,) — I[,(F) in
probability as n — oo, foreachO <t <T.

4.3.2 Poisson stochastic integrals

In this section we will take E = B — {0}. Let N be a Poisson random
measure on RT x (RY — {0}) with intensity measure v. We will find it
convenient to assume that v is a Lévy measure. Now take M to be the
associated compensated Poisson random measure N. In this case, Po»(T, E)
is the space of all predictable mappings F : [0,T] x E x € — R for which

P <f0T [ |F(t,0)Pv(dx)dt < oo) = 1. Let H be a vector with components
(H', H?, ..., Hd) taking values in P>(T, E); then we may construct an
R9-valued process Z = (Z(t),t > 0) with components (Z', AR A
where each

T
ZNT) = / H'(t, x)N (dt, dx).
0 |x]<1

We can gain greater insight into the structure of Z by using our knowledge of
the jumps of N.

Let A be a Borel set in RY — {0} that is bounded below, and introduce
the compound Poisson process P = (P(t),t > 0), where each P(t) =
/ 4 XN(t,dx). Let K be a predictable mapping; then, generalising equation
(2.5), we define

T
/ /K(t,x)N(dt,dx): D K@, APu)xa(AP ) (44)
0 A

O<u<T

as a random finite sum.
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In particular, if H satisfies the square-integrability condition given above
we may then define, foreach 1 <i <d,

T
/ / H'(z, x)N (dt, dx)
0 JA

T T
=/ /H"(z,x)N(dt,dx)—/ /H"(z,x)v(dx)dz.
0 JA 0 JA

Exercise 4.3.2 Confirm that the above integral is finite (a.s.) and verify that
this is consistent with the earlier definition (2.5) based on martingale-valued
measures. (Hint: Begin with the case where H is simple.)

The definition (4.4) can, in principle, be used to define stochastic integrals
for a more general class of integrands than we have been considering. For
simplicity, let N = (N (¢),t > 0) be a Poisson process of intensity 1 and let
f : R — R; then we may define

fo FNEANG) = 3 (NG + ANG)ANG).
O<s<t
Exercise 4.3.3 Show that, for each ¢ > 0,
/Ot N (s)dN (s) — fot N(s—)dN(s) = N(t).
Hence deduce that the process whose value at time ¢ is f(; N (s)d N (s) cannot

be a local martingale.

Within any theory of stochastic integration, it is highly desirable that the
stochastic integral of a process against a martingale as integrator should at
least be a local martingale. The last example illustrates the perils of abandoning
the requirement of predictability of our integrands, which, as we have seen in
Theorem 4.2.12, always ensures that this is the case. The following result
allows us to extend the interlacing technique to stochastic integrals.

Theorem 4.3.4

(1) If F € P(T, E) then for every sequence (A,,n € N) in B(E) with A, 4
E asn — oo we have

T T
limf / F(t,x)N(dt,dx):f /F(t,x)N(dt,dx)
n—o0 Jo Ap 0 E

in probability.



208 Stochastic integration

2) If F € Hy(T, E) then there exists a sequence (A,,n € N) in B(E) with
eachv(A,) < oocand A, 1+ E as n — oo for which

T T
lim/ / F(t,x)N(dt,a’x):/ /F(t,x)N(dt,dx) a.s.
n—oo [q i 0 E

and the convergence is uniform on compact intervals of [0, T'].

Proof (1) Using the result of Exercise 4.2.10, we find that for any 6, € > 0,

neN,
o )

<—+P</ / |F(t,x)| v(dx)dt>8>
E—Ay,

from which the required result follows immediately.
(2) Define a sequence (¢,,n € N) that decreases monotonically to zero,
with €; = 1 and, forn > 2,

T
€, = sup <y > 0,/ / E(|F (t, x)|*) v(dx)dt < 8—") .
0 O<|x|<y

Define A, = {x € E; ¢, < |x| < 1} for each n € N. By Doob’s martingale
inequality, for each n € N,

(sup / f F(u, x)N(du dx) — / / F(u, x)N(du dx)
0<s<t Ant1 Ay
2
o )
:/ / E(|F (u, x)|*) v(dx)du.
0 JA,1—A,

The result then follows by the argument in the proof of Theorem 2.5.2. O

T
F(t,x)N(a’t,a’x)—/ / F(t,x)N(dt,dx)| >
An

F(u, x)N (du, dx)

An+1*An

4.3.3 Lévy-type stochastic integrals

We continue to take E = B — {0} throughout this section. We say that an R?-
valued stochastic process Y = (Y (¢), ¢t > 0) is a Lévy-type stochastic integral
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if it can be written in the following form, foreach 1 <i <d,t > 0:

t

Yi(r) = Yi(O)—l—/ Gi(s)ds—i—/ Fi(s)dB’ (s)
0 0
+/ Hi(s, x)N (s, dx)
0 lx]<1

+ / t K'(s, x)N(ds, dx), (4.5)
0 |x|>1

where, foreach 1 < i <d,1 < j < m,t > 0, we have |Gi|1/2, F} €
Py(T), H € Po(T,E) and K is predictable. Here B is an m-dimensional
standard Brownian motion and N is an independent Poisson random measure
on Rt x (R — {0}) with compensator N and intensity measure v, which we
will assume is a Lévy measure.

Let (t,, N U {oo}) be the arrival times of the Poisson process (N (¢, E€),
t > 0). Then the process with value fé flxlzl Ki(s,x)N(ds,dx) attime 7 is a
fixed random variable on each interval [1,, T,+1) and hence it has cadlag paths.
It then follows from Theorems 4.2.12 and 4.2.14 that Y has a cadlag modifi-
cation, and from now on we will identify ¥ with this modification. We will
assume that the random variable Y (0) is Fp-measurable, and then it is clear
that Y is an adapted process.

We can often simplify complicated expressions by employing the nota-
tion of stochastic differentials (sometimes called 110 differentials) to represent
Lévy-type stochastic integrals. We then write (4.5) as

dY (t) = G(t)dt + F (t)dB(t)+ H (¢, x)N (dt, dx) + K (t, x)N (dt, dx).

When we want particularly to emphasise the domains of integration with re-
spect to x, we will use the equivalent notation

dY (t) = G(t)dt + F(t)dB(t)
+ H(t, x)N (dt, dx) +f K (t, x)N(dt, dx).

[x[<1 Jx|>1

Clearly Y is a semimartingale.

Exercise4.3.5 Deduce that Y is a local martingale if and only if G is identically
zero and K vanishes on the support of the restriction of N to {|x| > 1}. Under
what further conditions is ¥ a martingale?

Let £(2) denote the set of all Lévy-type stochastic integrals on
(€2, F, P).
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Exercise 4.3.6 Show that £() is a linear space.

Exercise 4.3.7 Let (P,, n € N) be a sequence of partitions of [0, T'] as above.
Show that if ¥ is a Lévy-type stochastic integral then

m(n) T
lim ZY(;}’”)[Y(;}’_’QI) —Y(t](.”))] = /O Y (s—)dY (s),
n=0

where the limit is taken in probability.

Let M = (M(t),t > 0) be an adapted process that is such that MJ €
Ps(t, A) whenever J € Pa(t, A), where A € B(RY) is arbitrary. For example,
it is sufficient to take M to be adapted and left-continuous.

For these processes we can define an adapted process Z = (Z(¢),t > 0) by
the prescription that it has the stochastic differential

dZ(t) = M(t)G(t)dt + M(t)F(1)dB(t) + M(t)H (¢, x)N (dt, dx)
+M@)K(t, x)N(dt, dx),

and we will adopt the natural notation
dZ(t) = M@)dY (t).

Example 4.3.8 (Lévy stochastic integrals) Let X be a Lévy process with
characteristics (b, a, v) and Lévy-It6 decomposition given by equation (2.25):

X (1) = bt + B, (1) +/

lx]<1

xN(z,dx) +/ xN(z,dx),

[x|>1

foreacht > 0. Let L € P,(¢) forallt > 0 and in (4.5) choose each F; = U}L,
H' = K' = x'L, where 66T = a. Then we can construct processes with the
stochastic differential

dY (t) = L(t)dX (¢). (4.6)

We call Y a Lévy stochastic integral.

In the case where X has finite variation (necessary and sufficient conditions
for this are given at the end of Section 2.3), the Lévy stochastic integral ¥ can
also be constructed as a Lebesgue—Stieltjes integral and this coincides (up to
set of measure zero) with the prescription (4.6); see Millar [229], p. 314.

Exercise 4.3.9 Check that each Y (¢), ¢ > 0, is almost surely finite.
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We can construct Lévy-type stochastic integrals by interlacing. Indeed if
we let (A,, n € N) be defined as in the hypothesis of Theorem 4.3.4, we may
consider the sequence of processes (¥, n € N) defined by

Y,;‘(;):/ Gf(s)ds+/ F;i(s)dB-f(s)Jr// H'(s, x)N (ds, dx)
0 0 0 JA,

+// K'(s, x)N(ds, dx)
0 [x]|>1

foreach 1 <i <d,t > 0. We then obtain from Theorem 4.3.4 the following:

Corollary 4.3.10

(1) If H € Pa(t, E), then, for every sequence (A,,n € N) in B(E) with
Ayt E asn — 00, we have

lim Y,(t) =Y (@) in probability.
n—o0

) If F € Hy(T, E) then there exists a sequence (A,,n € N) in B(E) with
eachv(A,) < oo and A, 1+ E as n — oo for which

lim Y,(¢) =Y () a.s.
n—oo

and for which the convergence is uniform on compact intervals of
[0, T].

We can gain greater insight into the above result by directly constructing
the path of the interlacing sequence but we will need to impose an addi-
tional restriction on the sequence (A,, n € N) appearing in part (1), that each
v(A,) < oo.

Let C = (C(2),t = 0) be the process with stochastic differential dC(¢) =
G@)dt+F(t)dB(t);letdW (t) = dC (t)+K (¢, x)N (dt, dx). We can construct
W from C by interlacing with the jumps of the compound Poisson process
P=(P(t),t > 0) for which P(t) = ]|x|>1 xN(t,dx), as follows. Let (8", n €

N) be the jump times of P; then we have

C() for0 <t < S',
W) = C(SH + K(S', AP(SY) fort = S,
T lwESH+C@)-C(SH for S! <t < S2,

W(S2—) + K(S%, AP(S%)  fort = S2,

and so on recursively.
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To construct the sequence (Y,,n € N) we need a sequence of com-
pound Poisson processes O, = (Qn(¢),t > 0) for which each Q,() =
f A, xN(t,dx), and we will denote by (T,”, m € N) the corresponding se-
quence of jump times. We will also need the sequence of Lévy-type stochastic
integrals (Z,, n € N) wherein each

ZL(t) = W) —/ H'(s, x)v(dx)ds.
0 JA,

We construct the sequence (Y,,n € N) appearing in Corollary 4.3.10 as
follows:

Zu(t) for0 <t <T)],
v Z,(TH+ H(T!, AQ,(T))) fort =T],
t) =
n(0) Y (T + Z,(t) — Z, (T} forT! <t <TP?,

Y, (T; =)+ H(T}, AQ.(T))  fort =T,

and so on recursively.

4.3.4 Stable stochastic integrals

The techniques we have developed above allow us to define stochastic integrals
with respect to an «-stable Lévy process (X4 (¢), ¢ > 0) for 0 < o < 2; indeed,
we can define such an integral as a Lévy stochastic integral of the form

Y(t):f L(s)dX(s)
0

where L € P,(¢) and, in the Lévy-Ité6 decomposition, we take ¢ = 0 and the
Poisson random measure N to have Lévy measure

1
U(dX) = Cmdx

where C > 0. There are alternative approaches to the problem of defining such
stochastic integrals, (at least in the case d = 1) that start off as we do, by defin-
ing the integral on step functions as in equation (4.1). However, the correspond-
ing limit is taken in a more subtle way, that exploits the form of the characteris-
tic function given in Theorem 1.2.21 rather than the Lévy—Khintchine formula
and which allows more subtle properties of the stable process X to pass through
to the integral. In Samorodnitsky and Taqqu [271], pp. 121-6, this is carried
out for sure measurable functions f, which, instead of being L2, satisfy the
requirement fot | f(s)|“ds < oo and in the case « = 1 the additional constraint
fo l[f®) log|f()l|ds < oo. It is shown that each [y f(s)dX(s) is itself
a-stable.
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The extension to predictable processes (L(s), s > 0) satisfying the integra-
bility property (||L||q)* = f(; E(L(s)|%) ds < oo was carried out by Giné
and Marcus [119]; see also Rosiriski and Woyczynski [265] for further devel-
opments. The extent to which the structure of the stable integrator is carried
over to the integral is reflected in the inequalities

cr([IL]1e)" < supA®P ( sup / L(s)dX(s)
0

A>0 0<t<T

> )») = 2(I[L )",

where ¢y, ¢2 > 0. The left-hand side of this inequality is established in Rosinski
and Woyczynski [265] and the right-hand side in Giné and Marcus [119].

4.3.5 Wiener—Lévy integrals, moving averages and the
Ornstein—Uhlenbeck process

In this section we study stochastic integrals with sure integrands. These have a
number of important applications, as we shall see. Let X = (X (¢),f > 0) bea
Lévy process taking values in R? and let f € L?(R"); then we can consider
the Wiener—Lévy integral Y = (Y (t),t > 0) where each

Y(t) = fo F()dX (s). 4.7)

These integrals are defined by the same procedure as that used above for ran-
dom integrands. The terminology ‘Wiener—-Lévy integral’ recognises that we
are generalising Wiener integrals, which are obtained in (4.7) when X is a
standard Brownian motion B = (B(t), t > 0). In this latter case, we have the
following useful result.

Lemma4.3.11 For each t > 0, we have Y (t) ~ N (0, f()[ |f(s)|2ds).

Proof Employing our usual sequence of partitions, we have

m(n)

[ oo =12 i 3 (2) - 2]

so that each Y (¢) is the L2-limit of a sequence of Gaussians and thus is itself
Gaussian. The expressions for the mean and variance then follow immediately,
from arguments similar to those that established Theorem 4.2.3(2). O

We now return to the general case (4.7). We write each X (t) = M (t)+A(t),
where M is a martingale and A has finite variation, and recall the precise form
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of these from the Lévy—It6 decomposition. Our first observation is that the
process Y has independent increments.

Lemma4.3.12 For each 0 <s <t <00, Y (t) — Y (s) is independent of F;.

Proof Utilising the partitions of [s, ¢] from Lemma 4.3.11 we obtain

Y —Y(s) = / Jf)dX (u)

m(n)

T (n) (n) (n)
- i 3 )) - )]
j=0
m(n)
. (n) (n) (n)
i S [a() - ()]
j:

where the first limit is taken in the L2-sense and the second in the pathwise
sense. In both cases, each term in the summand is adapted to the o-algebra
o{X () — X(u);s <u < v < t}, which is independent of F;, and the result
follows. O

From now on we assume that [ € L2(R) N LY (R) so that, for each t > 0,
the shifted function s — f(s —t) is also in L>(R) N L' (R). We want to make
sense of the moving-average process Z = (Z(t), t > 0) given by

Z(t) = /00 f—0dX(s)

for all + > 0, where the integral is defined by taking (X (¢),¢ < 0) to be an
independent copy of (—X (¢), ¢ > 0).1

Assumption 4.3.13 For the remainder of this subsection, we will impose the

condition le|>1 |x|v(dx) < oo on the Lévy measure v of X.

Exercise 4.3.14 Show that for each ¢ > 0, the following exist:

00 T
/ fls = DdM(s) = L* = lim / f(s — 1)dM(s),
—00 - J_T

00 T
/ f(s—t)dA(s) = L' — [Jim / f(s —dA(s).
-0 —oJ_T

Exercise 4315 Let feL?*(R) N L'(R) and consider the Wiener—
Lévy integral defined by Y () = fot f(s)dX (s) for each ¢t > 0. Show that

Lyr you want (X (1), € R) to be cadlag, when ¢+ < 0 take X (¢) to be an independent copy of
—X(—t-).
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t t c
P (f f(s)dX (s)| > c) <P (f f(s)dM(s)| > 5)
0 0
+P <
> —
2
for each ¢ > 0, and then apply the appropriate Chebyshev—Markov inequality
to each term.)

Y = (Y (¢),t = 0) is stochastically continuous. (Hint: Use

; JF($)dA(s)

Recall that a stochastic process C = (C(¢),t > 0) is strictly stationary if,
foreachn e NO<ti < <---<t; <o0,h >0, wehave

(€t +h),Clty+h),....Clty+ ) = (C(1), Cta), ... Cltn)).

Theorem 4.3.16 The moving-average process Z = (Z(t),t > 0) is strictly
Stationary.

Proof Lett > 0 and fix & > 0, then

[e¢) o0
Z(t+h)=/ f(s—t—h)dX(s):/ f(s—0dX(s+h)
—00 —00
m(n)
. : (n) (Vl) (n)
= fim Jim > (s =o)X s+ ) =X (5" + 1))
]=
where {—T = sé") < sf") << sigf()n)ﬂ = T} is a sequence of partitions

of each [T, T] and limits are taken in the L2 (respectively, LYY sense for the
martingale (respectively, finite-variation) parts of X.

Since convergence in L? (for p > 1) implies convergence in distribution
and X has stationary increments, we find that for each u € R?

m(n)
E (e 20+y — hm lim E(exp |:i (u, Z f<s§.") _ t)
T —00 n—>00 P !

B )

m(n)
— lim lim E(exp[ u, f )

T— 00 h—>00
j=0

xh@m—dwmb
— B (e 20,

so that Z(r + h) < Z(1).
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In the general case,let0 <7 <t <--- <tyandu; € R 1 < Jj < n.
Arguing as above, we then find that

E (exp |:Z(Mj, Z(t; + h)):|>

j=1

=E | exp Z(“p/w f(s_zj—h)dX(S)>:|>

Lj=1

=E|exp Z(uj,/oo f(s_zj)dX(S)):D

Lj=1

=E(exp| ) (. Z(tj)):|) :

LJj=1

from which the required result follows. O

Note In the case where X is «-stable (0 <o <2) and ffooo | f(s)|%ds <
00, then Z is itself a-stable; see Samorodnitsky and Taqqu [271], p. 138, for
details.

The Ornstein—Uhlenbeck process is an important special case of the
moving-average process. To obtain this, we fix A >0 and take f(s)=
e“x(_oo,o] (s) for each s < 0. Then we have, for each r > 0,

t

t 0
Z(t) = / e MTIAX (5) = / e MTIAX (s) + / e M4 X (s)
o0 —c0 0
t
=eMZ(0) + / e MTIgX (s). (4.8)
0

The Ornstein—Uhlenbeck process has interesting applications to finance and to
the physics of Brownian motion, and we will return to these in later chapters.
We now examine a remarkable connection with self-decomposable random
variables. We write Z = Z(0) so that, for each t > 0,

0 —t 0
7 = / e dX(s) = / eMdX (s) + / eMdX (s),
—00 —00 —t

and we observe that these two stochastic integrals are independent by Lemma
4.3.12. Now since X has stationary increments, we can argue as in the proof of
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Theorem 4.3.16 to show that

—t 0
/ eMdX(s) =e M / eMdX (s — 1)

oo —0o0

0
L oM f M dX (s)

o
=eMZ.

Hence we have that Z = Z| + Z», where Z; and Z, are independent and Z; 4
e~ Z. 1t follows that Y is self-decomposable (see Subsection 1.2.5). This re-
sult has a remarkable converse, namely that given any self-decomposable ran-
dom variable Z there exists a Lévy process X = (X (¢), ¢ > 0) such that

0
Z:/ e *dX (s).

—00
This result is due to Wolfe [306] in one dimension and to Jurek and Vervaat
[162] in the many- (including infinite-) dimensional case (see also Jurek and
Mason [161], pp. 116-44). When it is used to generate a self-decomposable
random variable in this way, the Lévy process X is often called a background-
driving Lévy process, or BDLP for short.

Note Our study of the Ornstein—Uhlenbeck process has been somewhat crude
as, through our assumption on the Lévy measure v, we have imposed con-
vergence in L' on lim;_, o fi), e *dX (s). The following more subtle theorem
can be found in Wolfe [306], Jurek and Vervaat [162] and Jacod [155]; see also
Barndorff-Nielsen et al. [21] and Jeanblanc et al. [158].

Theorem 4.3.17 The following are equivalent:

(1) Z is a self-decomposable random variable;

2) Z = lim; fg e *dX (s) in distribution, for some cadlag Lévy pro-
cess X = (X(t),t >0);

3) le|>1 log(1 + |x|)v(dx) < oo, where v is the Lévy measure of X;

(4) Z can be represented as Z(0) in a stationary Ornstein-Uhlenbeck process
(Z(@),1=0).

The term ‘Ornstein—Uhlenbeck process’ is also used to describe processes
of the form Y = (Y (¢), t > 0) where, for each t > 0,

t
Y()=e Myy+ / e M=IdX (s), 4.9)
0

where yg € R is fixed. Indeed, these were the first such processes to be studied
historically, in the case where X is a standard Brownian motion (see Chapter 6
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for more details). Note that such processes cannot be stationary, as illustrated
by the following exercise.

Exercise 4.3.18 If X is a standard Brownian motion show that each Y (¢) is
Gaussian with mean e~ yg and variance (1/21)(1 — e~ 2*]).

The final topic in this section is the integrated Ornstein—Uhlenbeck process
I7 = (Iz(t),t = 0), defined as

Iz(t):/ Z(u)du.
0

Clearly Iz has continuous sample paths. We derive an interesting relation due

to Barndorff-Nielsen [28]. Note that the use of Fubini’s theorem below to in-

terchange integrals is certainly justified when X is of finite variation.
Integrating (4.8) yields, for each t > 0,

1 B Y
I;)=—(1—¢ “)Z(O)Jr/ f e M =IGX (s)du
A o Jo
=%(1—e‘“)Z(O)+ / f eI dudX (s)
0 K
_l _ M l ' _ A=)
= x(l e )Z(O)Jr/\/O (1—-e YdX (s)

1
= X[Z(O) - Z0)+ X))

This result expresses the precise mechanism for the cancellation of jumps in
the sample paths of Z and X to yield sample-path continuity for /7.

4.4 1t0'sformula

In this section we will establish the rightly celebrated 1t6 formulae for suf-
ficiently smooth functions of stochastic integrals. Some writers refer to this
acclaimed result as It6’s lemma, but this author takes the point of view that the
result is far more important than many others in mathematics that bear the title
‘theorem’. As in drinking a fine wine, we will proceed slowly in gradual stages
to bring out the full beauty of the result.

4.4.1 1t&'sformulafor Brownian integrals
Let M = (M (¢),t > 0) be a Brownian integral of the form

M) = / t Fj(s)dB’ (s)
0
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for1 <i < d, where F = (F;) is a d x m matrix taking values in P, (T)
and B = (B!,..., B™) is a standard Brownian motion in R”. Our goal is to
analyse the structure of (f(M(¢)),t > 0), where f € C%(RY).

We begin with a result of fundamental importance. Here we meet in dis-
guise the notion of ‘quadratic variation’, which controls many of the algebraic
properties of stochastic integrals.

Let (P,, n € N) be a sequence of partitions of the form

_ _ (n) (n) (n) .
Pn— {O—IO <t1 < v <l‘m(n) <tm(n)+1 = },

and suppose that lim,_, o, 6(P,) = 0, where the mesh §(P,) is given by

(n) (n)
maxo<j<m(n) |tj+1 — tj |

Lemmad.4.1lf Wy € Ha(T) for each 1 <k,l < m then
2 : - (n) ki .(n) k( .(n) 1 (n) 1 (1)
i 3w ) [ 2 - ) ) - )]
]:
m T
=> f Wi (s)ds.
k=170

Proof To simplify the notation we will suppress n, write each Wy, (tj(.")) as ij,
: k _ pk(,(n) k() )y ()
and introduce ABj =B (tj+1) — B (tj ) and At; = Ligg =1
Now since B¥ and B’ are independent Brownian motions, we find that

2

E [Z Wi (ABS(ABY) =33 WAt
J Jjok .

—E [Z Wi (ABH? =" Xk: W[ At
J _

J

= Y E(Whwi (a8l - an)[aB)’ - ar]).
i,j.k

As in the proof of Lemma 4.2.2, we can split the sum in the last term into three
cases: i < j; j > i;i = j.By use of (M2) and independent increments we
see that the first two vanish. We then use the fact that each AB j‘ ~ N(0, Atj),
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which implies E((ABj?)“) = 3(At;)?, to obtain

> E(WLWA[(ABL? = A][(ABE? = Ar])

ik
_ ZE(( [(aBh? - an])
= Y EWODE([(ABD? - AG])  byM2)
X
= Y E(W) E((ABY* = 2ABH A + (A1)?)
j.k

=2 E(Wi)? (At))?
j.k
—0 as n— oo,

and the required result follows. ]

Corollary 4.4.2 Let B be a one-dimensional standard Brownian motion, then
_ lim Z (t™) = B(") P
s )~ BT =T

Proof Immediate from the above. Ul

Now let M be a Brownian integral with drift of the form
t t
M (1) :f Fi(s)dB’ (s) +/ G'(s)ds, (4.10)

where each F’ L(GHYV2 ePyt)forallt >0,1<i<d,1<j<m.
For each 1 < i < j, we introduce the quadratic variation process, denoted
as ((M', M7](t),t = 0), by

(M, M) =) / Fl(s)F{(s)ds.
k=170

We will explore quadratic variation in greater depth as this chapter unfolds.

Now let f € C2(R?) and consider the process (f(M(t)),t > 0). The chain
rule from elementary calculus leads us to expect that f (M (¢)) will again have
a stochastic differential of the form

df (M () = 8 f (M (1)) dM' (7).

In fact, Itd showed that df (M (¢)) really is a stochastic differential but that in
this case the chain rule takes a modified form. Additional second-order terms
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appear and these are described by the quadratic variation. More precisely we
have the following.

Theorem 4.4.3 (It&’stheorem 1) If M = (M (¢), t > 0) is a Brownian integral
with drift of the form (4.10), then for all f € C*(R%), t > 0, with probability
1 we have

FM@) — f(M(0))
t A 1 [ o
=/O aif(M(S))dMl(S)-i-E/O 9;0; f (M (s))d[M', M7](s).

Proof We follow closely the argument given in Kunita [182], pp. 64-5.

We begin by assuming that M (¢), F j’ (t) and G'(r) are bounded random
variables for all ¢+ > 0. Let (P,, n € N) be a sequence of partitions of [0, 7] as
above. By Taylor’s theorem we have, for each such partition (where we again
suppress the index n),

FM@) = f(M(0)) = Z FM(t31)) = fF(M (1)) = Ji(t) + 52(0)

k=0
where
Ji(t) =0 f (M) [M (1) — M (1),
k=0
Jo(t) = Z 8iajf(N,'/})[Mi(tk+l) — M (1) |[M (tr41) — M7 (1) ]

k=0
and where the Nl.k/ are each F(#+1)-adapted R?-valued random variables sat-

isfying | N/, — M(@)| < M (1) — M ().
Now by Lemma 4.3.1 we find that, as n — oo,

1) — /O 0, £ (M(s)) dM' (s)

in probability.
We write J5(¢t) = K1(t) + K»(¢), where

Ki() =Y 8:0; f (M) [ M (1) — M (0)][M7 (t11) — M7 (1)),
k=0

Ky(t) =y [3i0,f (Nf) = 9,9, f (M (1))

k=0
x [M' (txs1) — M (6) [[M7 (i) — MY (1) ]
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Then by a slight extension of Lemma 4.4.1, we find that as n — oo,

t
K1) — / 9;0; f(M(s))d[M", M7](s).
0
By the Cauchy—Schwarz inequality, we have

|K2(¢)| = max 10:0; £ (N}) = 8:9; f (M (1))

m 172, 172
X[Z[M"<rk+1)—M"<zk)]2} {Z[(Mj(tk+1)—Mf(tk)]2 :

k=0 k=0

Now as n — o0, by continuity,
max |8,<8]-f(ij) — 30, f(M(t)| — 0
0<k<m .

while

(M (ti11) — M'(8))” — [M', M'1(r)

NE

k

Il
=}

in L2, Hence, by Proposition 1.1.9 we have K»(t) — 0 in probability.
To establish the general result, we introduce the sequence of stopping times
(T (n), n € N) defined by

T (n) = inf {t > 0; max{M' (1), G' (¢), F}(1);
l<i<d,1<j<m}>n}An
so that lim,_, o, T (n) = oo (a.s.). Then the argument given above applies to

each (M(t AT (n)), t > 0) and the required result follows by the continuity of
f» when we take limits. ]

Now let C12(R*, RY) denote the class of mappings from RT x R? to R
that are continuously differentiable with respect to the first variable and twice
continuously differentiable with respect to the second.

Corollary 444 1f M = (M (¢), t > 0) is a Brownian integral with drift of the
form (4.10), then for all f € Cl’z(R+, Rd), t > 0, with probability 1 we have
taf

(s,M(s)) dM' (s)
Bxi

9
f, M(t))—f(O,M(O))=/ a—f(s,M(S))der/
0 0§ 0

1 t 2 . .
+§/ O (s M(s)) dIM, MI1(s).
0

8)(,‘3)(_,‘
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Proof Using the same notation as in the previous theorem, we write

Fa,M@) = FO,M©O) =Y [f (1, Mtxs1)) = f (6, M(1x1))]
k=0
+ Y LF (e, M(tig1)) = f (6, M(@)]-
k=0

By the mean value theorem, we can find #; < s < tx4+1, foreach 0 < k <

m — 1, such that

D L (st M(t)) = f (e M (1))

k=0

= Z 8—(51(» M(tiy1)) (i1 — t)
i—0 98

—>/ %(S,M(S)) ds asn — 00.
0 as

The remaining terms are treated as in Theorem 4.4.3. O

4.4.2 1t0'sformula for Lévy-type stochastic integrals

We begin by considering Poisson stochastic integrals of the form
t
Wit) = W (0) +/ /K"(s,x)N(ds,dx) 4.11)
0 Ja

for1 <i <d,wheret > 0, A is bounded below and each K' is predictable.
1t6’s formula for such processes takes a particularly simple form.

Lemma4.4.5If W is a Poisson stochastic integral of the form (4.11), then for
each f € C(Rd), and for each t > 0, with probability 1 we have

FOV @) — FW(O0))
_ /0 /[f(W(s—) + K (5, 0)) — F(W(s—)IN(ds, dx).
A

Proof LetY(t) = fA xN(dt, dx) and recall that the jump times for Y are

defined recursively as T;' = 0 and, for each n € N, TA = inf{r > TA ;
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AY (t) € A}. We then find that

FAW (@) = £(W(0)
=) W) — fW(s—)

0<s<t

=S FW@ATH) — FWa ATL))
n=1

[f Wt AT =) +KGAT, AYAATY) — f(tAW (T )]

I
Nk

n

I
-~ —

= /A[f(W(S—) + K (s, x)) — f(W(s—))IN(ds, dx).

0

Now consider a Lévy-type stochastic integral of the form
. . . [ .
Y' () =Y'(0)+ Y. (1) +/ / K'(s,x)N(ds, dx) (4.12)
0 JA
where
Yi(t) = / G'(s)ds + / Fj’- (s)dB’ (s)
0 0

foreacht > 0,1 <i <d.
In view of Theorem 4.2.14, the notation Y, used to denote the continuous

part of Y is not unreasonable.
We then obtain the following It6 formula.

Lemmad4.4.6 If Y is a Lévy-type stochastic integral of the form (4.12), then,
for each f € C*(R?), t > 0, with probability 1 we have

JFY @) = fX(0)
! : 1 [ o
=/0 % f (Y (s—)) dYé(S)JrE/O 0;0; f (Y (s—)) d[Y¢, Y/1(s)

+/0 /A[f(Y(S—)JrK(S,X)) — fY (s—)IN (s, dx).
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Proof Using the stopping times from the previous lemma, we find that

f@a»—fwmnziﬁfﬁ( ATED) = F(Y (e AT])]
=SSt aTts ) T
+2 [F(Y(eATH) = FX (e AT =)

Now using the interlacing structure, we observe that for each T ]A <t<T ;}H
we have

Y (1) =Y(T)'=) + Ye(t) = Ye(T[),

and the result then follows by applying Theorem 4.4.3 within the first sum and
Lemma 4.4.5 within the second. ]

Now we are ready to prove Itd’s formula for general Lévy-type stochastic
integrals, so let Y be such a process with stochastic differential

dY (1) = G(t) dt + F(t) dB(1) + H(t, x)N(dt, dx)

[x]<1

+/ K(t,x)N(dt,dx), 4.13)
Ix>1

where, foreach 1 <i <d,1 < j <m,t >0, |G’|l/2 F’ € 772(T) and
H' € P>(T, E). Furthermore, we take K to be predictable and E=8- {03.
We will also continue to use the notation introduced above,

dY.(t) = G(t)dt + F(t)dB(t),

and we will, later on, have need of the discontinuous part of Y, which we
denote as Y4 and which is given by

dYy(t) = H(t, x)N(dt,dx) + / K(t, x)N(dt,dx)

lxl<1 lx[>1

so that foreach t > 0

Y () =Y(0) +Yc(r) + Ya(0).
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Theorem 4.4.7 (I1t&'stheorem 2) If Y is a Lévy-type stochastic integral of the
form (4.13), then, for each f € C2(RY), t > 0, with probability 1 we have

FOW) = FYO)
t . 1 t . .
=/0 8if(Y(s—))dYé(s)+§/0 8,0, F (¥ (s=)) dIY!, Y/1(s)

+./o fl TG0 + K60 = FX G-p]N s, d)
+/0 /H 1[f(Y(S_)+H(S’x))_f(Y(S—))]N(ds,dx)

+/0 fH @)+ H s x) = F X (=)
—H' (s, x)9; f (Y (s—))v(dx)ds.

Proof We first assume that Y (s) and H (s, x) are bounded random variables for
each0 < s <t and |x| < 1. We can then assert that all terms in the formula are
well defined. Indeed, for the penultimate term in the formula we can use the
mean value theorem to show that the mapping (¢, x) — [f(Y (s—)+H (s, x))—
f (Y (s—))] is in Pa(¢, E), and the finiteness of the final term in the formula
follows by similar considerations, using Taylor’s theorem.

Now, to establish the formula itself we recall the sets (A, n € N) defined as
in the hypothesis of Theorem 4.3.4 and the sequence of interlacing processes
(Y, n € N) defined by

Y,;'(t):/ G"(s)ds+/ F;I(s)dBf'(s)+// H' (s, x)N(ds, dx)
0 0 0 Ay

+// Ki(s, x)N(ds, dx)
0 [x]|>1

foreachl1 <i <d,t > 0.
By Lemma 4.4.6, for each n € N,

FXa(@®) = (¥ (0))
! : 1 [ o
=/ % f (Y (s—)) dYC’(S)+§/ 9;0; f(Y (s—)) d[Y,, Y/1(s)
0 0

+/o /H l[f(y(s_)“((s’x)) — f(Y(s—))]N(ds, dx)
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+/O/A [f(¥ (=) + H(s,20)) = f (¥ (s=)]N (ds, dx)
_fO[/; H' (s, x)8; f (Y (s—)v(dx)ds

_ /0 0, £ (¥ (s—)) dY! (s) +§/0 00, £ (¥ (=) dIY!, Y/1(s)
+/O[ /m» [/ (Y (s=) + K (s, %) = f(¥ (s=)]N (ds, dx)

+f0 //; [f (Y (s=) + H(s,x)) — f(Y (s—))]N(ds, dx)

+f0 fA [ (Y (s—) + H(s,x)) — f(Y(s—))
—H' (5, x)3; f (Y (s—)) |v(dx)ds.

Now by Corollary 4.3.10 we have that Y,,(¢r) — Y (¢) in probability as n —
00, and hence there is a subsequence that converges to Y () almost surely.
The required result follows by passage to the limit in the above along that
subsequence. The case of general ¥ and H now follows by a straightforward
stopping-time argument. ]

Note Theorem 4.4.7 is extended to a more general class of semimartingales in
Ikeda and Watanabe [140], Chapter II, Section 4.

We have not yet finished with 1t6’s formula, but before we probe it further
we need some subsidiary results.

Proposition 4.4.8If H' € P»(t, E) for each 1 < i < d then

t
// |H (s, x)H (s, x)|N(ds,dx) < oo  as.
0 lx]<1

foreach1 <i,j<d,t>0.

Proof The required result follows by the inequality 2|xy| < |x|> + |y|?, for
x,y € R, if we can first show that fot flx|<1 |H (s, x)|*N (ds, dx) < oo (a.s.)
foreach 1 <i < d, and so we will aim to establish this result.
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Suppose that each H' € Ha(t, E); then

E(// |H"(s,x)|21v(ds,dx)>
0 Jlx|<l

:// E(H' (s, x)|?) dsv(dx) < oo.
0 lx]<1

Hence Ji<1 |H (s, x)|*N (ds, dx) < oo (a.s.). Now let each H' e P»(t, E).
For each n € N, define

t
Tn:inf{t>0;// |H"(s,x)|2)dsv(dx)>n},
0 Jix|<l

so that lim,,_, oo T, = 0©. Then each

(AT,
/ f |H' (s, x)|*N(ds,dx) < oo as.
0 |x]<1
and the required result follows on taking limits. O

Corollary 449 If Y is a Lévy-type stochastic integral then for 1 < i < d,
t >0,

Z AY'(s)? <00  as.

0<s<t

Proof By Proposition 4.4.8,

> AYi(s)

O<s<t

2
=> [H"<s,AY(s))xm<s>eE}+ > K, AY(s))x{AmeEC}}

0<s<t O<s=t
= Z H'(s, AY (9))* X(av (er) + Z K'(s, AY ()’ xiar s)eEe)
0<s<t 0<s<t

=/fH"(s,x)2N(ds,dx)+// Ki(s, x)>N(ds, dx) < oo a.s.
0 JE 0 ¢

O

We will use Proposition 4.4.8 to transform It6’s formula in Theorem 4.4.7
to a more general form.
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Theorem 4.4.10 (It®&'s theorem 3) If Y is a Lévy-type stochastic integral of
the form (4.13) then, for each f € C*(R?), t > 0, with probability 1 we have

F @) = fYO)
t ) l t . )
=/ 3 f (Y (s—)) dY!(s)+5/ 8;9; f (Y (s—)) d[YL, Y{1(s)
0 0
+ D [f ) = fFX (=) — AY (9)d: f (Y (s—))]-

O<s<t

Proof This is a straightforward but tedious exercise in algebraic mani-
pulation of the result of Theorem 4.4.7, which we leave to the reader. We will
show, however, that the random sum in the expression is almost surely finite.
This follows from Proposition 4.4.8 since, by a Taylor series expansion and the
Cauchy—Schwarz inequality, we have

Y - frs—) - AYi(S)aff(Y(S—))]‘

0<s<t

/0 /E [f(F (=) + K (s,x) = f(¥ 5=)

=

— K'(s, x)3 f (Y (s—)) N (ds, dx)

4_

fofE[f(Y(S—)JrH(S,X))—f(Y(S—))

+ H' (s, x)3; f (Y (s—)) N (ds, dx)

5// |K'(s,x)K (s, x)9;0; f (Y (s—) + 0(s, x)K(s,x))| N(ds, dx)

0 JE°©

+//|Hi(s,X)H"(s,x)afajf(Y(s—)+¢(s,X)H(s,X))iN(ds,dX)
0JE

< sup [9;0; f (¥ (s—))l (/ K (s, x)K’ (s, x)IN (ds, dx)
0 JE¢

0<s<t

+/ /|H"(s,x)Hf(s,x)|N(ds,dx)>
0 E

t t
+/ |K(s,x)|2N(ds,dx)+f /lH(s,x)lzN(ds,dx)
0 E°¢ 0 E
< o0 a.s.,

where each0 < s <tand 0 < 6(s, x), p(s,x) < 1. O
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The advantage of this formula over its predecessor is that the right-hand
side is expressed entirely in terms of the process Y itself and its jumps. It is
hence in a form that extends naturally to general semimartingales.

Exercise 4.4.11 Let d = 1 and apply 1t6’s formula to find the stochastic dif-
ferential of (¢¥ ), ¢ > 0), where Y is a Lévy-type stochastic integral. Can you
find an adapted process Z that has a stochastic differential of the form

dZ(t) = Z(t—)dY (¢)?
We will return to this question in the next chapter.

The investigation of stochastic integrals using It6’s formula is called
stochastic calculus (or sometimes Itd calculus), and the remainder of this chap-
ter and much of the next will be devoted to this topic.

4.4.3 Quadratic variation and 1t0’s product formula

We have already met the quadratic variation of a Brownian stochastic integral.
We now extend this definition to the more general case of Lévy-type stochastic
integrals ¥ = (Y (¢),¢ > 0) of the form (4.13). So for each r > 0 we define
a d x d matrix-valued adapted process [Y,Y] = ([Y,Y](),t > 0) by the
following prescription for its (i, j)thentry (1 <1i, j < d):

YY1 =Y, v!]o + Z AY'(s)AY(s). (4.14)
0<s<t

By Corollary 4.4.9 each [Y, Y /](¢) is almost surely finite, and we deduce that

[Y', Y1)
m T t
— Zf F,;‘(s)F,j(s)ds+/ Hi(s,x)H'(s, x)N (ds, dx)
k=10 0 Jlx|<1
t
+ff K'(s,x)K’(s, x)N(ds, dx), (4.15)
0 Jix|=1

so that we clearly have each [Y', Y/](t) = [Y/, Y](z).

Exercise 4.4.12 Show that foreach o, 8 e Rand 1 <1, j,k <d, t >0,

[aY' + BY 7 Y*(6) = alY', Y¥1() + LY, YX1(0).

The importance of [Y, Y] is that it measures the deviation in the stochastic
differential of products from the usual Leibniz formula. The following result
makes this precise.
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Theorem 4.4.13 (1t&’'s product formula) If Y ! and Y? are real-valued Lévy-
type stochastic integrals of the form (4.13) then, for all t > 0, with probability
1 we have that

Y)Y % @) :Y‘(O)Y2(0)+f Y (s=)dY?(s)
0

+f Y2(s=)dY'(s) +[Y', Y?1(0).
0

Proof We consider Y! and Y2 as components of a vector Y = (Y, ¥?) and
take f in Theorem 4.4.10 to be the smooth mapping from R? to R given by
fxl x?) = xlx2

By Theorem 4.4.10 we then obtain, for each ¢ > 0, with probability 1,

Y'U(H)Y% @) :YI(O)Y2(0)+f Y (s=)dY?(s)
0

+f Y2 (s—)dY'(s) + [Y), Y21(r)
0

+ > {r'©ris) - Y (s—)Y3(s—)

0<s<t
—[Y'(s) =Y (s)]¥Y*(s—)
—[Y*(s) =Y (s ]Y' (s},

from which the required result easily follows. O

Exercise 4.4.14 Extend this result to the case where Y! and Y2 are d-
dimensional.

We can learn much about the way our 1t6 formulae work by writing the
product formula in differential form:

dY'OY?*(t) =Y ' (t=)dY?(t) + Y>(t—=)dY ' (1) +d[Y", Y?](2).

By equation (4.15), we see that the term diy’, Yz](l), which is sometimes
called an It6 correction, arises as a result of the following formal product rela-
tions between differentials:

dB'(t)dB’(t) = 8"dt, N(dt,dx)N(dt,dy) = N(dt,dx)s(x — y)

for 1 <i, j < m, where all other products of differentials vanish; if you have
little previous experience of this game, these relations are a very valuable guide
to intuition.
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Note we have derived It6’s product formula as a corollary of 1t6’s theo-
rem, but we could just as well have gone in the opposite direction, indeed the
two results are equivalent; see e.g. Rogers and Williams [262], Chapter IV,
Section 32.

Exercise 4.4.15 Consider the Brownian stochastic integrals given by 7 (1) =
for Fj].‘ (s)dB/ (s) for each t > 0, k = 1, 2, and show that

[P0 =" Ao =) / Fj()F}(s)ds.
j=170

Exer cise 4.4.16 For the Poisson stochastic integrals

J"(r):/ /Hf(s,x)N(dz,dx),
0 E

where t > Qandi = 1, 2, deduce that

[Jl,JZ](t)—(Jl,Jz)(t)=/ le(s,x)Hz(s,x)N(dt,dx).
0 E

For completeness, we will give another characterisation of quadratic vari-
ation that is sometimes quite useful. We recall the sequence of partitions
(P,,n € N) with mesh tending to zero that were introduced earlier.

Theorem 4.4.17 If X and Y are real-valued Lévy-type stochastic integrals of
the form (4.13), then, for each t > 0, with probability 1 we have

m(n)
-1 () (m) (n) (n)
o = i 32 x%) () () ()
j:
where the limit is taken in probability.

Proof By polarisation, it is sufficient to consider the case X =Y. Using the
identity
(= »?=x" =y =2y(x —y)
for x, y € R, we deduce that
m(n)

; [X( §n+)1> ( (n))] Z X(rj(’f:l) — I:f;x(,j(n))z

m(n)

~20 X)) ()]
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and the required result follows from It6’s product formula (Theorem 4.4.13)
and Exercise 4.3.7. L]

Many of the results of this chapter extend from Lévy-type stochastic inte-
grals to arbitrary semimartingales, and full details can be found in Jacod and
Shiryaev [151] and Protter [255]. In particular, if F' is a simple process and X
is a semimartingale we can again use Itd’s prescription to define

fo F()dX (s) =Y F@p[X 1) — X)),

and then pass to the limit to obtain more general stochastic integrals. It6’s for-
mula can be established in the form given in Theorem 4.4.10 and the quadratic
variation of semimartingales defined as the correction term in the correspond-
ing It6 product formula (or, equivalently, via the prescription of Theorem
4.4.17). In particular, if X and Y are semimartingales and X, Y. denote their
continuous parts then we have, for each ¢ > 0,

[X,Y](t) = (X, Yo) () + Z AX (s)AY (s); (4.16)

0<s<t

see Jacod and Shiryaev [151], p. 55.

Although stochastic calculus for general semimartingales is not the subject
of this book, we do require one result, the famous Lévy characterisation of
Brownian motion that we have already used in Chapter 2.

Theorem 4.4.18 (Lévy's characterisation) Let M = (M(t),t > 0) be a
continuous centred martingale that is adapted to a given filtration (F;,t > 0).
If (M;, M;)(t) = ajjt foreacht > 0,1 <1i,j < d, where a = (a;;) is a
positive definite symmetric matrix, then M is an F;-adapted Brownian motion
with covariance a.

Proof Fixu € R4 and define the process (Y, (¢),t > 0) by Y, (t) = el M®)),
then, by It6’s formula and incorporating (4.16), we obtain

dY,(t) = iw'Y,()dM;(t) — Su'u! Y, (t)d (M;, M;) (1)
= iu'Y, ()dM;(t) — (u, au)Y,(t)dt.

Upon integrating from s to ¢, we obtain

Yu(t):YM(s)—i—iuj/ Yu(t)dM‘,'(r)—%(u,au)/ Y, (t)d.

N

Now take conditional expectations of both sides with respect to F;, and use
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the conditional Fubini theorem (Theorem 1.1.7) to obtain
t
BIL(OIF) = u(5) = bwaw [ BGL0IF) dr.

Hence

E(ei(u,M(t)) |fs) — e—(u,au)(t—s)/2‘

From here it is a straightforward exercise for the reader to confirm that M is a
Brownian motion, as required. ]

Note A number of interesting propositions that are equivalent to the Lévy char-
acterisation can be found in Kunita [182], p. 67.

Exercise 4.4.19 Extend the Lévy characterisation to the case where M is a
continuous local martingale.

Another classic and fairly straightforward application of 1t6’s formula for
Brownian integrals is Burkholder’s inequality. Let M = (M (¢),t > 0) be a
(real-valued) Brownian integral of the form

M(t) = / F/(s)dB,(s), (4.17)
0

where each F/ ¢ Ho(t),1 < j <d,t > 0.By Exercise 4.4.15,
(M, M](t) = Z/ Fi(s)%ds

for each r > 0. Note that by Theorem 4.2.3(4), M is a square-integrable mar-
tingale.

Theorem 4.4.20 (Burkholder’'sinequality) If M = (M (¢t), t > 0) is a Brow-
nian integral of the form (4.17), for which E([M, M1(t)P/?) < oo, then for any
p = 2 there exists C(p) > 0 such that, for each t > 0,

E(M1)|P) < C(p) E(IM, M1(t)""?).

Proof We follow Kunita [182], p. 66. Assume first that each M (¢) is a bounded
random variable. By It6’s formula we have, for each ¢ > 0,

|M@®)]” :p/() IM($)|7~" sgn (M(s)) F7(s)dB;(s)

1 ! -2
+§p(p_1>/0 M (s)IP2dIM, M1(s),
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and, by the boundedness assumption, the stochastic integral is a martingale.
Hence on taking expectations we obtain

1 t
E(M®1") = FPP—D E (/0 |M (5)|"2d[M, M](S))

1
=5p(p—DE ( sup |M(s)|”*[M, M]U)) :

0<s<t

By Holder’s inequality and Doob’s martingale inequality, we obtain

E < sup |M(s)|"*[M, M](r))

O<s<t

(p=2)/p
<E ( sup |M(s)|"> E(M, M1(t)P/*)*/?

0<s<t

p (r=2)/p
< (F) E(M 0)|") P2/ E(IM, M1(0)P")*?.

Let D(p) = $p(p — DIp/(p — D]P~/P; then we have

E(IM@®)|7) < D(p) E(M (1)|P)' =P E(IM, M1(t)P/*)*/?,

and the required result follows straightforwardly, with C (p) = D(p)” 2,

For the general case, define a sequence of stopping times (7, n € N) by
T, = inf{|M (¢)| > n or [M, M](¢) > n}. Then the inequality holds for each
process (M (t AT,),t > 0), and we may use dominated convergence to estab-
lish the required result. ]

Note By another more subtle application of Itd’s formula, the inequality can
be strengthened to show that there exists ¢(p) > 0 such that

c(p) EqM, M1(0)""* < E(IM(1)|") < C(p) E(M, M1(1)"?);

see Kunita [182], pp. 66-7, for details. With more effort the inequality can be
extended to arbitrary continuous local martingales M for which M (0) = 0 and
also to all p > 0. This more extensive treatment can be found in Revuz and
Yor [260], Chapter 4, Section 4. A further generalisation, where the pth power
is replaced by an arbitrary convex function, is due to Burkholder, Davis and
Gundy [62].

The inequalities still hold in the case where M is an arbitrary local martin-
gale (so jumps are included), but we have been unable to find a direct proof
using Itd’s formula, as above, even in the case of Poisson integrals. Details of
this general result may be found in Dellacherie and Meyer [78], pp. 303—4.
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4.4.4 The Stratonovitch and Marcus canonical integrals

The Itd integral is a truly wonderful thing, and we will explore many more
of its implications in the next chapter. Unfortunately it does have some dis-
advantages and one of the most important of these is — as Itd’s formula has
shown us — that it fails to satisfy the usual chain rule of differential calculus.
This is the source of much beautiful mathematics, as we will see throughout
this book, but if we examine stochastic differential equations and associated
flows on smooth manifolds then we find that the It6 integral is not invariant
under local co-ordinate changes and so is not a natural geometric object. For-
tunately, there is a solution to this problem. We can define new ‘integrals’ as
‘perturbations’ of the It0 integral that have the properties we need.

The Stratonovitch integral

Let M = (M(t),t > 0) be a Brownian integral of the form M!(t) =
fot F; (s)dB/(s) and let G = (G, ..., G%) be a Brownian integral such that
G,-F; € Pa(t) foreach 1 < j < m,t > 0. Then we define the Stratonovitch
integral of G with respect to M by the prescription

/ Gi(S)Ode(S)=/ Gi(S)dMi(S)+%[Gi,Mi](t)-
0 0

The notation o (sometimes called ‘Ito’s circle’) clearly differentiates the
Stratonovitch and It cases.
We also have the differential form

G'(s) o dM;(s) = G'()dM;(s) + 3d[G", M;](1).
Exercise 4.4.21 Establish the following relations, where @, 8 € R and X, Y,

M/ and M; are one-dimensional Brownian integrals:

(1) (@X+pBY)odM =aX odM + BY odM,
) Xo(dMi+dMy) =X odM; + X odMy;
3) XYodM =X o (Y odM).

Find suitable extensions of these in higher dimensions.
The most important aspect of the Stratonovitch integral for us is that it sat-

isfies a Newton—Leibniz-type chain rule.

Theorem 4.4.22 If M is a Brownian integral and f € C3(RY), then, for each
t > 0, with probability 1 we have

FM@) = f(M(0)) =/0 3 f (M(s)) o dM'(s).
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Proof By the definition of the Stratonovitch integral, we have
0 f(M(1)) 0 dM'(t) = 8 f(M(1))dM' (¢t) + 3d[8; f (M (-)), M'](r)
and, by It6’s formula, foreach 1 <i <d,
d{o; f (M ()} = 8,0, f (M (1)) dM’ (¢) + 58;0,0; fM(2)) d[M ', M*](2),
giving
dl; f (M (), M')(1) = 3;3; f (M (1)) d[M', M7](1).

So, by using Itd’s formula again, we deduce that
t
f 9; f(M(s)) odM'(s)
0

: 1 [ S
= 0; f(M(s)) dMI(S)_i_E/O 0;0; f (M (s)) dIM", M](s)
= fM() — f(M(0)).
O

For those who hanker after a legitimate definition of the Stratonovitch in-
tegral as a limit of step functions, we consider again our usual sequence of
partitions (P, n € N).

Theorem 4.4.23
t
/ Gi(s)odM'(s)
0

mn) Gf(z]‘.ﬁ) + G, (t(”)
= lim

1 32 ) D ) ],

J=0

where the limit is taken in probability.

Proof We suppress the indices i and n for convenience and note that, for each
O<j=m,

G(r,-+1>2+ G gt — M)

=G ) [Mtj+)—M@)]+3[G 31 —G )] [M(t;41)—M(1))],

and the result follows from the remark following Lemma 4.3.1 and Theorem
4.4.17. O
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The Marcus canonical integral
Now let Y be a Lévy-type stochastic integral; then you can check that the
Stratonovich integral will no longer give us a chain rule of the Newton—
Leibniz type and so we need a more sophisticated approach to take care
of the jumps. The mechanism for doing this was developed by Marcus
[213,214].

We will define the Marcus canonical integral for integrands of the form
(G(s,Y(s=)),s > 0), where G : Rt x R — R is such that s —
G (s, Y (s—)) is predictable and the It6 integrals f(; Gi(s,Y (s—))dY(s) exist
forall ¢ > 0.

We also need the following assumption.

There exists a measurable mapping ® : Rt x R x R? x R? — R such that,
foreachs > 0,x,y € RY:

(1) u — (s, u,x,y)is continuously differentiable;
2) %_f(s’u’x’y):ini(S,x-i-My) foreachu € R;
3) @(s5,0,x,y) =D(s,0,x,0).

Such a @ is called a Marcus mapping.
Given such a mapping, we then define the Marcus canonical integral as
follows: for each ¢ > 0,

/ f Gi(s,Y(s—)) o dY'(s)
0
:f G,-(s,Y(s—))odYé(s)—i—/ Gi(s,Y (s—))dYi(s)
0 0

+ Z [d>(s, 1,Y(s—), AY(s)) — ®(s5,0,Y (s—), AY (s))

0<s<t
0d
— —(5.0,Y(s—), AY (5))].
ou

We consider two cases of interest.
(i) G(s,y) = G(s) forall s > 0, y € R. In this case, we have

O (s, u, x,y) = Gi(s)(x" +uy").
We then have that
t t t
fGi(s)oin(s):f G,-(s)odyg(s)+f Gi(s)dY}(s);
0 0 0

so, if Y4 = 0 then the Stratonovitch and Marcus integrals coincide while if
Y. = 0 then the Marcus integral is the same as the Itd integral.
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(i) G(s,y) = G(y) foralls >0,y € R9. We will consider this case within
the context of the required Newton—Leibniz rule by writing G;(y) = 9; f ()
foreach 1 <i <d, where f € C3(]Rd), y € R9. We then have the following:

Theorem 4.4.24 If Y is a Lévy-type stochastic integral of the form (4.13) and
f e C3(RY), then

fx @) — fx )= / 3 f(Y (s=)) odY'(s)
0
for each t > 0, with probability 1.

Proof Our Marcus map satisfies

P

=X, y) = YO f (x + uy),
u

and hence @ (u, x, y) = f(x 4+ uy).
We then find that

/ 3 f(Y (s=)) o dY'(s)
0

t i 1 t . )
2/ % f(Y (s—)) dY’(S)+§/ 9;0; f(Y (s—)) d[Y;, Y/1(s)
0 0
+ Y [FO©) = F¥(s=) = AV ()3 f (¥ (s-))]

0<s<t

=[x @) — f(X(0),
by 1t6’s formula. ]

The probabilistic interpretation of the Marcus integral is as follows. The
Marcus map introduces a fictitious time # with respect to which, at each jump
time, the process travels at infinite speed along the straight line connecting the
starting point Y (s—) and the finishing point Y (s). When we study stochastic
differential equations later on, we will generalise the Marcus integral and re-
place the straight line by a curve determined by the geometry of the driving
vector fields.

4.4.5 Backwards stochastic integrals

So far, in this book, we have fixed as forward the direction in time; all pro-
cesses have started at time + = 0 and progressed to a later time ¢. For some
applications it is useful to reverse the direction of time, so we fix a time T
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and then proceed backwards to some earlier time s. In the discussion below,
we will develop backwards notions of the concepts of filtration, martingale,
stochastic integral etc. In this context, whenever we mention the more familiar
notions that were developed earlier in this chapter, we will always prefix them
by the word ‘forward’.

We begin, as usual, with our probability space (2, F, P).Let (F*,0 < s <
T) be a family of sub o-algebras of F. We say that it is a backwards filtration if

F'CF forall 0<s<t<T.

For an example of a backwards filtration, let X = (X (s),0 < s < T) be an
R9-valued stochastic process on (2, F, P) and, for each 0 < s < T, define
Gy = o{Xw);s <u =T} (G%,0 < s < T)is then called the natural
backwards filtration of X . Just as in the forward case, it is standard to impose
the ‘usual hypotheses’ on backwards filtrations, these being

(1) (completeness) F T contains all sets of P-measure zero in F,
(2) (left continuity) for each 0 < s < T, F* = F*~ where F°~ =
me>0 FE

A process X = (X(5),0 < s < T) is said to be backwards adapted to a
backwards filtration (F*,0 < s < T) if each X (s) is F*-measurable, e.g. any
process is backwards adapted to its own natural backwards filtration.

A backwards adapted process (M (s),0 < s < T) is called a backwards
martingale it E(|M (s)]) < oo and E(M (¢)|F*) = M (s) whenever 0 < s < ¢
< T. Backwards versions of the supermartingale submartingale, local martin-
gale and semimartingale are all obvious extensions (Note that some authors
prefer to use ‘reversed’ rather than ‘backwards’).

Exercise4.4.25Foreach0 <s <t <T,let

T
M(s) = o(B(T) —B(s))—i—k/ / xN(ds, dx),
s |x]<1

where o, A € R and B and N are independent one-dimensional Brownian mo-
tions and Poisson random measures, respectively. Show that M is a backwards
martingale with respect to its own natural backwards filtration.

Let E € B(R?). We define R?-valued backwards martingale-valued mea-
sures on [0, T] x E analogously to the forward case, the only difference being
that we replace the axiom (M2) (see the start of Section 4.1) by (M2),,, where

(M2), M([s,t), A) is independent of F’ forall 0 < s <t < T and for all
A € B(E).
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Examples of the type of backwards martingale measure that will be of impor-
tance for us can be generated from Exercise 4.4.25, yielding

M([s, 1), A) :U(B(t)—B(s))Bo(A)+A/ /xN(ds,dx),
K A

foreachO<s <t <T,A e B(E), where E = B — {0}.

We now want to carry out stochastic integration with respect to backwards
martingale measures. First we need to consider appropriate spaces of inte-
grands. Fix 0 < s < T and let P~ denote the smallest o -algebra that contains
all mappings F : [s, T] x E x © — R< such that:

(1) foreach s < t < T, the mapping (x,w) — F(t,x,w) is B(E) @ F'
measurable;
(2) foreach x € E, w € €2, the mapping ¢t — F (¢, x, w) is right-continuous.

We call P~ the backwards predictable o-algebra. A P~ -measurable map-
ping G : [0,T] x E x @ — R is then said to be backwards predictable.
Using the notion of P~ in place of P, we can then form the backwards ana-
logues of the spaces Ha(s, E) and Pa(s, E). We denote these by H, (s, E)
and P, (s, E), respectively. The space of backwards simple processes, which
we denote by S (s, E), is defined to be the set of all F € Hj(s, E) for
which there exists a partition s = ¢ < fp--- < tyy < ty+1 = T such
that

m n
F = Z Z F(t 0 X0 X Acs

j=1 k=1

where Ay, ..., A, are disjoint sets in B(E) with v(A;) < oo, for each 1 <
k < n, and each Fy(¢;) is bounded and F !j-measurable.
For such an F we can define its /t6 backwards stochastic integral by

/ /F(u,x) o M(du,dx) =" Fi(ti )M ([t j41), Ap).
s E

j=1 k=1

We can then pass to the respective completions for ' € H, (s, E) and F €
P, (s, E), just as in Section 4.2. The reader should verify that backwards
stochastic integrals with respect to backwards martingale measures are back-
wards local martingales. In particular, we can construct Lévy-type backwards
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stochastic integrals
Y'(s) =Y (T) —f G'(u)du —/ Fi(u) - dB’'(u)
T ' N } N T '
—/ H' (u, x) N(du,dx)—/ / K'(u, x)N(du, dx),
s |x]<1 K [x[>1
where foreach 1 <i <d,1 < j <m,t > 0, we have |G'|'/?, F]’I € Py (s),
H' e P, (s, E), and K is backwards predictable.

Exercise4.4.26LetY = (Y (s),0 <s < T) be a backwards Lévy integral and
suppose that f € C3(R?). Derive the backwards It6 formula

T
FX(s) = fX(T)) —f 3 f (Y (u)) - dY' (u)

1 (T o
+5/ 0;0; f (Y (w)) d[Y;, Y 1(u)
- Z [fY ) — FY (u=)) — AY (w)d; f(¥ ()]

s<u<T
(Hint: Imitate the arguments for the forward case.)
As well as the backwards It6 integral, it is also useful to define backwards
versions of the Stratonovitch and Marcus integrals.

Using the same notation as in Subsection 4.4.4, we define the backwards
Stratonovitch integral by

T T
/G(M)ObdM(u)=/ G u)vdM u)+5[G, MI(T) —51G, M](s),

with the understanding that G is now backwards predictable. We again obtain
a Newton-Leibniz-type chain rule,

T
f(M(T))—f(M(S))=/ 0 f (M (u)) op dM' (u),

with probability 1, for each f € C3(R?),0 < s < T. Taking the usual se-
quence of partitions (P, n € N) of [s, T'], we have

T nz(n)G(t;Ql) +G(f;n)> :
[ = i 3 ) w()

=0

where the limit is taken in probability.
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Again using the same notation as in Subsection 4.4.4, the backwards
Marcus canonical integral is defined as

T

/G,-(u,Y(u))ode"(u)

' T . T .
=/ Gi(u,Y (u)) o, dY;(u) +/ Gi(u,Y ) -»dYy(u)

+ 3 [@ 1LY (0), AY (1) — (1,0, Y (1), AY (1))

s<t<T

0P
——(t,0,Y (1), AY (1))].
ou

Sometimes we want to consider both forward and backwards stochastic inte-
grals within the same framework. As usual, we fix T > 0. A two-parameter
filtration of the o-algebra F is a family (F; ;0 < s <t < T) of sub o-fields
such that

Fomy © Fsp, forall 0 <sy <51 <t <tr.

If we now fix s > 0 then (Fs,,t > s) is a forward filtration, while if we fix
t > 0 then (F;5,,0 < s < t) is a backwards filtration. A martingale-valued
measure on [0, T'] x E is localised if M ((s, t), A) is Fs ;-measurable for each
A € B(E)andeach 0 < s < t < T. Provided that both (M2) and (M2),
are satisfied, localised martingale measures can be used to define both forward
and backwards stochastic integrals. Readers can check that examples of these
are given by martingale measures built from processes with independent incre-
ments, as in Exercise 4.4.25.

4.4.6 Local times and extensions of 1t0’s formula

Here we sketch without proof some directions for extending It6’s formula be-
yond the case where f is a C>-function, for d = 1. A far more comprehensive
discussion can be found in Protter [255], pp. 162-80.

We begin by considering the case of a one-dimensional standard Brownian
motion and we take f(x) = |x| for x € R. Now f is not C2; however, it is
convex. We have f’(x) = sgn(x) (for x # 0) but, in this case, /" only makes
sense as a distribution: f”(x) = 28(x) where § is the Dirac delta function. We
include a very swift proof of this to remind readers.

Proposition 4.4.27 If f(x) = |x|, then f"(x) = 258(x), in the sense of distri-
butions.
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Proof Let g € CZ°(R) and, for convenience, assume that the support of g is
the interval [—a, b] where a, b > 0; then

/f”(X)g(X)dx = —/ f')g' (ydx
R R
= —/ sgn(x) g'(x)dx
R

0 b
:/ g/(x)dx—/(; g (x)dx =2g(0).

a

0

Now let us naively apply Itd’s formula to this set-up. So if B is our Brownian
motion we see that, for each ¢t > 0,

B(1)] = / sgn(B(s)) dB(s) + / 5(B(s))ds
0 0

= / sgn(B(s))dB(s) + L(0, 1),
0

where (L (0, t),t > 0) is the local time of B at zero (see Subsection 1.5.3). In
fact this result can be proved rigorously and is called Tanaka’s formula in the
literature.

Exercise 4.4.28 Show that fot sgn(B(s)) dB(s) is a Brownian motion.

We can push the idea behind Tanaka’s formula a lot further. Let f be the
difference of two convex functions; then f has a left derivative f; (see e.g.
Dudley [84], pp. 158-9). If f/" is its second derivative (in the sense of distribu-
tions) then we have the following generalisation of 1t6’s formula for arbitrary
real-valued semimartingales:

Theorem 4.4.29 (Meyer—td) If X = (X(¢),t > 0) is a real-valued semi-
martingale and f is the difference of two convex functions, then, for each
x € R, there exists an adapted process (L(x,t),t > 0) such that, for each
t > 0, with probability 1 we have

t l o0
FX@®) = f(X(O))+/0 fI (X (s=)dX (s) + 5/ JI' )L (x, t)dx

+ ) [FX () — F(X(s=) — AX () f{ (X (s—))].

0<s<t
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The quantity (L(x, t), ¢ > 0) is called the local time of the semimartingale X
at the point x. In the case where X is a Lévy process, it clearly coincides with
the notion introduced in Subsection 1.5.3.

4.5 Notesand further reading

Stochastic integration for adapted processes against Brownian motion was
first developed by Itd [143] and his famous lemma was established in [144].
The extension of stochastic integration to square-integrable martingales is
due to Kunita and Watanabe [181] while Meyer [224] took the next step
in generalising to semimartingales. Any book with ‘stochastic calculus’ or
‘stochastic differential equations’ in the title contains an account of stochastic
integration, with varying levels of difficulty. See e.g. @ksendal [241], Mikosch
[228], Gihman and Skorohod [118], Liptser and Shiryaev [200] for Brownian
motion; Karatzas and Shreve [167], Durrett [85], Krylov [178], Rogers and
Williams [262] and Kunita [182] for continuous semimartingales; and Jacod
and Shiryaev [151], Ikeda and Watanabe [140], Protter [255], Métivier [221]
and Klebaner [170] for semimartingales with jumps. Millar’s article [229] is
interesting for Lévy stochastic integrals. For Wiener—Lévy stochastic integrals
where the noise is a general infinitely divisible random measure, see Rajput
and Rosinski [256].

Dinculeanu [80] utilises the concept of semivariation to unify Lebesgue—
Stieltjes integration with stochastic integration for Banach-space-valued
processes.
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Exponential martingales, change of measure and
financial applications

Summary We begin this chapter by studying two different types of ‘exponential’
of a Lévy-type stochastic integral Y. The first of these is the stochastic exponential,
dZ(t) = Z(t—)dY (1), and the second is the process e¥ . We are particularly interested
in identifying conditions under which ¢¥ is a martingale. It can then be used to im-
plement a change to an equivalent measure. This leads to Girsanov’s theorem, and an
important special case of this is the Cameron—-Martin-Maruyama theorem, which un-
derlies analysis in Wiener space. In Section 5.3 we prove the martingale representation
theorem in the Brownian case and also discuss extensions to include jump processes.
The final section of this chapter briefly surveys some applications to option pricing.
We discuss the search for equivalent risk-neutral measures within a general ‘geometric
Lévy process’ stock price model. In the Brownian case, we derive the Black—Scholes
pricing formula for a European option. In the general case, where the market is in-
complete, we discuss the Follmer—Schweitzer minimal measure and Esscher transform
approaches. The case where the market is driven by a hyperbolic Lévy process is dis-
cussed in some detail.

In this chapter, we will explore further important properties of stochastic inte-
grals, particularly the implications of It6’s formula. Many of the developments
which we will study here, although of considerable theoretical interest in their
own right, are also essential tools in mathematical finance as we will see in the
final section of this chapter. Throughout, we will for simplicity take d = 1 and
deal with Lévy-type stochastic integrals ¥ = (Y (¢), t > 0) of the form (4.13)
having the stochastic differential

dY(t) = G()dt + F(t)dB(t) + H(t, x)N(dt, dx)
+ K (t, x)N(dt, dx).

246
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5.1 Stochastic exponentials

In this section we return to a question raised in Exercise 4.4.11, i.e. the prob-
lem of finding an adapted process Z=(Z(¢),t > 0) that has a stochastic
differential

dZ(t) = Z(t—)dY (1).

The solution of this problem is obtained as follows. We take Z to be the
stochastic exponential (sometimes called the Doléans—Dade exponential after
its discoverer), which is denoted as £y = (Ey(¢), t > 0) and defined as

5y(t):exp{Y(t)—%[YC,YC](t)} [] [1+Aar®]e ™ 5.1
0<s<t

foreacht > 0.
We will need the following assumption:

(SE) inf{AY(t),t > 0} > —1 (a.s.).

Proposition 5.1.1 If Y is a Lévy-type stochastic integral of the form (4.13) and
(SE) holds, then each Ey (t) is almost surely finite.

Proof We must show that the infinite product in (5.1) converges almost surely.

We write
[][1+AY®)]e Y =A@ + BQ).
0<s<t
where
A =[] 1+ AY®]e ™ O xarwiz1/2
0<s<t
and

B(t) = l_[ [1+AY(®)]e O xgarwi<i/2-

0<s<t

Now, since Y is cadlag, #{0 < s < ¢; |AY(s)| = 1/2} < oo (a.s.), and so
A(t) is almost surely a finite product. Using the assumption (SE), we have

B(t) =exp ( Z {IOg [1 + AY(S)] — AY(S)}XHAY(S)|<1/2})‘

O<s<t
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We now employ Taylor’s theorem to obtain the inequality
log(1 +y) —y < Ky
where K > 0, which is valid whenever |y| < 1/2. Hence

Z {10g [1 + AY(S)] - AY(S)}X{\AY(S)\<1/2}

O<s<t

= Z IAY ()12 x(are)<12y < 00 as.,

0<s<t
by Corollary 4.4.9, and we have our required result. U]
Of course (SE) ensures that £y (1) > 0 (a.s.).
Note 1 In the next chapter we will see that the stochastic exponential is in fact

the unique solution of the stochastic differential equation dZ () = Z(t—)dY (¢)
with initial condition Z(0) = 1 (a.s.).

Note 2 The restrictions (SE) can be dropped and the stochastic exponential
extended to the case where Y is an arbitrary (real-valued) cadlag semimartin-
gale, but the price we have to pay is that &y may then take negative values.
See Jacod and Shiryaev [151], pp. 58-61, for details, and also for a further
extension to the case of complex Y.

Exercise 5.1.2 Establish the following alternative form of (5.1):
Ev(t) =¥,
where
dSy(t) = F()dB(t) + [G(t) — 1 F(t)*]dt

+ / log[1+ K (t,x)] N(dt,dx)

lx|=1

+ / log [1+ H(t, x)] N(dt,dx)

|x]<1

+ / {log[1+ H(t,x)] — H(t,x)}v(dx)ds. (52)

[x]<1
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Theorem 5.1.3 We have

déy(t) = Ey(t—)dY ().

Proof We apply 1t6’s formula to the result of Exercise 5.1.2 to obtain, for each
t >0,

dEy (1) = Ey(t—)[F(t)dB(t) + G@t)dt
+ fl 1{1og[1+H(z,x)] — H(t,x)}v(dx)dt
+ f (exp{Sy(t—) + log [1+ K (t, x)]}
- e):pl)z[lSy(t—)])N(dt, dx)
+ / l(exp{Sy(t—) + log [l + H(t, x)]}
— e):;[sy (t—)])N(dt,dx)
+ / ] (exp{Sy(1—) +log[1 + H(t, x)]}
- e;;[sy (t-)]
— log[1+ H(t, x)][ exp Sy(t—)]v(dx)dt]

= & (t—-)[F(1)dB(t) + G(t)dt + K (t, x)N(dt, dx)
+ H(t, x)N(dt, dx)],
as required. O

Exercise 5.1.4 Let X and Y be Lévy-type stochastic integrals. Show that, for
eachr > 0,

ExM)Ey () = Exqyyx.r(@).

Exercise 5.1.5 Let Y = (Y(¢),t > 0) be a compound Poisson process, so
that each Y () = X1 + - -+ + Xy, where (X, n € N) are i.i.d. and N is an
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independent Poisson process. Deduce that, for each ¢ > 0,

N()

& =[]a+x).

j=1

5.2 Exponential martingales

In this section our first goal is to find conditions under which ¥ = (eY(’ )t >
0) is a martingale, where Y is as usual a Lévy-type stochastic integral. Such
processes are an important source of Radon—Nikodym derivatives for chang-
ing the measure as described by Girsanov’s theorem, and this leads to the
Cameron—Martin-Maruyama formula, which underlies ‘infinite-dimensional
analysis’ in Wiener space as well as being a vital tool in the derivation of the
Black—Scholes formula in mathematical finance.

5.2.1 Lévy-type stochastic integrals as local martingales

Our first goal is to find necessary and sufficient conditions for a Lévy-type
stochastic integral Y to be a local martingale. First we impose some conditions
on K and G:

(LM1) foreacht > 0, K € P»(t, E°);
(LM2) E(fg . |K(s,x)|v(dx)ds) < 00:
(LM3) G'/2 € Hy(t) foreach t > 0.

(Note that E = B— {0} throughout this section.)
From (LM1) and (LM2), it follows that fot f\xlzl |K (s, x)|v(dx)ds < oo
(a.s.) and that we can write

/ / K(s,x)N(dx, ds)
0 Jixl=1

t t
= f K(s,x)N(dx,ds) +/ K (s, x)v(dx)ds,
0 Jx[>1 0 Jix[=1
for each ¢ > 0, the compensated integral being a local martingale.

Theorem 5.2.1 If Y is a Lévy-type stochastic integral of the form (4.13) and
the assumptions (LM1) to (LM3) are satisfied, then Y is a local martingale if
and only if

G(t) + / K(t,x)v(dx) =0 as.,
[x|>1

for (Lebesgue) almost all t > 0.
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Proof First assume that Y is a local martingale with respect to the stopping
times (7, n € N). Then, foreachn e N,0 <s <1t < 00,

Yt AT,

AT, AT,

F(u)dBu) +/ H(u, x)N(du, dx)

SATy |x|<1

=Y(sATn>+/

sAT,

AT, .
+ / / K(u,x)N(du,dx)
sAT, [x]>1

tAT,
+ / |:G(u) +/ K(u,x)v(dx)] du.
SATy, [x|>1

Now, foreachn € N, (Y (¢ A T;,), t > 0) is a martingale, so we have

AT,
E, (/ [G(u} + K(u, x)v(dx)i| du) =0.
sAT, [x|>1

We take the limit as n — oo and, using the fact that by (LM1) and (LM3)

(AT,
/ |:G(u) + / K(u, x)v(dx)] du

SAT, |x|=1
= '
0

together with the conditional version of dominated convergence (see e.g.
Williams [304], p. 88), we deduce that

Es(/ |:G(u) —i—/ K(u,x)v(a’x)] du) =0.
s |x|>1

Conditions (LM2) and (LM3) ensure that we can use the conditional Fubini
theorem 1.1.7 to obtain

/ E (G(u) —i—f K (u, x)v(dx)) du = 0.
P Ix|>1

du < oo a.s.,

G(u) +/ K(u, x)v(dx)
lx|>1
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It follows that

1 s+h
lim — E; <G(u) + f K(u, x)v(dx)) du =0,
h—0h J, x|>1

and hence by Lebesgue’s differentiation theorem (see e.g. Cohn [73], p. 187)
we have

E, (G(s) +f K (s, x)v(dx)) =0
[x|>1

for (Lebesgue) almost all s > 0. But G(-) + lelzl K (-, x)v(dx) is adapted,

and the result follows. The converse is immediate. O

Note that, in particular, Y is a martingale if F' € H»(t), H € H(¢, E) and
K € Hy(¢t, E°) forallt > 0.

5.2.2 Exponential martingales

We continue to study Lévy-type stochastic integrals satisfying (LM1) to
(LM3). We now turn our attention to the process eV = (YD, 1t > 0) (cf. Exer-
cise 4.4.11).

By Itd’s formula, we find, for each ¢ > 0,

B0

t t
=1+ / "SI F(s)dB(s) + / / e (M6 —1)N(ds, dx)
0 0 |x]<1
t
+ / / e 6 (K60 — YN (ds, dx)
0 |x|>1
! 1
+/ ') {G(S)EF(S)z—f—/ [e" —1—H (s, x)]v(dx)
0 |x]<1
+f (eK(s’x)—l)v(dx)}ds. (5.3)
[x]=1

Hence, by an immediate application of Theorem 5.2.1, we have:
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Corollary 5.2.2 ¢¥ is a local martingale if and only if

G(s)+%F(s)2+/ [¢"¢Y — 1 — H(s, x)]v(dx)

|x]<1
+/ €XEH — Du(dx) =0 (5.4)
[x]>1

almost surely and for (Lebesgue) almost all s > 0.

So e! is a local martingale if and only if for (Lebesgue) almost all ¢ > 0,

t
e’ =1 +/ "SI F(s)dB(s)
0
! ~
+ / / " (E"CY — 1)N(ds, dx)
0 [x]<1

t
+ / / Y6 (XD — )N (ds, dx). (5.5)
0 [x]>1

We would like to go further and establish conditions under which e¥ is in fact a
martingale. First we need the following general result about supermartingales.

Lemma 523 [f M = (M(t),t > 0) is a supermartingale for which the map-
ping t — E(M (¢)) is constant, then M is a martingale.

Proof We follow the argument of Liptser and Shiryaev [200], p. 228.
Fix0<s <t <oo,letA={we Q2 EM@)(w) < M(s)(w)} and
assume that P(A) > 0. Then
EM (1)) = E(E,(M(1)))
=E(xa Es(M (1)) + E((1 — xa) Es(M(2)))
<E(xaM(s)) + E(1 — xa)M(s))
=EM(s)),

which contradicts the fact that t — E(M(t)) is constant. Hence P(A) = 0 and
the result follows. ]

From now on we assume that the condition (5.4) is satisfied for all > 0,
so that e! is a local martingale.
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Theorem 5.2.4 If Y is a Lévy-type stochastic integral of the form (4.13) which
is such that e¥ is a local martingale, then e¥ is a martingale if and only if

E(e¥®)y =1 forallt > 0.

Proof Let (T,,n € N) be the sequence of stopping times such that
(eY(MT"),t > () is a martingale; then, by the conditional form of Fatou’s
lemma (see e.g. Williams [304], p. 88), we have foreach0 < s <t < 00

E,(e¥®) < liminf E,(e¥ ")
n—>0o0

Y(SAT, Y(s)

= liminfe ) =¢

n—oo

so e¥ is a supermartingale. Now if we assume that the expectation is identi-

cally unity, it follows that ¢? is a martingale by Lemma 5.2.3. The converse is
immediate from equation (5.5). ]

For the remainder of this section, we will assume that the condition of The-
orem 5.2.4 is valid (see also Kunita [185], Theorems 1.3 and 1.6). Under this
constraint the process e? given by equation (5.5) is called an exponential mar-
tingale. Two important examples are:

Example 5.2.5 (The Brownian case) Here Y is a Brownian integral of the
form

t

Y(@@) :/IF(s)dB(s)—i-/ G(s)ds
0 0

for each ¢+ > 0. The unique solution to (5.4) is G(¢) = —%F(t)2 (a.e.). We then
have, for each r > 0,

eV = exp (/ F(s)dB(s) — 1 / F(s)zds) .
0 2 Jo

Example 5.2.6 (The Poisson case) Here Y is a Poisson integral driven by a
Poisson process N of intensity A and has the form

Y(t):/ K(s)dN(s)—i—[ G(s)ds
0 0

foreacht > 0.
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The unique solution to (5.4) is G(t) = —A [y (eX®) — 1)ds (a.e.). For each
t > 0, we obtain

el — exp |:/ K(s)dN(s) — )L/ (eK(S) — l)ds:| .
0 0

For the Brownian case, a more direct condition for e¥ to be a martingale
than Theorem 5.2.4 is established in Liptser and Shiryaev [200], pp. 229-32.
More precisely, it is shown that

E <exp (/000 %F(s)%ls)) < 00,

is a sufficient condition, called the Novikov criterion. More general results that
establish conditions for

(exp[M(t) — 3(M, M)(1)], 1 > 0)

to be a martingale, where M is an arbitrary continuous local martingale, can
be found in, for example, Revuz and Yor [260], pp. 307-9, Durrett [85],
pp- 108-9, and Chung and Williams [71], pp. 120-3.

Exercise 5.2.7 Let Y be a Lévy process with characteristics (b, a, v) for which
the generating function ]E(e”y(’)) < oo for all £, u > 0. Choose the parame-
ter b to be such that condition (5.4) is satisfied, and hence show that e is a
martingale.

Exercise 5.2.8 Let ¥ be a Lévy-type stochastic integral. Show that ¢ co-
incides with the stochastic exponential £y if and only if Y is a Brownian
integral.

5.2.3 Change of measure — Girsanov’s theorem

If we are given two distinct probability measures P and Q on (2, F), we
will write Ep (Ep) to denote expectation with respect to P (respectively, Q).
We also use the terminology P-martingale, P-Brownian motion etc. when we
want to emphasise that P is the operative measure. We remark that Q and P
are each also probability measures on (€2, F;), for each # > 0, and we will use
the notation Q; and P; when the measures are restricted in this way. Suppose
that Q < P;then each Q; < P; and we sometimes write

dg| _do,
dP|, — dP’
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Lemma 5.2.9 ( d—Q
dP

, 1> O) is a P-martingale.
t

d
Proof Foreacht > 0,let M(t) = £ .Forall0 <s <t,AeF,,

t

Ep(xa Ep(M®)|F,)) = Ep(xaM(1))
= Ept (xaM(t)) = EQr (xa)
=Eo,(xa) = Ep,(xaM(s))

=Ep(xaM(s)).
O
Now let e¥ be an exponential martingale. Then, since Ep(e¥®) =
Ep, (e¥Y®) = 1, we can define a probability measure Q; on (€2, ;) by
d
4 _ jro (5.6)
dP,

foreachr > 0.

From now on, we will find it convenient to fix a time interval [0, T]. We
write P = Pr and Q = Q7.

Before we establish Girsanov’s theorem, which is the key result of this sec-
tion, we need a useful lemma.

Lemma 5210 M = (M (¢),0 <t < T) is a local Q-martingale if and only if
Me¥ = (M(1)eYD,0 <t < T)is alocal P-martingale.

Proof We will establish a weaker result and show that M is a Q-martingale
if and only if Me? is a P-martingale. We leave it to the reader to insert the
appropriate stopping times.

Let A € F; and assume that M is a Q-martingale; then, for each 0 < s <
< o0,

/M(:)e””dP :/M(t)ey(’)dP, :/M(r)th
A A A
- / M)dQ = f M(s)dQ = / M($)dO,
A A A

=/M(s)eY(S)dPS =/M(s)eY(S)dP.
A A

The converse is proved in the same way. Ul
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In the following we take Y to be a Brownian integral, so that for each 0 <
t<T

e’ = exp |:/ F(s)dB(s) — l/ F(s)zds] )
0 2 Jo

We define a new process W = (W(¢),0 <t <T) by

W(t) = B(t) —/ F(s)ds,
0

foreacht > 0.
Theorem 5.2.11 (Girsanov) W is a Q-Brownian motion.

Proof We follow the elegant proof given by Hsu in [134].
First we use Itd’s product formula (Theorem 4.4.13) to find that, for each
0<t<T,

d[W(t)e" "]
=dW(n)e' D + W(t)de" D +dW (r)de'®
=e"DdB(t) — " OF (t)dt + W(t)e" D F(t)dB(t) + " O F(t)dt
=D = W) F()1dB(@).

Hence We? is a P-local martingale and so (by Lemma 5.2.10) W is a Q-local
martingale. Moreover, since W(0) = 0 (a.s.), we see that W is centred (with
respect to Q).

Now define Z = (Z(¢),0 <t <T)by Z(t) = W (t)? — t; then, by another
application of Itd’s product formula, we find

dZ@t) =2W@)dW (1) — dr +dW (1)°.

But dW(#)? = dr and so Z is also a Q-local martingale. The result now fol-
lows from Lévy’s characterisation of Brownian motion (Theorem 4.4.18 and
Exercise 4.4.19). O

Exercise 5.2.12 Show that Girsanov’s theorem continues to hold when e! is
any exponential martingale with a Brownian component (so that F is not iden-
tically zero).
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Exercise 5.2.13 Let M = (M(¢),0 <t < T) be a local P-martingale of the
form

M(t):// L(x, s)N(ds, dx),
0 |x]<1

where L € P»(t, E). Let ¢' be an exponential martingale. Use Lemma 5.2.10
to show that N = (N (¢),0 <t < T) is a local Q-martingale, where

N (1) =M(t)—/t/ L(x, s)(e?% — Dv(dx)ds,
0 [x]<1

and we are assuming that the integral exists. A sufficient condition for this is
that fé le|<1 | _ 112y(dx)ds < oo. (Hint: Apply Lemma 5.2.10 and
1t6’s product formula.)

Quite abstract generalisations of Girsanov’s theorem to general semimartin-
gales can be found in Jacod and Shiryaev [151], pp. 152-66, and in Protter
[255], pp- 108—10. The results established above, namely Theorem 5.2.11 and
Exercises 5.2.12 and 5.2.13, will be adequate for all the applications we will
consider.

Readers may be tempted to take the seemingly natural step of extending
Girsanov’s theorem to the whole of R™. Beware, this is fraught with difficulty!
For a nice discussion of the pitfalls, see Bichteler [43], pp. 162-8.

5.2.4 Analysis on Wiener space
The Cameron—Martin—-Maruyama theorem

In this subsection, we will continue to restrict all random motion to a finite
time interval 1 = [0, T'].
We introduce the Wiener space,

Wo(I) ={w : I — R; w is continuous and w (0) = 0}.

Let F be the o-algebra generated by cylinder sets and define a process B =
(B(t),t € I) by B(t)w = w(t) foreacht > 0, w € Wh(I). We have already
mentioned Wiener’s famous result, which asserts the existence of a probability
measure P (usually called the Wiener measure) on Wy (1), F) such that B
is a standard Brownian motion; see [302, 301] for Wiener’s justly celebrated
original work on this).

Our first task is to consider a very important special case of the Girsanov
theorem in this context, but first we need some preliminaries.

We define the Cameron—Martin space H(I) to be the set of all A € Wy(I)
for which 4 is absolutely continuous with respect to Lebesgue measure and
he L2(I), where h = dh/dt. Then H(I) is a Hilbert space with respect to the
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inner product

T
(1, o)t = / i () (5)ds,
0

and we denote the associated norm as ||z||f.
We also need to consider translation in Wiener space so, for each ¢ €
Wo (1), define 74 : Wo(I) — Wo(I) by

Typ(w) = o + @,

for each w € Wy(I).

Since each 1 is measurable we can interpret it as a YWy (/)-valued random
variable with law P?, where P?(A) = P((t4)~!(A)) foreach A € F.

The final idea we will require is that of cylinder functions. Let F
Wo(I) — R be such that, for some n € N, there exists f € C*°(R") and
0<t <--- <t, <T such that

F(w) = f(o(t), ..., o(t)) (5.7)
for each @ € Wy(I). We assume further that, for each m € N U {0}, £ is
polynomially bounded, i.e., for each x = (xy, ..., x,) € R",

£ @ ) < el )

where p,, is a polynomial.

We call such an F a cylinder function. The set of all cylinder functions,
which we denote as C(7), is dense in LP(Wy(I), F, P) forall 1 < p < o0;
see e.g. Huang and Yan [135], pp. 623, for a proof of this.

Theorem 5.2.14 (Cameron-Martin—-Maruyama) If h € H(I), then Ph s
absolutely continuous with respect to P and

dP"

T
= exp [/0 h(s)dB(s) — %||h||12H1:|-

Proof First note that by Lemma 4.3.11 we have

T
E (exp UO h(s)dB(s)]) = exp (311AllF).

By Theorem 5.2.4, (exp|[ [y h(s)dB(s) — % [y h(s)?ds],0 <t < T)isa
martingale, and so we can assert the existence of a probability measure Q on
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Wo(I), F) such that

dQ T,
= exp |:/(; h(s)dB(s) — %||h"]%-]1i|'

Now, by Girsanov’s theorem, W is a Q-Brownian motion where each W (r) =
B(t) — h(t). Let F € C(I), and for ease of notation we will assume thatn = 1,
so that F(w) = f(w(t)) forsome 0 < t < T, for each w € Wy(I). We then
have

Eo(f(W()) =Ep(f(B(1)).

Hence

f FOBU) (@ — h)dQ(w) = f FBO@)d Q@+ h)
Wo(I) Wo(I)

=/ f(B()(w)dP(w),
Wo ()
and so

/vv " FW () (@)dP" () = / S(B(t)(@ — h))dP(w — h)
oI

Wo ()

_ / F(B(t)(@))d P (o)
Wo(I)

_ / FB@ (@ — h)dQ(w)
Wo(I)

_ a0
_ /Wom FOWO@) o @dP (@),

This extends to f € L?(Wy(I), F, P) by a straightforward limiting argument
and the required result follows immediately. U]

In Stroock [291], pp. 287-8, it is shown that the condition # € H(I) is both
necessary and sufficient for P” to be absolutely continuous with respect to .

Directional derivative and integration by parts

An important development within the emerging field of infinite-dimensional
analysis is the idea of differentiation of Wiener functionals. We give a brief
insight into this, following the excellent exposition of Hsu [134].
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Let F € C(I) be of the form (5.7); then it is natural to define a directional
derivative along ¢ € Wy(I) as

F(1)(@) — F(»)

(Dy F)(w) = lim -

for each w € Wy(I). It is then easy to verify that
(DgF) (@) =Y 8;F () p(1),
i=1

where

3 F(w) = @ (), ..., o)),

and 0; is the usual partial derivative with respect to the ith variable (1 <i < n).
Hence, from an analytic point of view, Dy is a densely defined linear operator
in LPWy(I), F, P) forall 1 < p < oo.

To be able to use the directional derivative effecively, we need it to have
some stronger properties. As we will see below, these become readily avail-
able when we make the requirement that ¢ € HI(/). The key is the follow-
ing result, which is usually referred to as integration by parts in Wiener
space.

Theorem 5.2.15 (Integration by parts) Forallh € H(I) and all F, G € C(I),
E((DyF)(G)) = E(F(D;G)),
where

T
DG = —D,G +/ h(s)dB(s).
0

Proof For each € € R we have, by Theorem 5.2.14,

E((F o t")G) = / F(w+ €h)G(w)d P (w)
WoI)

= f F(0)G(w — €h)d P" ()
WoD)

eh

= / F(w)G(w— eh)d (w)d P(w).
Wol)

dp
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Now subtract E(FG) from both sides and pass to the limit as € — 0. The
required result follows when we use Theorem 5.2.14 to write

dpe" i ’
—5 = exp [6‘/0 h(s)dB(s) — %||h||125}1i|

Note that the interchange of limit and integral is justified by dominated con-
vergence, where we utilise the facts that cylinder functions are polynomially
bounded and that Brownian paths are Gaussian and so have moments to all
orders. O

Readers with a functional analysis background will be interested in knowing
that each Dy, is closable for each 1 < p < 0o and that C(/) is a core for the
closure. Details can be found in Hsu [134].

Infinite-dimensional analysis based on the study of Wiener space is a deep
and rapidly developing subject, which utilises techniques from probability the-
ory, analysis and differential geometry. For further study, try Nualart [239],
Stroock [292], Huang and Yan [135] or Malliavin [208].

5.3 Martingale representation theorems

Prior to the section on mathematical finance, it will be helpful to give a quick
proof of the martingale representation theorem for the case of one-dimensional
Brownian motion. In this section, we again fix 7 > 0 and all processes are
adapted to a fixed filtration (F;,0 <t < T).

In the following we will find it convenient to take 2 to be Wiener space
Wo([0, T]) equipped with its usual filtration and the Wiener measure P. We
will need to consider simultaneously several different Hilbert spaces. We de-
fine L§ = {X € L*(Q, F, P); E(X) = 0}; then it is easy to verify that L] is
a closed subspace of LZ(Q, F, P).Let F € H»(T), and recall the stochastic
integral

T
Ir(F) = / F(s)dB(s).
0

It was shown in Section 4.2 that I is a linear isometry from H>(7") into L(2)
and we denote the range of this isometry as hr. Note that A7 is itself a closed
subspace of L%. Our main theorem will state that in fact h7 = L(Z). This re-
sult has a very interesting probabilistic consequence. We follow the elegant
exposition by Parthasarathy [248].

One of our key tools will be the martingales introduced in Chapter 2, M,, =
(M,(t),0 <t <T) where u € R and each

Mu ([) — euB(t)fuzt/2‘
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Note that these are also stochastic exponentials M, (t) = &, (t), so that we
have dM,,(t) = M, (t)d B(t) and in integrated form, foreach0 <t < T,

M,(t)—1= /Ot M, (s)dB(s). (5.8)
Exercise 5.3.1 Show that foreachu,v e R,0<r <T,
My (1) = e M, () M, (2).
If Y €L, we will denote by Hy = (Hy(t), 0<t <T) the closed mar-
tingale given by Hy(t)=E(Y|F;) for each 0<r<T. A key role later

will be played by the process Mpy=(MFpy(t),t>0) where, for each
0<tr=T,

Mpy(t) = Hy ()], (F) = Hy(t)/ F(s)dB(s).
0

Lemma 532 I[fY € L% is orthogonal to every random variable in hr, then,
foreach F € Hyo(T), Mr,y is a martingale.

Proof Fix 0 < s < u < T and let X be a bounded Fs-measurable random
variable. Define an adapted process Fx =(Fx(t),0 <t < T) by

0 forO<t<soru<t=<T,

FX(I)z{XF(t) fors <t <u;

then we easily see that Fx € H>(T). By repeated conditioning, we find

T
0=E (Y/ Fx(S)dB(S)) =E(YX(L.(F) — I,(F)))
0

= E(X (B, (Hy ()L, (F)) — Hy () I;(F))).

Now, bounded F;-measurable random variables are dense in L2(S2, F;, P), so
we deduce that

Es(Hy(w)1,(F)) = Hy(s)I,(F))  as.,

as required. ]
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As promised, our main result is the following.
Theorem 5.3.3
Ly = hr.

Proof Let Z € L% be orthogonal to every vector in &7. The result is established
if we can show that Z = 0 (a.s.). We define Hz(t) = E,(Z) foreach0 <t <
T'; then, by Lemma 5.3.2 and (5.8), (Hz(t)M, (t),0 <t < T) is a martingale
for each u € R.

Now fix somen € Nand fix alsouq,...,u, e Rand0 <t <--- <t, <
T. We define

o =EM,y, )My, (6) - My, (1,) Z); (5.9)
then, by repeated conditioning, Lemma 5.3.2 and Exercise 5.3.1, we get

o = E(Mul(tl)Muz(IZ) T Mu,l (tn)HZ(tn))
= E(Mul (tl)Muz (IZ) te Mu,,,l (tnfl)Et,,,l (Mun (tn)HZ(tn)))
= eunun,lt ]E(Mm (tl)Muz (IZ) e ML[,,+M,,_| (tn—l)HZ(tn—l))~

Now iterate the above argument to see that there exist a, b € R such that
a = alK(My(t1)Hz(t1)).

By conditioning with respect to #1, and the fact that E(Z) = 0, we have
a =aE((My(1) — 1)2);

but, by (5.8), My(t1) — 1 is orthogonal to Z and so we have « = 0. Applying
this in (5.9) and using Exercise 5.3.1 repeatedly yields

fexp {ilusB(t)) + -+ -+ uy B(ty)1} ZdP = 0.
From this we deduce that
/exp (i{viB(t) + v2[B() — B(t)] + - -

T ua[B) — B ]}) ZdP =0,

where eachv, = u, +---4+u, (1 <r <n).Now (B(t1), B(tz) — B(t1), ...,



5.3 Martingale representation theorems 265

B(ty) — B(t,—1)) is jointly Gaussian with density

Fol0) = Q) Pt — 1) -ty — 1)
2 _ 2 _ 2
xexp{—l[x—l—l—(xz I N G et D) “
2| h—1n Ly — th—1

for each x = (x1, ..., x;) € R". So we obtain

,,,,,

- s B(ty) (@) = B(t,-1)(w))

for each @ € €. Recognising the left-hand side of the above identity as a
Fourier transform, we deduce that

Z o n,—l}_._,,” (x)=0

for (Lebesgue) almost all x € R”. From this, we deduce that

ZXIAI ..... am =0 a.s.
for cylinder sets I,‘;\’l.jj";l’l ",where Ay, ... A, are arbitrary Borel sets in R. Since
the collection of such sets generates F, it follows that Z = 0 (a.s.), as was
required. ]

The following corollary, sometimes called the martingale representation
theorem, is of great probabilistic significance.

Corollary 5.3.4 (Martingale representation 1) Fix T > 0. [f M = (M (?),
t > 0) is a centred Lz—martingale, then, for each 0 < t < T, there exists a
unique Fy € Ho(T) such that

M(t):/ Fy(s)dB(s).
0

Proof ForeachO <t < T, we have M(t) € L2, so from the above theorem
we deduce the existence of Fjr ; € Ha(¢) such that M (1) = f(; Fp.:(s) dB(s).
However, M is a martingale from which we easily deduce that, for each 0 < #;
<t =T, Fusy = Fu,, (ae.). Uniqueness follows from the easily proved
fact that the It0 isometry is injective. Ul
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Note that if M is not centred then the result continues to hold but with M (¢)
in Corollary 5.3.4 replaced by M (t) — i, where u = E(M (¢)), for each r > 0.
We emphasise that Corollary 5.3.4 only holds for martingales that are adapted
to the filtration generated by Brownian motion.

The martingale representation theorem was originally established by Kunita
and Watanabe in the classic paper [181]. In Proposition 5.2 of [181], they also
obtained a generalisation for martingales adapted to the filtration of a Lévy
process. Regrettably the proof is too complicated to present here. However, we
state the result in a form due to Kunita [185]. In the following, (F;,t > 0) is
the augmented natural filtration of a d-dimensional Lévy process.

Theorem 5.3.5 (Martingale representation 2) Fix T > 0. [f M = (M (¢),
t > 0) is a locally square-integrable (real-valued) martingale adapted to
(Fi,t > 0) then there exista € R, F € Ha(T) and G € H»(T,R¢ — {0})
such that, forall0 <t < T,

M(f)=05+/ Fj(S)dBj(s)+/ / G(s, x)N(dx, ds).
0 0o JrI_(0)

The triple (a, F, G) is uniquely (up to sets of measure zero) determined by M.

Using deep techniques, Jacod has extensively generalised the martingale
representation theorem. The following result from Jacod [152] has been spe-
cialised to apply to the ‘jump’ part of a Lévy process. Let G, = o {N ([0, 5) x
A); 0<s <1 Ae BR?—{0}))} and assume that our filtration is such that
Fi =GV Fo.

Theorem 5.3.6 (Jacod) If M = (M (¢t),t > 0) is a cadlag adapted process,
there exists a sequence of stopping times (S(n), n € N) with respect to which
(M(t A S(n)),t = 0) is a uniformly integrable martingale, for each n € N, if
and only if there exists a predictable H : RT x (R? —{0}) x 2 — R such that
foreacht >0

t
// |H (s, x)|v(dx)ds < o0,
0 JRI—{0}

and then, with probability 1, we have the representation

M(t):M(O)—I—// H(s, x)N(dx, ds).
0 Rd—{O}

Further, more extensive, results were obtained in Jacod [153] and, in partic-
ular, it is shown on p. 51 therein that any local martingale M = (M (¢),t > 0)
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adapted to the filtration of a Lévy process has a representation of the following
type:

t

M(t) =M(O)—|—/ Fj(s)dBj(s)—i—/ / H(s,x)ﬁ(dx,ds),
0 0 JRI—{0}

for each + > 0, where F' and H satisfy suitable integrability conditions. A
result of similar type will appear shortly in [186]. More on martingale rep-
resentation can be found in Jacod and Shiryaev [151], pp. 179-91, Liptser
and Shiryaev [201], Theorem 19.1, and Protter [255], pp. 147-57. In a recent
interesting development, Nualart and Schoutens [237] established the martin-
gale representation property (and a more general chaotic representation) for the
Teugels martingales introduced in Exercise 2.4.19. This yields the Brownian
and compensated Poisson representation theorems as special cases.

5.4 Stochastic calculus and mathematical finance

Beginning with the fundamental papers on option pricing by Black and Scholes
[50] and Merton [219], there has been a revolution in mathematical finance in
recent years, arising from the introduction of techniques based on stochastic
calculus with an emphasis on Brownian motion and continuous semimartin-
gales. Extensive accounts can be found in a number of specialist texts of vary-
ing rigour and difficulty; see e.g. Baxter and Rennie [32], Bingham and Kiesel
[47], Etheridge [98], Lamberton and Lapeyre [188], Mel’nikov [218], Shiryaev
[284] and Steele [288]. It is not our intention here to try to give a comprehen-
sive account of such a huge subject. For a general introduction to financial
derivatives see the classic text by Hull [137]. The short book by Shimko [283]
is also highly recommended.

In recent years, there has been a growing interest in the use of Lévy pro-
cesses and discontinuous semimartingales to model market behaviour (see e.g.
Madan and Seneta [206], Eberlein and Keller [89], Barndorff-Nielsen [27],
Chan [69], Geman, Madan and Yor [115] and articles on finance in [20]); not
only are these of great mathematical interest but there is growing evidence that
they may be more realistic models than those that insist on continuous sample
paths. Our aim in this section is to give a brief introduction to some of these
ideas.

5.4.1 Introduction to financial derivatives

Readers who are knowledgeable about finance can skip this first section.
We begin with a somewhat contrived example to set the scene. It is 1st April
and the reader is offered the opportunity to buy shares in the Frozen Delight
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Iee Cream Company (FDICC). These are currently valued at £1 each. Looking
forward, we might envisage that a long hot summer will lead to a rise in value
of these shares, while if there is a wet miserable one they may well crash.
There are, of course, many other factors that can affect their value, such as
advertising and trends in taste. Now suppose that as well as being able to buy
shares, we might also purchase an ‘option’. Specifically, for a cost of £0.20 we
can buy a ticket that gives us the right to buy one share of FDICC for £1.20 on
st August, irrespective of the actual market value of this share.

Now suppose I buy 1000 of these tickets and 1st August arrives. The sum-
mer has been hot and the directors of FDICC have wisely secured the franchise
for merchandising for the summer’s hit film with pre-teens — The Infinitely
Divisible Man. Consequently shares are now worth £1.80 each. I then exer-
cise my option to buy 1000 shares at £1.20 each and sell them immediately at
their market value to make a profit of £600 (£400 if you include the cost of
the options). Alternatively, suppose that the weather has been bad and the film
nosedives, or competitors secure the franchise, and shares drop to £0.70 each.
In this case, I simply choose not to exercise my option to purchase the shares
and I throw all my tickets away to make an overall profit of £0 (or a loss of
£200, if T include the cost of the tickets).

The fictional example that we have just described is an example of a finan-
cial derivative. The term ‘derivative’ is used to clarify that the value of the
tickets depends on the behaviour of the stock, which is the primary financial
object, sometimes called the ‘underlying’. Such derivatives can be seen as a
form of insurance, as they allow investors to spread risk over a range of op-
tions rather than being restricted to the primary stock and bond markets, and
they have been gaining considerably in importance in recent years.

For now let us focus on the £0.20 that we paid for each option. Is this a fair
price to pay? Does the market determine a ‘rational price’ for such options?
These are questions that we will address in this section, using stochastic
calculus.

We now introduce some general concepts and notations. We will work
in a highly simplified context to make the fundamental ideas as transparent
as possible!. Our market consists of stock of a single type and also a risk-
less investment such as a bank account. We model the value in time of a
single unit of stock as a stochastic process S = (S(¢), ¢ >0) on some prob-
ability space (€2, F, P). We will also require S to be adapted to a given

Lyt you are new to option pricing then you should first study the theory in a discrete time setting,
where it is much simpler. You can find this in the early chapters of any of the textbooks mentioned
above.
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filtration (F;,t > 0), and indeed all processes discussed henceforth will be
assumed to be F;-adapted. The bank account grows deterministically in accor-
dance with the compound interest formula from a fixed initial value Ag > 0, so
that

A1) = Age"

for each t+ > 0, where r > 0 is the interest rate, which we will take to be
constant (in practice, it is piecewise constant).

Now we will introduce our option. In this book, we will only be concerned
with the simplest type and these are called European call options. In this sce-
nario, one buys an option at time O to buy stock at a fixed later time 7 at a given
price k. We call T the expiration time of the contract and k the strike price or
exercise price. The value of the option at time T is the random variable

Z = max{S(T) — k, 0} = (S(T) — k)*.

Our contrived option for FDICC shares is a European call option with 7 = 4
months and k = £1.20 and we have already described two different scenarios,
within which Z = £0.60 or Z = 0.

European call options are the simplest of a wide range of possible deriva-
tives. Another common type is the American call option, where stocks may be
purchased at any time within the interval [0, T'], not only at the endpoint. For
every call option that guarantees you the right to buy at the exercise price there
corresponds a put option, which guarantees owners of stock the right to sell at
that price. Clearly a put option is only worth exercising when the strike price
is below the current market value.

Exercise 5.4.1 Deduce that the value of a European put option is Z = max{k —
S(T), 0}.

To be able to consider all types of possible option in a unified framework,
we define a contingent claim, with maturity date 7', to be a non-negative
Fr-measurable random variable. So European and American options are ex-
amples of contingent claims.

A key concept is the notion of arbitrage. This is essentially ‘free money’
or risk-free profit and is forbidden in rational models of market behaviour.
An arbitrage opportunity is the possibility of making a risk-free profit by the
simultaneous purchase and sale of related securities. Here is an example of
how arbitrage can take place, taken from Mel’nikov [218], p. 4. Suppose that
a stock sells in Frankfurt for 150 euros and in New York for $100 and that the
dollar—euro exchange rate is 1.55. Then one can borrow 150 euros and buy the
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stock in Frankfurt to sell immediately in New York for $100. We then exchange
this for 155 euros, which we use to immediately pay back the loan leaving a
5-euro profit. So, in this case, the disparity in pricing stocks in Germany and
the USA has led to the availability of ‘free money’. Of course this discussion is
somewhat simplified as we have ignored all transaction costs. It is impossible
to overestimate the importance of arbitrage in option pricing, as we will see
shortly.

First we need to recall some basic ideas of compound interest. Suppose that
a sum of money, called the principal and denoted P, is invested at a constant
rate of interest r. After an amount of time ¢, it grows to Pe’’. Conversely, if we
want to obtain a given sum of money Q at time ¢ then we must invest Qe™"!
at time zero. The process of obtaining Qe™"! from Q is called discounting. In
particular, if (S(z), t > 0) is the stock price, we define the discounted process
S = (8(r),t > 0), where each S(t) = ¢"'S(¢).

At least in discrete time, we have the following remarkable result, which
illustrates how the absence of arbitrage forces the mathematical modeller into
the world of stochastic analysis.

Theorem 5.4.2 (Fundamental theorem of asset pricing 1) If the market is
free of arbitrage opportunities, then there exists a probability measure Q,
which is equivalent to P, with respect to which the discounted process § is
a martingale.

A similar result holds in the continuous case but we need to make more tech-
nical assumptions; see Bingham and Kiesel [47], pp. 1767, or the fundamen-
tal paper by Delbaen and Schachermeyer [77]. The classic paper by Harrison
and Pliska [127] is also valuable background for this topic. The philosophy of
Theorem 5.4.2 will play a central role later.

Portfolios

An investor (which may be an individual or a company) will hold their in-
vestments as a combination of risky stocks and cash in the bank, say. Let
a(t) and B(¢) denote the amount of each of these, respectively, that we hold
at time ¢. The pair of adapted processes (o, 8) where o = («(¢),t >0) and
B = (B(t),t = 0) is called a portfolio or trading strategy. The total value of
all our investments at time ¢ is denoted as V (¢), so

V() =a)S() + B()A([®).

One of the key aims of the Black—Scholes approach to option pricing is to be
able to hedge the risk involved in selling options, by being able to construct a
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portfolio whose value at the expiration time 7 is exactly that of the option. To
be precise, a portfolio is said to be replicating if

V(T)="Z.

Clearly, replicating portfolios are desirable objects.

Another class of interesting portfolios are those that are self-financing, i.e.
any change in wealth V is due only to changes in the values of stocks and bank
accounts and not to any injections of capital from outside. We can model this
using stochastic differentials if we make the assumption that the stock price
process S is a semimartingale. We can then write

dV () =a()dS(t) + B(t)dA() = a(t)dS(t) +rB(t)A(t)dt,

so the infinitesimal change in V arises solely through those in S and A. Notice
how we have sneakily slipped It6 calculus into the picture by the assumption
that dS(¢) should be interpreted in the It6 sense. This is absolutely crucial. If
we try to use any other type of integral (e.g. the Lebesgue—Stieltjes type) then
certainly the theory that follows will no longer work.

A market is said to be complete if every contingent claim can be replicated
by a self-financing portfolio. So, in a complete market, every option can be
hedged by a portfolio that requires no injections of capital between its starting
time and the expiration time. In discrete time, we have the following:

Theorem 5.4.3 (Fundamental theorem of asset pricing 2) An arbitrage-free
market is complete if and only if there exists a unique probability measure Q,
which is equivalent to P, with respect to which the discounted process Sisa
martingale.

Once again, for the continuous-time version, see Bingham and Kiesel [47]
and Delbaen and Schachermeyer [77].

Theorems 5.4.2 and 5.4.3 identify a key mathematical problem: to find a
(unique, if possible) Q, which is equivalent to P, under which § is a mar-
tingale. Such a Q is called a martingale measure or risk-neutral measure. If
Q exists, but is not unique, then the market is said to be incomplete. We will
address the problem of finding Q in the next two subsections.

5.4.2 Stock prices as a Lévy process

So far we have said little about the key process S that models the evolution of
stock prices. As far back as 1900, Bachelier [16] in his Ph.D. thesis proposed
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that this should be a Brownian motion. Indeed, this can be intuitively justi-
fied on the basis of the central limit theorem if one perceives the movement
of stocks as due to the ‘invisible hand of the market’, manifested as a very
large number of independent, identically distributed, decisions. One immedi-
ate problem with this is that it is unrealistic, as stock prices cannot become
negative but Brownian motion can. An obvious way out of this is to take expo-
nentials, but let us be more specific.

Financial analysts like to study the return on their investment, which in a
small time interval [z, ¢t + §¢] will be

88(r)  S(t+d1) —S() .

’

S@) S(t)
it is then natural to introduce directly the noise at this level and write
NG
—— = 06X () + not,
SO )+ n

where X = (X (¢),t > 0) is a semimartingale and o, i are parameters called
the volatility and stock drift respectively. The parameter o > 0 controls the
strength of the coupling to the noise while u €R represents determinis-
tic effects; indeed if E(§X (¢)) =0 for all # >0 then u is the logarithmic mean
rate of return.

We now interpret this in terms of It calculus, by formally replacing all
small changes that are written in terms of § by It6 differentials. We then find
that

dS(t) =o0St—)dX () +uSt—)dt = St—)dzZ(), (5.10)

where Z(t) = o X (t) + ut.

We see immediately that S(r) = £2(¢) is the stochastic exponential of the
semimartingale Z, as described in Section 5.1. Indeed, when X is a standard
Brownian motion B = (B(t),t > 0) we obtain geometric Brownian motion,
which is very widely used as a model for stock prices:

S(t) = S©0)exp [oB(t) + (ut — 10°1)]. (5.11)

There has been recently a great deal of interest in taking X to be a Lévy pro-
cess. One argument in favour of this is that stock prices clearly do not move
continuously, and a more realistic approach is one that allows small jumps in
small time intervals. Moreover, empirical studies of stock prices indicate dis-
tributions with heavy tails, which are incompatible with a Gaussian model (see
e.g. Akgiray and Booth [2]).
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We will make the assumption from now on that X is indeed a Lévy pro-
cess. Note immediately that in order for stock prices to be non-negative, (SE1)
yields AX(¢) > —o~! (as.) for each t > 0 and, for convenience, we will
write ¢ = —o ~! henceforth. We will also impose the following condition on
the Lévy measure v : fcoo (x2 v x)v(dx) < oo. This means that each X (¢) has
finite first and second moments, which would seem to be a reasonable assump-
tion for stock returns.

By the Lévy-It6 decomposition (Theorem 2.4.16), for each t > 0,

X(t) = mt + kB() +/mx1§7(t,dx) (5.12)

where ¥ > 0 and, in terms of the earlier parametrisation,

m=>b+ / xv(dx).
[e,—1]U[1,00)

To keep the notation simple we assume in (5.12), and below, that 0 is omitted
from the range of integration. Using Exercise 5.1.2, we obtain the following
representation for stock prices:

d[log(S(t)] =kodB(t) + (mo +u— %Kzaz)dt

o0
+/ log[1 + ox)N(dt, dx)

+ /OO [log(1 + 0x) —ox]v(dx)dt. (5.13)

Note The use of Lévy processes in finance is at a relatively early stage of
development and there seems to be some disagreement in the literature as to
whether it is best to employ a stochastic exponential to model stock prices, as
in (5.10), or to use geometric Lévy motion, S(t) = eX® (the reader can check
that these are, more or less, equivalent when X is Gaussian). Indications are
that the former is of greater theoretical interest while the latter may be more
realistic in practical models. We will return to this point later on.

5.4.3 Change of measure

Motivated by the philosophy behind the fundamental theorems of asset pricing
(Theorems 5.4.2 and 5.4.3), we seek to find measures Q, which are equivalent
to P, with respect to which the discounted stock process S is a martingale.
Rather than consider all possible changes of measure, we work in a restricted
context where we can exploit our understanding of stochastic calculus based
on Lévy processes. In this respect, we will follow the exposition of Chan [69];
see also Kunita [185, 186].
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Let Y be a Lévy-type stochastic integral that takes the form

dY(t) = G(t)dt + F(t)dB(t) + /

H(r, x)N(dt, dx),
R—{0}

where in particular H € P,(¢, R — {0}) for each ¢ > 0. Note that we have
deliberately chosen a restricted form of ¥ compatible with that of the Lévy
process X, in order to simplify the discussion below.

We consider the associated exponential process ¢’ and we assume that the
conditions of Corollary 5.2.2 and Theorem 5.2.4 are satisfied, so that eV isa
martingale (and G is determined by F' and H). Hence we can define a new
measure Q by the prescription dQ/d P = e¥ ™). Furthermore, by Girsanov’s
theorem and Exercise 5.2.13, foreach0 <r < T, E € B([c, 00)),

t
By(t) = B(t) — / F(s)ds is a O-Brownian motion
0

and
No(t, E) = N(t, E) —vp(t, E)  isa Q-martingale,
where
t
vo(t, E) = / / (1Y — Dv(dx)ds.
0 JE
Note that

Eo(No(t, E)*) = / / Eo () v(dx)ds;
0 JE

see e.g. Ikeda and Watanabe [140], Chapter II, Theorem 3.1.
We rewrite the discounted stock price in terms of these new processes, to
find

d{log[g(t)]} =KkodBy(t) + (ma +u—r—ikPoc? + ko F(t)
+o / x (e — l)v(dx))dt
R—{0}
+ / log(1 + ox)No(dt, dx)

+ /m[log(l +0x) —ox]vg(dt, dx). (5.14)
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Now write S‘(t) = S’l (t)S’z(t), where

d{log [S1(1)]} =xodBy(t) - %Kzazdt + /Oolog(l + ox)No(dt, dx)

+/o<> [log(1 + 0x) — ox]vg(dr, dx)
and
d{log[$:(1)]}

= |:m0 +u—r+koF(t)+ a/ x (e — l)v(dx):|dt.
R—{0}

On applying 1t6’s formula to S1, we obtain

dSi(t) = kaS1(t)dBy(t) + o 81 (t)xNy(dt, dx).

So S 1 is a Q-local martingale, and hence Sisa Q-local martingale if and only
if
m0+u—r+KaF(t)—|—o/ x (Y — Du(dx) =0 a.s.
R—{0}
(5.15)

In fact, if we impose the additional condition that

t o0
r — / / x2 EQ(eH(S’x)) v(dx)ds
0 Jc

is locally bounded, then Sisa martingale. This follows from the representation
of S as the solution of a stochastic differential equation (see Exercise 6.2.5).
Note that a sufficient condition for the above condition to hold is that H is
uniformly bounded (in x and w) on finite intervals [0, ¢].

Now, equation (5.15) clearly has an infinite number of possible solution
pairs (F, H). To see this, suppose that f € L'(R - {0}, v); thenif (F, H)isa
solution so too is

(F +/ f(x)v(dx), log <eH — ﬂ)) .
R—{0} X

Consequently, there is an infinite number of possible measures Q with respect
to which S is a martingale. So the general Lévy-process model gives rise to
incomplete markets. The following example is of considerable interest.
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The Brownian case Here we have v = 0, ¥ # 0, and the unique solution to
(5.15) is
r—pu—mo

F)y=—"——" as.
KO

So in this case the stock price is a geometric Brownian motion, and in fact we
have a complete market; see e.g. Bingham and Keisel [47], pp. 189-90, for
further discussion of this.

The only other example of a Levy process that gives rise to a complete mar-
ket is that where the driving noise in (5.13) is a compensated Poisson process.

The Poisson case Here we take k = O and v = A8; for A > m + (u —r)/o.
Writing H (¢, 1) = H(t), we find that

r—uw+ O — m)0:|
a.s.
Ao

H(t) =log |:

5.4.4 The Black-Scholes formula

We will follow the simple account given in Baxter and Rennie [32] of the
classic Black—Scholes approach to pricing a European option. We will work
with the geometric Brownian motion model for stock prices (5.11), so that the
market is complete. Note that k = 1 in (5.12). We will also make a slight
change in the way we define the discounted stock price: in this section we will
put S(t) = A@)"1S(r) foreach 0 < ¢t < T. We effect the change of measure
as described above, and so by (5.14) and the condition (5.15) we obtain

d{log[S(1)]} = 0dBy(t) — io?dt,
so that
dS(t) = S(t)odBy(t). (5.16)

Let Z be a contingent claim and assume that it is square-integrable, i.e.
E(|Z|2) < 00. Define a martingale (Z(¢),t > 0) by discounting and condi-
tioning as follows:

Z(t) = A(T)'E(Z|F)

foreach 0 < ¢t < T. Then Z is an Lz-martingale, since, by the conditional
form of Jensen’s inequality, we have

E(E(Z|F))?) < BEZF)) = E(Z?) < oco.

Now we can appeal to the martingale representation theorem (Corollary 5.3.4)
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to deduce that there exists a square-integrable process § = (§(¢), ¢t > 0) such
that, forall0 <t < T,

dZ(t) = 8(t)dBy(t) = y(1)dS (1), (5.17)

where, by (5.16), each y (t) = §(1)/[0 S(1)].

The Black—Scholes strategy is to construct a portfolio V which is both self-
financing and replicating and which effectively fixes the value of the option at
each time 7. We will show that the following prescription does the trick:

a(r) =y (@), B(t) = Z(1) — y (DS ), (5.18)

forallO<t <T.
We call this the Black—Scholes portfolio. Its value is

V() =yO)S®) +[Z@®) — y)SOH]A®) (5.19)

foreachO <r <T.
Theorem 5.4.4 The Black—Scholes portfolio is self-financing and replicating.

Proof First note that since for each 0 < ¢ < T we have S’(t) = A(N)~1S@),
(5.19) becomes

V(1) = A0y S + [Z(0) — y () S®)]A@) = Z(1)A@).  (5.20)

To see that this portfolio is replicating, observe that
V(T) = A(T)Z(T) = A(TA(T) ™ E(Z|Fr) = Z,

since Z is Fr-measurable.
To see that the portfolio is self-financing, we apply the Itd product formula
in (5.20) to obtain

dV(t)=dZ(t)A@)+ Z(t)dA(t) = )/(t)A(t)dS'(l) + Z(t)dA@),

by (5.17). )
But, by (5.18), Z(t) = B(t) + y(¢)S(¢) and so
dV () =yOAW®dS@) + [BE) + y()S®)]dA®)
= B(OdA®) +yO[A®)AS @) + S()dA)]
= BdA®) +y)d[AD)S(®)]
= B(OYdA(t) + y (1)dS (1),

where again we have used the Itd product formula. U
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Using formula (5.20) in the above proof, we see that the value of the port-
folio at any time 0 < ¢ < T is given by

V() = AW) Eg(A(T) ' Z|F) = e " T Ep(Z|F) (5.21)
and, in particular,
V() =e"TEy(2). (5.22)

We note that V(0) is the arbitrage price for the option, in that if the claim is
priced higher or lower than this then there is the opportunity for risk-free profit
for the seller or buyer, respectively. To see that this is true, suppose that the
option sells for a price P > V(0). If anyone is crazy enough to buy it at this
price, then the seller can spend V (0) to invest in y (0) units of stock and 8(0)
units of the bank account. Using the fact that the portfolio is self-financing and
replicating, we know that at time 7 it will deliver the value of the option V (T')
without any further injection of capital. Hence the seller has made P — V (0)
profit. A similar argument applies to the case where P < V (0).

We can now derive the celebrated Black—Scholes pricing formula for a
European option. First observe that, by (5.22), we have

V() =e"TEo((Sr — k)™).

Now, after the change of measure S is a stochastic exponential driven by
Brownian motion and so

S(T) = §(0)exp [0 Bo(T) — $0°T],
hence

S(T) = A0)S(0) exp [0 Bo(T) — (r — 30°) T

= S(0)exp (0 Bo(T) — (r — 30°) T].

But Bg(T) ~ N(0, T), from which it follows that

V(O) — efrT EQ((seU+rT _ k)+)

where U ~ N (—02T/ 2, 02T/ 2), and we have adopted the usual convention
in finance of writing S(0) = s. Hence we have

V() =

2 2
(se* —ke " T)yexp |: - w}dx.

202T

1 o0
o2nT /mg(k/s)
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Now write ®(z) = P(Z < z), where Z ~ N(0, 1) is a standard normal.
Splitting the above formula into two summands and making appropriate sub-
stitutions (see for example Lamberton and Lapeyre [188], p. 70, if you need
a hint) yields the celebrated Black—Scholes pricing formula for European call
options:

2
V() = 5@ (log(s/k) +@r+o /2)T)

oT
) log(s/ k) + (r —02/2)T>
—k rT .
¢ q’( o T

(5.23)

5.4.5 Incomplete markets

If the market is complete and if there is a suitable martingale representation
theorem available, it is clear that the Black—Scholes approach described above
can be applied in order to price contingent claims, in principle. However, if
stock prices are driven by a general Lévy process as in (5.12), the market will
be incomplete. Provided that there are no arbitrage opportunities, we know that
equivalent measures Q exist with respect to which § will be a martingale, but
these will no longer be unique. In this subsection we examine briefly some
approaches that have been developed for incomplete markets. These involve
finding a ‘selection principle’ to reduce the class of all possible measures Q to
a subclass within which a unique measure can be found. We again follow Chan
[69]. An extensive discussion from a more general viewpoint can be found in
Chapter 7 of Bingham and Kiesel [47].

The Follmer—Schweizer minimal measure

In the Black—Scholes set-up, we have a unique martingale measure Q for
which

a0 _
dP .E ’

where d(e¥ ) = e D F(t)dB(t) for 0 < t < T. In the incomplete case, one
approach to selecting Q would be simply to replace B by the martingale part
of our Lévy process (5.12), so that we have

de’ D)y = YO p(r) [Ka’B(l) +/
(

c,00)

xN(ds, a’x)] , (5.24)
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for some adapted process P = (P(t),t > 0). If we compare this with the usual
coefficients of exponential martingales in (5.3), we see that we have

kP(t) = F(t), xP(t) =10 — 1
for each t > 0, x > c. Substituting these conditions into (5.15) yields
r+u—mo
o(k? 4+ p)

where p = [ Coo x2v(dx), so this procedure selects a unique martingale measure

P(t) =

under the constraint that we consider only measure changes of the type (5.24).
Chan [69] demonstrates that this coincides with a general procedure introduced
by Follmer and Schweizer [104], which works by constructing a replicating
portfolio of value V(t) = «a(t)S(¢) + B(¢)A(t) and discounting it to obtain
V() = a()8(t) + B()A(0). If we now define the cumulative cost C (1) =
V(t) — [y a(s)dS(s) then Q minimises the risk E((C(T) — C(1))?|F)).

The Esscher transform

We will now make the additional assumption that

/ e v(dx) < o0
lx|>1

for all u € R. In this case we can analytically continue the Lévy—Khintchine
formula to obtain, for each t > 0,

E(e—uX(I)) — o TV
where
Y(u) = —n(iu)

=bu — %KZMZ —I—/ [1 —e " — uyxé(y)]v(dy).

c

Now recall the martingales M, = (M,(t),t>0), where each M,(t)=
X W= “which were defined in Chapter 2. Readers can check directly
that the martingale property is preserved under analytic continuation, and we
will write Ny (f) = My, (t) = e *XOFV @) The key distinction between the
martingales M,, and N, is that the former are complex valued while the latter
are strictly positive. For each u € R we may thus define a new probability
measure by the prescription

dQy
P |5

= Nu(t),
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foreach 0 <t < T. We call Q, the Esscher transform of P by N,. It has a
long history of application within actuarial science (see Gerber and Shiu [116]
and references therein). Applying It6’s formula to N, we obtain

dN,(t) = N,(t—)[ — kuB(t) + (e — DN(dt,dx)]. (5.25)

On comparing this with our usual prescription (5.3) for exponential martin-
gales eV, we find that

F(t) = —«u, H(t,x) = —ux,

and so (5.15) yields the following condition for Q, to be a martingale measure:
o0
—k*uoc +mo+pu—r+o f x(e™ — Dv(dx) = 0.
c

Define z(u) = fcoo x(e™"* —1)v(dx) —i2u for each u € R. Then our condition
takes the form

r — — mo
z(u) = Mi.

Since 7'(u) < 0, we see that z is monotonic decreasing and so is invertible.
Hence this choice of u yields a martingale measure, under the constraint that
we only consider changes of measure of the form (5.25).

Chan [69] showed that this @, minimises the relative entropy H(Q|P),

where
_[do. (dQ
H(Q|P) _/_dP log (—dp>dP.

Further investigations of such minimal entropy martingale measures can be
found in Fujiwara and Miyahara [110].

5.4.6 Hyperbolic Lévy processes in finance

So far we have concentrated our efforts in general discussions about Lévy pro-
cesses as models of stock prices, without looking at any particular case other
than Brownian motion. In fact, as far back as the 1960s Mandelbrot [209] pro-
posed that a-stable processes might be a good model; see also Chapter 14 of
his collected papers [210]. However, empirical studies appear to rule out these,
as well as the classical Black—Scholes model (see e.g. Akgiray and Booth [2]).
An example of a Lévy process that appears to be well suited to modelling stock
price movements is the hyperbolic process, which we will now describe.
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Hyperbolic distributions

Let Y € B(R) and let (gg; 6 € Y) be a family of probability density functions
on R such that the mapping (x, ) — gg(x) is jointly measurable from R x T
to R. Let p be another probability distribution on Y, which we call the mixing
measure; then, by Fubini’s theorem, we see that the probability mixture

h(x) = /Yge(X)p(dG),

yields another probability density function 4 on R. The hyperbolic distribu-
tions that we will now introduce arise in exactly this manner. First we need to
describe the mixing measure p.

We begin with the following integral representation for Bessel functions of
the third kind:

L[ 1 1
K,(x) = 3 u’"’ exp —Ex u+ . du
0

where x, v € R; see Section 5.6 for all the facts we need about Bessel functions
in the present section.

From this, we see immediately that f,f’*b is a probability density function on
(0, 00) for each a, b > 0, where

wbipy _ @D [_1( é)]
f (x)_2KV(\/%)x exp 7 ax—i—x .

The distribution that this represents is called a generalised inverse Gaussian
and denoted GIG(v, a, b). It clearly generalises the inverse Gaussian distribu-
tion discussed in Subsection 1.3.2. In our probability mixture, we now take p
tobe GIG(1,a,b), Y = (0, 00), and g, to be the probability density function
of an N(u+ Bo?, 0?), where u, B € R. A straightforward but tedious compu-
tation, in which we apply the beautiful result K /2(x) = +/7/(2x)e™ (proved
as Proposition 5.6.1 in Section 5.6), yields

/2 2
ha,ﬂ — o — ’B _ /82 _ 2 —
) 208K (8/a? — B?) CXP[ ¢ T A M)]
(5.26)

for all x € R, where we have, in accordance with the usual convention, intro-
duced the parameters o> = a + B2 and 8% = b.

The corresponding law is called a hyperbolic distribution, as log(hg"’ﬁ ) is
a hyperbola. These distributions were first introduced by Barndorff-Nielsen
in [26], within models for the distribution of particle size in wind-blown
sand deposits. In Barndorff-Nielsen and Halgreen [20], they were shown to
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be infinitely divisible. Halgreen [125] also established that they are self-
decomposable.

All the moments of a hyperbolic distribution exist and we may compute the
moment generating function ng () = [pe™* hgﬁ (x)dx, to obtain:

Proposition 5.4.5 For |u + 8| < a,

Jar = B2 Ki(8ya? — (B +u)?)
Ki(8ye2 =82 Jal—(B+u?

M) = e

Proof Use straightforward manipulation (see Eberlein, Keller and Prause

[88]). O

Note that, by analytic continuation, we get the characteristic function
¢ (u) = M(iu), which is valid for all u € R. Using this, Eberlein and Keller in
[89] were able to show that the Lévy measure of the distribution is absolutely
continuous with respect to Lebesgue measure, and they computed the exact
form of the Radon—-Nikodym derivative.

Exercise 5.4.6 Let X be a hyperbolically distributed random variable. Use
Proposition 5.4.5 and (5.30) in Section 5.6 to establish

B Kx(0)
Va2 — p2Ki(g)

E(X) =pn+

and

Var(x>:32[’<2<€> p? (Kam qu)z)]

_.I_ —
CKi(Q)  ar=pE\KI(Q) Ki(0)?
where ¢ = §\/a? — B2

For simplicity, we will restrict ourselves to the symmetric case where u =
B = 0. If we reparametrise, using { = d«, we obtain the two-parameter family
of densities

h _ ! 1+ (5
;,a(x)—mexp - +(§) )

It is shown in Eberlein and Keller [89] that the corresponding Lévy process
X5 = (X¢,5(t), t > 0) has no Gaussian part and can be written

t
X;,,;(z):/[ xN(ds, dx)
0 JR—{0}

foreachr > 0.
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Option pricing with hyperbolic Lévy processes

The hyperbolic Lévy process was first applied to option pricing by Eberlein
and Keller in [89], following a suggestion by O. Barndorff-Nielsen. There is
an intriguing analogy with sand production in that just as large rocks are bro-
ken down to smaller and smaller particles to create sand so, to quote Bingham
and Kiesel in their review article [48], ‘this “energy cascade effect” might be
paralleled in the “information cascade effect”, whereby price-sensitive infor-
mation originates in, say, a global newsflash and trickles down through na-
tional and local level to smaller and smaller units of the economic and social
environment.’

We may again model the stock price S = (S(t),# > 0) as a stochastic
exponential driven by a process X, s, so that

dS(t) = S(t—)dX, s(t)

for each t+ > 0 (we omit volatility for now and return to this point later). A
drawback of this approach is that the jumps in X, s are not bounded below.
Eberlein and Keller [89] suggested overcoming this problem by introducing a
stopping time t = inf{t > 0; AX 5(t) < —1} and working with )A(;,s instead
of X s, where foreacht > 0

Xe5(t) = Xes() X<y

but this is clearly a somewhat contrived approach. An alternative point of view,
also put forward by Eberlein and Keller [89], is to model stock prices by an
exponential hyperbolic Lévy process and utilise

S(t) = S0) exp[X,5(1)]-

This has been found to be a highly successful approach from an empirical point
of view. As usual we discount and consider

S(t) = S(0) exp [ X, () — rt],

and we require a measure Q with respect to which S = (3‘ (t),t > 0)isa
martingale. As expected, the market is incomplete, and we will follow Eberlein
and Keller [89] and use the Esscher transform to price the option. Hence we
seek a measure, of the form Q,,, that satisfies

dQ.
dP |5

= N, (1) = exp{ —uX,5(1) —t log[M,sw)]}.
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Here M s(u) denotes the moment generating function of X 5(1), as given by
Proposition 5.4.5, for |u| < «. Recalling Lemma 5.2.10, we see that S is a
Q-martingale if and only if SN, = (S(#)N,(¢),t > 0) is a P-martingale.
Now

SN, (1) = exp (1 — w) X5 (1) — t{log [Me5()] +r}).

But we know that (exp ((1 —u)X;s(t) — t{log[M; 5(1 —u)}),t>0) is a
martingale and, comparing the last two facts, we find that Sisa Q-martingale
if and only if

r=1log[M;s(1 —u)] —log [ M s(u)]
e | BV A=W 1 [;2—52(1—14)2]
B AN ol |

2
The required value of u can now be determined from this expression by nu-
1

merical means.
We can now price a European call option with strike price k and expiration
time 7. Writing S(0) = s as usual, the price is

V() =Eg, (e"[S(T) —k]") = Eq, (e {s exp[X;5 (] — k} 7).

Exercise 5.4.7 Let fc(lg be the pdf of X 5(¢) with respect to P. Use the Esscher
transform to show that X 5(¢) also has a pdf with respect to Q,,, which is given
by

FO 0wy = £900) exp {—ux — tlog[ M, )1}

for each x € R, r > 0. Hence obtain the pricing formula

o o

V() = f FE et —uydx — ek / £ (s wydox.

log(k/s) log(k/s)

As shown in Eberlein and Keller [89], this model seems to give a more
accurate description of stock prices than the usual Black—Scholes formula. An
online programme for calculating stock prices directly can be found at the
website http://www.fdm.uni-freiburg.de/groups/financial/UK.

Finally we discuss the volatility, as promised. Suppose that, instead of a
hyperbolic process, we revert to a Brownian motion model of logarithmic stock
price growth and write S(¢) = eZ® where Z(t) = o B(¢) for each t > 0; then

! Note that the equivalent expression in Eberlein and Keller [89], p. 297, is given in terms of the
parameter 6 = —u.
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the volatility is given by o2 = E(Z(1)2). By analogy, we define the volatility
in the hyperbolic case by 02 = E(X;,g(l)z). Using the results of Exercise
5.4.6 we obtain

0_2 _ 82K2(§).
¢Ki(¢)

Further discussions of pricing using hyperbolic models can be found in Eber-
lein, Keller and Prause [88] and Bingham and Kiesel [48]. Bibby and Sgrenson
[42] introduced a variation on this model in which the stock prices satisfy a
stochastic differential equation driven by Brownian motion but the coefficients
are chosen so that the stock price is approximately a geometric hyperbolic
Lévy process for large time.

5.4.7 Other Lévy process models for stock prices

Hyperbolic processes are one of a number of different models that have been
advocated to replace the Black—Scholes process by using Lévy processes. Here
we briefly survey some others. One of the first of these was proposed by Merton
[220] and simply interlaced the Brownian noise with the jumps of a compound
Poisson process. So this model lets the stock price process S = (S(¢),t > 0)
evolve as

N(1t)

S(t) = S(0) exp [,3; +0B(t) — %azt] ]_[ Y;

j=1

for each t > 0, where the sequence (Y,,n € N) of i.i.d. random variables,
the Poisson process (N (), t > 0) and the Brownian motion (B(t), t > 0) are
all independent. There has recently been renewed interest in this approach; see
Benhamou [33].

Although we have ruled out the use of stable noise to model stock prices
on empirical grounds there is still some debate about this, and recent stable-
law models are discussed by McCulloch [205] and Meerschaert and Scheffler
[217].

One of the criticisms levelled at the classical Black—Scholes formula is that
it assumes constant volatility o. We could in practice test this by using knowl-
edge of known option prices for fixed values of the other parameters to deduce
the corresponding value of o. Although the Black—Scholes pricing formula
(5.23) is not invertible as a function of o, we can use numerical methods to es-
timate o, and the values so obtained are called implied volatilities. Rather than
giving constant values, the graph of volatility against strike price produces a
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curve known as the volatility smile; see e.g. Hull [137], Chapter 7. To explain
the volatility smile many authors have modified the Black—Scholes formalism
to allow o to be replaced by an adapted process (o (¢),t > 0). Of particular
interest to fans of Lévy processes is work by Barndorff-Nielsen and Shephard
[25], wherein (o (1)%,t > 0) is taken to be an Ornstein—Uhlenbeck process
driven by a non-Gaussian Lévy process; see Subsection 4.3.5.

Recently, it has been argued in some fascinating papers by Geman, Madan
and Yor [114, 115] that asset-price processes should be modelled as pure jump
processes of finite variation. On the one hand, where the corresponding in-
tensity measure is infinite the stock price manifests ‘infinite activity’, and this
is the mathematical signature of the jitter arising from the interaction of pure
supply shocks and pure demand shocks. On the other hand, where the inten-
sity measure is finite we have ‘finite activity’, and this corresponds to sudden
shocks that can cause unexpected movements in the market, such as a terrorist
atrocity or a major earthquake.

By a remarkable result of Monroe [231] any such process (in fact, any semi-
martingale) can be realised as (B(T'(t)), t > 0), where B is a standard Brown-
ian motion and (7 (¢), ¢t > 0) is a time change, i.e. a non-negative increasing
process of stopping times. Of course, we obtain a Lévy process when 7T is an
independent subordinator, and models of this type that had already been ap-
plied to option pricing are the variance gamma process (see Subsection 1.3.2)
of Madan and Seneta [206] and its generalisations by Carr et al. [66], [68].
Another subordinated process, which we discussed in Subsection 1.3.2 and
which has been applied to model option prices, is the normal inverse Gaussian
process of Barndorff-Nielsen ([27, 28], see also Barndorff-Nielsen and Prause
[24]), although this is of not of finite variation.

Barndorff-Nielsen and Levendorskii [22] have proposed a model where the
logarithm of the stock price evolves as a Feller process of Lévy type obtained
by introducing a spatial dependence into the four parameters of the normal
inverse Gaussian process. Their analysis relies upon the use of the pseudo-
differential-operator techniques introduced in Chapter 3. A common criticism
of Lévy-processes-driven models (and this of course includes Black—Scholes)
is that it is unrealistic to assume that stock prices have independent increments.
The use of more general Feller processes arising from stochastic differential
equations driven by Lévy processes certainly overcomes this problem, and
this is one of the main themes of the next chapter. Another interesting ap-
proach is to model the noise in the basic geometric model (5.10) by a more
complicated process. For example, Rogers [263] proposed a Gaussian process
that does not have independent increments. This process is related to frac-
tional Brownian motion, which has also been proposed as a log-price process;
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however, as is shown in [263], such a model is inadequate since it allows arbi-
trage opportunities.

There are a number of different avenues opening up in finance for the ap-
plication of Lévy processes. For example, pricing American options is more
complicated than the European case as the freedom in choosing any time in
[0, T] to trade the option is an optional stopping problem. For progress in
using Lévy processes in this context see Avram, Chan and Usabel [15] and ref-
erences therein. Boyarchenko and Levendorskii [56] is a very interesting paper
on the application of Lévy processes to pricing barrier and touch-and-out op-
tions. The pricing formula is obtained using Wiener—Hopf factorisation, and
pseudo-differential operators also play a role in the analysis. The same authors
have recently published a monograph [57], in which a wide range of problems
in option pricing are tackled by using Lévy processes of exponential type, i.e.
those for which there exist A; < 0 < A, such that

—1 00
/ e 2% y(dx) +/ e M y(dx) < oo.
—00 1
A number of specific Levy processes used in financial modelling, such as the
normal inverse Gaussian and hyperbolic processes, are of this type.

In addition to option pricing, Eberlein and Raible [91] considered a model
of the bond market driven by the exponential of a Lévy stochastic integral; see
also Eberlein and Ozkan [90]. For other directions, see the articles on finance
in the volume [23].

5.5 Notes and further reading

Stochastic exponentials were first introduced by C. Doléans-Dade in [81].
Although the order was reversed in the text, the Cameron—Martin—-Maruyama
formula as first conceived by Cameron and Martin [63] preceded the more gen-
eral Girsanov theorem [120]. The first proof of the martingale representation
theorem was given by Kunita and Watanabe in their ground-breaking paper
[181].

We have already given a large number of references to mathematical finance
in the text. The paper from which they all flow is Black and Scholes [50]. It
was followed soon after by Merton [219], in which the theory was axiomatised
and the key role of stochastic differentials was clarified. In recognition of this
achievement, Merton and Scholes received the 1997 Bank of Sweden Prize in
Economic Sciences in Memory of Alfred Nobel (which is often incorrectly re-
ferred to as the ‘Nobel Prize for Economics’); sadly, Black was no longer alive
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at this time. See http://www.nobel.se/economics/laureates/1997/index.html for
more information about this.

As this book was nearing completion, Schoutens [280] appeared in print;
this book is sure to be of great interest to aficionados of Lévy processes in
finance.

5.6 Appendix: Bessel functions

The material given here can be found in any reasonable book on special
functions. We draw the reader’s attention to the monumental treatise of Watson
[300] in particular.

Let v € R. Bessel’s equation of order v is of great importance in classical
mathematical physics. It takes the form

ady | dy
o s +xd—+(x )y =0 (5.27)

for each x € R.
A series solution yields the general solution (for v ¢ 7Z)

y(x) = Cidy(x) + G-, (x),

where C1, C, are arbitrary constants and J, is a Bessel function of the first
kind,

& (/2
Jy(x) = nZ(; m (5.28)

An alternative representation of the general solution is
y(x) = CiJy(x) + oY, (x),

where Y, is a Bessel function of the second kind.:

Y, (x) = 2me'™ Jy(x) cos(vrr) — Jy(x)

sin(2vr)

We now consider the modified Bessel equation of order v,

d*y dy
2 _
d_x2 +xdx x> +v )y (5.29)
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We could clearly write the general solution in the form

y(x) = CiJu(ix) + CoJ_, (ix),

but it is more convenient to introduce the modified Bessel functions

I,(x) = e ™2, (ix),

as these are real-valued.
Bessel functions of the third kind were introduced by H. M. Macdonald and
are defined by

(N () — 1h(x)
K, (x) = (_) sin(ver)

2
The most important results for us are the recurrence relations

2
Kuar(x) = Koy (x) + %Kum (5.30)

and the key integral formula,

K,(x) = %/Ooou”—l exp |:—%x <u + 5)] du. (5.31)

Note that a straightforward substitution yields, in particular,

o 1 1
K = ——x (u*+ = ) |du.
12(x) /0 exp[ 5% <u + u2>] u

The following result is so beautiful that we include a short proof. This was
communicated to me by Tony Sackfield.

/7[ —X
K]/Q(X)= Ze .

Proof Using the various definitions given above we find that

Proposition 5.6.1

T
K]/z(x) = Eem/4 [J,]/z(l'x) + i.’]/z(ix)] .

But it follows from (5.28) that

2
Jip(x) =4 p— sin(x)
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2
Jo12(x) =/ — cos(x),
X
and so
X 2 1+
Kip(x) = %e”’“,/ E[cos(ix) +1i sin(ix)] = /2% ( j{) e .

14+
The result follows from the fact that }l =2. O
i

and
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Stochastic differential equations

Summary  After a review of first-order differential equations and their associated
flows, we investigate stochastic differential equations (SDEs) driven by Brownian mo-
tion and an independent Poisson random measure. We establish the existence and
uniqueness of solutions under the standard Lipschitz and growth conditions, using the
Picard iteration technique. We then turn our attention to investigating properties of the
solution. These are exhibited as stochastic flows and as multiplicative cocycles. The in-
terlacing structure is established, and we prove the continuity of solutions as a function
of their initial conditions. We then show that solutions of SDEs are Feller processes and
compute their generators. Perturbations are studied via the Feynman—Kac formula. We
briefly survey weak solutions and associated martingale problems. Finally, we study
solutions of Marcus canonical equations and discuss the respective conditions under
which these yield stochastic flows of homeomorphisms and diffeomorphisms.

One of the most important applications of 1t6’s stochastic integral is in the
construction of stochastic differential equations (SDEs). These are important
for a number of reasons.

(1) Their solutions form an important class of Markov processes where the
infinitesimal generator of the corresponding semigroup can be constructed
explicitly. Important subclasses that can be studied in this way include
diffusion and jump-diffusion processes.

(2) Their solutions give rise to stochastic flows, and hence to interesting ex-
amples of random dynamical systems.

(3) They have many important applications to, for example, filtering, control,
finance and physics.

Before we begin our study of SDEs, it will be useful to remind ourselves of
some of the key features concerning the construction and elementary properties
of ordinary differential equations (ODEjs).

292
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6.1 Differential equations and flows

Our main purpose in this section is to survey some of those aspects of ODEs
that recur in the study of SDEs. We aim for a simple pedagogic treatment that
will serve as a useful preparation and we do not attempt to establish optimal
results. We mainly follow Abraham et al. [1], Section 4.1.

Let b : RY — R4 sothat b = (b!,...,b%) where b' : RY — R for
1<i<d.

We study the vector-valued differential equation

4O _ bt 6.1
Pl (c(1)), (6.1)

with fixed initial condition c(0) = ¢g € R4, whose solution, if it exists, is a
curve (c(t), ¢ € R) in R?.
Note that (6.1) is equivalent to the system of ODEs

dci(t)
dt

= b'(c(1))

foreachl <i <d.
To solve (6.1), we need to impose some structure on b. We say that b is
(globally) Lipschitz if there exists K > 0 such that, for all x, y € R?,

|b(x) = b(y)| = Klx — yl. (6.2)

The expression (6.2) is called a Lipschitz condition on b and the constant K
appearing therein is called a Lipschitz constant. Clearly if b is Lipschitz then it
is continuous.

Exercise 6.1.1 Show that if b is differentiable with bounded partial derivatives
then it is Lipschitz.

Exercise 6.1.2 Deduce that if b is Lipschitz then it satisfies a linear growth
condition

[b(x)] < L(1 + |x])
for all x € RY, where L = max{K, |b(0)|}.

The following existence and uniqueness theorem showcases the important
technique of Picard iteration. We first rewrite (6.1) as an integral equation,

c(t) = c(0) + / ' b(e(s))ds,
0
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for each + € R. Readers should note that we are adopting the convention
whereby [ is understood to mean flo whent < 0.

Theorem 6.1.3 If b : RY — RY is (globally) Lipschitz, then there exists a
unique solution ¢ : R — R? of the initial value problem (6.1).

Proof Define a sequence (c,, n € NU {0}), where ¢, : R — R4 is defined by

o) = o rr(t) = co+ / bea(s))ds,
0

for each n > 0,¢ € R. Using induction and Exercise 6.1.2, it is straightfor-
ward to deduce that each ¢, is integrable on [0, ¢], so that the sequence is well
defined.

Define «;, = ¢, — ¢,,—1 for each n € N. By Exercise 6.1.2, foreacht € R
we have

lar (O] < [b(co)| [t] = Mt (6.3)
where M = L(1 + |cg|).

Using the Lipschitz condition (6.2), for each r € R, n € N, we obtain

t t
lotny1 (£)] < f |b(cn(s)) — b(ca—1(s))|ds < K/ lan(s)lds  (6.4)
0 0
and a straightforward inductive argument based on (6.3) and (6.4) yields the
estimate

MEK" "

o (1)] < ———
n:

for each t € R. Hence for all t > 0 and n, m € N with n > m, we have

n n MKr—l|t|r
sup le,(s) —cn() < Y sup ()] < Y ———.
O<s<t r=m+10=s=t r=m+1 r

Hence (c;,, n € N) is uniformly Cauchy and so uniformly convergent on finite
intervals [0, ¢] (and also on intervals of the form [z, 0] by a similar argument.)
Define ¢ = (c(¢),t € R) by

c(t) = lim ¢, () for eacht € R.
n—>oo

To see that ¢ solves (6.1), note first that by (6.2) and the uniformity of the
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convergence we have, foreachr e R,n € N,

=< / |b(c(s)) — b(ca(s))lds
0
< Kt sup [c(s) — ca(s)]

O<s<t

— 0 as n— oo.

/b(c(s))ds—/ b(cy(s))ds
0 0

Hence, for each ¢ € R,

c(t) —c(0) +f b(c(s))ds = lim |:c,,+1(t) —c(0) +/ b(c,,(s))ds]
0 n—oo 0
=0.

Finally, we show that the solution is unique. Assume that ¢’ is another solution
of (6.1) and, foreachn € N, ¢t € R, define

Bu(t) = cn(t) — (1),

s0 that 8,41 () = [5 b(B(s))ds.
Arguing as above, we obtain the estimate

MKn—1|t|n
n!

1Bn ()] <

from which we deduce that each lim,,_, o 8,(t) = 0, so that ¢(t) = c/(¢) as
required. O

Note that by the uniformity of the convergence in the proof of Theorem
6.1.3 the map t — c(¢) is continuous from R to R?.

Now that we have constructed unique solutions to equations of the type
(6.1), we would like to explore some of their properties. A useful tool in this
regard is Gronwall’s inequality, which will also play a major role in the analy-
sis of solutions to SDE:s.

Proposition 6.1.4 (Gronwall’s inequality) Let [a, b] be a closed interval in
R and a, B : [a,b] — R be non-negative with o locally bounded and B
integrable. If there exists C > 0 such that, for all t € [a, b],

a(t) <C +/ a(s)B(s)ds, (6.5)

a

then we have

a(t) < Cexp [/ ,B(S)ds]

forallt € [a, b].
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Proof First assume that C > 0 and let & : [a, b] — (0, o0) be defined by

t
h(t) =C —I—/ a(s)B(s)ds
a
for all ¢ € [a, b]. By Lebesgue’s differentiation theorem (see e.g. Cohn [73],
p. 187), h is differentiable on (a, b), with

h' (1) = a(t)B(r) < h(t)B(1)

by (6.5), for (Lebesgue) almost all ¢ € (a, b).

Hence 7/ (¢)/h(t) < B(t) (a.e.) and the required result follows on integrating
both sides between a and b.

Now suppose that C = 0; then, by the above analysis, for each ¢ € [a, D]
we have a(t) < (1/n)exp [fab ﬂ(s)ds] for each n € N, hence a(t) = 0 as
required. O

Note that in the case where equality holds in (6.5), Gronwall’s inequality is
(essentially) just the familiar integrating factor method for solving first-order
linear differential equations.

Now let us return to our consideration of the solutions to (6.1). There are
two useful perspectives from which we can regard these.

e If we fix the initial condition ¢o = x € R then the solution is a curve
(c(r),t € R) in R¥ passing through x when r = 0.

e If we allow the initial condition to vary, we can regard the solution as a
function of two variables (c(z, x), t € R, x € RY) that generates a family of
curves.

It is fruitful to introduce some notation that allows us to focus more clearly
on our ability to vary the initial conditions. To this end we define for each
teR, x e RY,

§(x) = c(t, x),
so that each & : RY — R4,
Lemma 6.1.5 Foreacht e R, x,y € R4,

16 () — &) < eXMx -y,

so that, in particular, each & : RY — R? is continuous.
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Proof Fix t, x and y and let y; = |& (x) — & (y)|. By (6.1) and (6.2) we obtain

t t

po= ol [ b -~ b oIS < 1=y +K [ pds,
0 0

and the result follows by Gronwall’s inequality. U

Suppose now that b is C!; then we may differentiate b at each x € R, and
its derivative Db(x) : RY — R? is the Jacobian matrix of b. We will now
investigate the implications of the smoothness of b for the solution (&, t € R).

Exercise 6.1.6 Let (§,¢ > 0) be the solution of (6.1) and suppose that b €

Cé (R9). Deduce that for each x € R there is a unique solution to the d x d-
matrix-valued differential equation

%V(t, x) = Db(& (x))y (1, x)

with initial condition y (0, x) = 1.

Theorem 6.1.7 If b € Ct(R?) for some k € N, then & € C*(RY) for each
teR.

Proof We begin by considering the case k = 1.
Let y be as in Exercise 6.1.6. We will show that &, is differentiable and that

D& (x) = y(t, x) foreach t € R, x € RY.
Fix h € R? and let 0(z, h) = & (x + h) — &(x). Then, by (6.1),

0(t, h) —y(t, x)(h) = /0 [b((x + h)) — b(&,(x))]ds

- /0 Db(E,(x)y (5. x)(W)ds
=1(t) + L(1) (6.6)
where

Ii(t) = fo [b(&(x + ) — b(&,(x)) — Db(&(x))0(s, h)]ds

and

I(1) =/0 Db(&,(x))(0(s, h) — y (s, x)(h))ds.
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By the mean value theorem,

1b(&s(x + h)) — b(&:(x))| < C|O(s, h)|

where C =d SUpPyeRd MAX|<j, j<d |Db(y);;|. Hence, by Lemma 6.1.5,

111 (1)] < 2Ct sup 10(s, h)| < 2Ct|h]e" N, (6.7)

0<s<t

while

|1L(0)] < C// 0(s, h) —y (s, x)(h)|ds,
0

where C' = Cd'/2.
Substitute (6.7) and (6.1) in (6.6) and apply Gronwall’s inequality to deduce
that

0(t, h) — y(t, x)(h)| < 2Ct|hleK+OM],

from which the required result follows. From the result of Exercise 6.1.6, we
also have the ‘derivative flow’ equation

dDé&(x)
dt

The general result is proved by induction using the argument given above. [

= Db(&(x)) D& (x).

Exercise 6.1.8 Under the conditions of Theorem 6.1.7, show that, for all x €
R?, the map t — & (x) is C*+1.

We recall that a bijection ¢ : RY — R? is a homeomorphism if ¢ and ¢!
are both continuous and a C*-diffeomorphism if ¢ and ¢! are both C¥.
A family ¢ = {¢;, t € R} of homeomorphisms of R? is called a flow if

po=1 —and @b = b5y (6.8)

for all 5,7 € R. If each ¢; is a C¥-diffeomorphism, we say that ¢ is a flow of
Ck-diffeomorphisms.

Equation (6.8) is sometimes called the flow property. Note that an immedi-
ate consequence of it is that

¢;1 = ¢—t

for all # € R, so that (6.8) tells us that ¢ is a one-parameter group of homeo-
morphisms of R,
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Lemma 6.1.9 If ¢ = {¢;,t > 0} is a family of C*-mappings from R? 1o R¢
such that ¢o = I and sty = Ppsis for all s, t € R then ¢ is a flow of C*-
diffeomorphisms.

Proof Tt is enough to observe that, for all ¥ € R, we have ¢_;¢; = ¢r¢p—; = 1,
so that each ¢, has a two-sided C*-inverse and thus is a C¥-diffeomorphism.

O

Theorem 6.1.10 Let £ = (§,t € R) be the unique solution of (6.1). If b €
Cg (RY), then & is a flow of Ck-diﬁeOmorphisms.

Proof We seek to apply Lemma 6.1.9. By Theorem 6.1.7 we see that each
& € CK(R?), so we must establish the flow property.

The fact that & = I is immediate from (6.1). Now, for each x € R? and
s, t eR,

() = 1+ /O " b,
—xt fo b () du + / " b
— 600+ f " b
— 600+ fo bEuss (1)t

However, we also have

£(&s(x)) = &(x) +/O b(&.(&5(x)))du,

and it follows that & (x) = & (&;(x)) by the uniqueness of solutions to (6.1).
U

Exercise 6.1.11 Deduce that if b is Lipschitz then the solution & = (£(¢),t €
R) is a flow of homeomorphisms.

Exercise 6.1.12 Let & be the solution of (6.1) and let f € C*¥(R?); show that

df _ i af
&) =b (St(X))axl_

(& (x)). (6.9)
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If b € CK(R?), it is convenient to consider the linear mapping Y : C k1 (R4
— CK(R?) defined by

i 9f
YfHx) =b"(x)—(x)
8X,’

for each f € C¥(RY), x € RY. The mapping Y is called a C¥-vector field. We
denoted as £y (R?) the set of all CX-vector fields on R¥.

Exercise 6.1.13Let X, Y and Z € L}, (Rd), where k > 2.

(1) Show that o X + BY € Ly (RY) forall o, B € R.
(2) Show that the commutator [X, Y] € L (R), where

(X, Y1) (x) = (XY (fNE) — (Y X))

for each f € CK(R?), x € RY.
(3) Establish the Jacobi identity

(X, [Y, ZI1 + [V, [Z, X]1 + [Z,[X, Y]] = 0.

We saw in the last exercise that £, (]Rd )is a Lie algebra, i.e.it is a real vector
space equipped with a binary operation [-, -] that satisfies the Jacobi identity
and the condition [X, X] = Oforall X € L (Rd ). Note that a Lie algebra is not
an ‘algebra’ in the usual sense since the commutator bracket is not associative
(we have the Jacobi identity instead).

In general, a vector field Y = b'9; is said to be complete if the associated
differential equation (6.1) has a unique solution (§(¢)(x), t € R) for all initial
conditions x € R?. The vector field Y fails to be complete if the solution only
exists locally, e.g. for all # € (a, b) where —o0 < a < b < o0, and ‘blows up’
ata and b.

Exercise 6.1.141etd = 1and Y(x) = xzd/dx for each x € R. Show that Y
is not complete.

If Y is complete, each (£(¢)(x),t € R) is called the integral curve of Y
through the point x, and the notation £(#) (x) = exp(Y)(x) is often employed
to emphasise that, from an infinitesimal viewpoint, Y is the fundamental object
from which all else flows. We call ‘exp’ the exponential map. These ideas all
extend naturally to the more general set-up where R is replaced by a differ-
entiable manifold.
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6.2 Stochastic differential equations — existence and uniqueness

We now turn to the main business of this chapter. Let (2, F, P) be a probabil-
ity space equipped with a filtration {F;, r > 0} that satisfies the usual hypothe-
ses. Let B = (B(t),t > 0) be an r-dimensional standard Brownian motion
and N an independent Poisson random measure on R™ x (R4 — {0}) with as-
sociated compensator N and intensity measure v, where we assume that v is a
Lévy measure. We always assume that B and N are independent of Fy.

In the last section, we considered ODEs of the form

dy(r)
— = o). (6.10)

whose solution (y(t), t € R) is a curve in RY.
We begin by rewriting this ‘Ito-style’ as

dy(t) = b(y(t))dt. (6.11)

Now restrict the parameter ¢ to the non-negative half-line R™ and consider
y = (y(t),t > 0) as the evolution in time of the state of a system from some
initial value y(0). We now allow the system to be subject to random noise
effects, which we introduce additively in (6.11). In general, these might be
described in terms of arbitrary semimartingales (see e.g. Protter [255]), but in
line with the usual philosophy of this book, we will use the ‘noise’ associated
with a Lévy process.
We will focus on the following SDE:

dY(t) =b(Y(t—))dt +o(Y(t—))dB(t)
+/ F(Y(t—), x)N(dt, dx)
|x]<c

+/ GY(@—),x)N(dt,dx), (6.12)
lx|=¢
which is a convenient shorthand for the system of SDEs

dY'(1) = b' (Y (t=))dt + o} (Y (1—)d B’ (1)

+/ Fi(Y(t—), x)N(dt,dx)
|x|<c

+/ Gi(Y(t—),x)N(dt,dx), (6.13)
[x|=c

where each 1 < i < d. Here the mappings b’ : RY — R, a} ‘R > R, F!
RY x RY - Rand G' : RY x R? — R are all assumed to be measurable
for 1 <i <d,1 < j < r. Further conditions on these mappings will follow
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later. The convenient parameter ¢ € [0, oo] allows us to specify what we mean
by ‘large’ and ‘small’ jumps in specific applications. Quite often, it will be
convenient to take ¢ = 1. If we want to put both ‘small’ and ‘large’ jumps on
the same footing we take ¢ = oo (or 0), so that the term involving G (or F,
respectively) is absent in (6.12)).

We will always consider (6.12), or equivalently (6.13), as a random initial-
value problem with a fixed initial condition Y (0) = Yy, where Y is a given
R?-valued random vector. Sometimes we may want to fix Yo = yp (a.s.), where
yo € RY.

In order to give (6.13) a rigorous meaning we rewrite it in integral form, for
eachr >0,1<i <d,as

t

Yi@) = Yf(0)+f bi(Y(t—))dt+/ ol(Y (t—)dB (1)
0 0
+/t/ Fi(Y(t—), x)N(dt, dx)
0 Jlx|<c

+f/ G'(Y(t—), x)N(dt, dx) a.s. (6.14)
0 Jx|>c

The solution to (6.14), when it exists, will be an R9_valued stochastic pro-
cess (Y(),t > 0) with each Y(r) = (Y'(¢), ..., Y4(r)). Note that we are
implicitly assuming that Y has left-limits in our formulation of (6.14), and we
will in fact be seeking cadlag solutions so that this is guaranteed.

As we have specified the noise B and N in advance, any solution to (6.14)
is sometimes called a strong solution in the literature. There is also a no-
tion of a weak solution, which we will discuss in Subsection 6.7.3. We will
require solutions to (6.14) to be unique, and there are various notions of
uniqueness available. The strongest of these, which we will look for here, is
to require our solutions to be pathwise unique, i.e. if Y1 = (Y1(¢),t > 0) and
Y, = (Y2(1),t > 0) are both solutions to (6.14) then P (Y;(r) = Y»(¢) for all
1>0)=1.

The term in (6.14) involving large jumps is that controlled by G. This is
easy to handle using interlacing, and it makes sense to begin by omitting this
term and concentrate on the study of the equation driven by continuous noise
interspersed with small jumps. To this end, we introduce the modified SDE

dZ(t) =b(Z(t—))dt+o (Z(t—))dB(t)+ / F(Z(t—), x)N(dt, dx),

|x]|<c

(6.15)

with initial condition Z(0) = Zj.
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We now impose some conditions on the mappings b, 0 and F that will
enable us to solve (6.15). First, for each x,y € RY we introduce the d x d
matrix

atx,y) =a@o (),

so that a™* (x, y) = Y_; oh(x)of (y) foreach 1 < i,k < d.
We will have need of the matrix seminorm on d x d matrices, given by

d
llall =) lall.
i=1

We impose the following two conditions.

(C1) Lipschitz condition There exists K1 > 0 such that, for all y;, y» € R4,

1b(y1) — b(y)|* + lla(yi, y1) — 2a(y1, y2) + a(y2, y2)||
+ / (P31, %) — FOm 0P0(dx) < Kilyi =yl (6.16)
|x|<c

(C2) Growth condition There exists Ko > 0 such that, forall y R,

Ib()I1* + lla(y, y)||+/ |F(y, x)Pvdx) < Ky(1+|y[).

|x|<c

(6.17)

We make some comments on these.

First, the condition [la(y1, y1)— 2a(y1. y2) +a(y2, y2)|| < Lly1 — ya|?, for
some L > 0, is sometimes called bi-Lipschitz continuity. It may seem at odds
with the other terms on the left-hand side of (6.16) but this is an illusion. A
straightforward calculation yields

d r
la(i, y0) = 2a(yi, y2) +a(z, yll = > Y [0l — ol

i=1 j=1

and if you take d = r = 1 then
la(yi, y1) — 2a(y1, y2) + a(ya, y2)| = lo (y1) — o ()%

Exercise 6.2.1 If a is bi-Lipschitz continuous, show that there exists L; > 0
such that

lla(y, Il < L1+ [|y]|»)
forall y € RY.
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Our second comment on the conditions is this: if you take F = 0, it follows
from Exercises 6.1.2 and 6.2.1 that the growth condition (C2) is a consequence
of the Lipschitz condition (C1). Hence in the case of non-zero F, in the pres-
ence of (C1), (C2) is equivalent to the requirement that there exists M > 0
such that, for all y € R¢,

/ Py, 0)Pv(dx) < M(1+ yP).
|x|<c

Exercise 6.2.2

(1) Show that if v is finite, then the growth condition is a consequence of the
Lipschitz condition.

(2) Show that if F(y,x) = H(y)f(x) for all y € R, |x| < ¢, where H
is Lipschitz continuous and fl l<c lf (x)|2v(dx) < o0, then the growth
condition is a consequence of the Lipschitz condition.

Having imposed conditions on our coefficients, we now discuss the initial
condition. Throughout this chapter, we will always deal with the standard ini-
tial condition Y (0) = Yy (a.s.), for which Yy is Fp-measurable. Hence Y (0) is
independent of the noise B and N.

Finally we note that, throughout the remainder of this chapter, we will fre-
quently employ the following inequality for n € N and x1, x2, ... x, € R:

X1+ X2+ x2 < (x4 xa] 4 - [x]). (6.18)

This is easily verified by using induction and the Cauchy—Schwarz in-
equality.

Our existence and uniqueness theorem will employ the technique of Picard
iteration, which served us well in the ODE case (Theorem 6.1.3); cf. Ikeda and
Watanabe [140], Chapter 4, Section 9.

Theorem 6.2.3 Assume the Lipschitz and growth conditions. There exists a
unique solution Z = (Z(t),t > 0) to the modified SDE (6.15) with the stan-
dard initial condition. The process Z is adapted and cadlag.

Our strategy is to first carry out the proof of existence and uniqueness in the
case [E(]Zo|?) < oo and then consider the case E(| Zg|%) = oo.
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Proof of existence for E(]Zy|*) < oo Define a sequence of processes (Z,,
n € NU{0}) by Zo(¢) = Zp and, foralln e NU {0}, r > 0,

dZ,1(t) = b(Z,(t—))dt + o (Z,(t—))dB(t)
+ / F(Z,(t—=), x)N(dt, dx).

|x|<c

A simple inductive argument and use of Theorem 4.2.12 demonstrates that
each Z, is adapted and cadlag.
Foreach1 <i <d,n e NU{0},t > 0, we have

Zy (1) = Z,(1)
- /0 [0/ (Zu(s—)) — b (Zu_1(5—)Jds
4 fo [01(Zu(s—)) — 0 (Zu 1 (5= |4 B/ (s)

+f/ [F'(Z,(s—), x) — F(Z,_1(s—), x)|N(ds, dx).
0 |x|<c

We need to obtain some inequalities, and we begin with the case n = 0.
First note that on using the inequality (6.18), with n = 3, we have

|Z,(t) — Zo(t)|

= Z[ / b (Z(0))ds + f o(Z(0))d B/ (s)

; 2
+ f f F'(Z(0), x)N(ds, dx)}
0 [x|<c

d t 2 t
53Z{U bi(Z(O))ds} +U a;(Z(O))dBf(s)]
i=1 0 0

. 2
+ U / Ff(Z(O),x)N(ds,dx)} ]
|x|<c

d
32{ [b'ZOD] + [ojzO)B' ()]’

i=1
2
+ [ f Ff(zm),x)ﬁ(r,dx)] }
|x]<c

2
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for each + > 0. We now take expectations and apply Doob’s martingale in-
equality to obtain

E ( sup |Zi(s) — Zo(S)lz)
0<s<t

< 3t E(Ib(Z(0)*) + 12t E(||a(Z(0), Z(0))]])

+ 12t f E(|F(Z(0), x)))? v(dx).
|x|<c
On applying the growth condition (C2), we can finally deduce that

E ( sup |Z(s) — ZO(S)|2) < Ci(OtK2(1 +E(Z©0)]»), (6.19)

0<s<t

where C;(t) = max{3¢, 12}.
We now consider the case for general n € N. Arguing as above, we obtain

E ( sup |Zn+1(s) - Zn(s)|2>

O<s=<t
3 S ‘ 2
= Zl {3 . (05;1; {/0 [ (Zn (=) = bl(Zn—l(u—))]du} )

t 2
+12E ({/ [03(Z(s—)) — G}(an(s—))]dBj(S)} )
0

+12E({// [F'(Zu(s—), x)
0 [x|<c

2
— F(Z,_1(s—), x)|N(ds, dx)} )} :

By the Cauchy—Schwarz inequality, for all s > 0,

2

{/0 [b'(Zy(u—)) — bf(an(u—))]du}

<s / [0 (Zaw—)) — B (Zyr )] u
0
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and so, by Itd’s isometry, we obtain

E < sup |Z,41(s) — Zn(S)|2)

0<s<t

=G [/ E(Ib(Zu(s=)) = b(Zy1(s—)))ds
0

+ /0 B([a(Z(5), Zu(5—) — 2a(Zu(s—), Zu1(5))

+ a(Zy—1(s=), Zu—1(s))||)ds

+/0tf . .E(|F(Zn(t—),x)—F(Z,,_l(t—),x)‘z)v(dx)] .
We now apply the Lipszhi;z condition (C1) to find that

E < sup |Z,11(s) — Zn(s)|2>

0<s<t

= Ci(HK, / E ( sup |Z,(u) — Zn—1(u)|2> ds  (6.20)
0

0<u<s
By induction based on (6.19) and (6.20), we thus deduce the key estimate

) < OUE 6

E ( sup |Z,(s) — Zu_1(s)|?
n!

O<s<t

for all n € N, where C»(¢) = tC(¢) and
K3 = max {K, Ko[1+E(Z©0))]}.

Our first observation is that (Z,(¢),t > 0) is convergent in L? for each
t > 0. Indeed, for each m,n € N we have (using || - ||» = [E(] - [»)]1'/? to
denote the L2-n0rm), foreach0 <s <1,
r/2

2”: C (1)K

1Z2() = Zu@ll2 = Y NZ()=Zra ()2 < TN

r=m+1 r=m+1
and, since the series on the right converges, we have that each (Z,(s),n € N)
is Cauchy and hence convergent to some Z(s) € LZ(Q, F, P). We denote as
Z the process (Z(t),t > 0). A standard limiting argument yields the useful

estimate

= G0 KY”

1Z(s) = Za@®) < Y TN

r=n+1

(6.22)

foreachn e NU{0},0<s <t.
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We also need to establish the almost sure convergence of (Z,,n € N).
Applying the Chebyshev—Markov inequality in (6.21), we deduce that

p (0 1220~ 70 1= 1) = BECOL
n!

0<s<t -

from which we see that

1
P (llmsup sup |Zn(s) - Zn—l(s)| = _) =0,

on
n—>00 0<s<t

by Borel’s lemma. Arguing as in Theorem 2.5.2, we deduce that (Z,,n <
N U {0}) is almost surely uniformly convergent on finite intervals [0, ¢] to Z,
from which it follows that Z is adapted and cadlag.

Now we must verify that Z really satisfies the SDE. Define a stochastic
process Z= (Z(t),t > 0) by

ZHt) = Z} +/Otbi(Z(s—))ds +/()t0;(Z(s—))dBj(s)
+/Ot /| F'(Z(s—), x)N(ds, dx)
foreach 1 <i <d,t > 0. Hence, for each n € NU {0},
Z\t) - Z,(t) = fo t [6'(Z(s=)) = b' (Zu(s—))]ds
4 /O [01(ZG—) — 0l(Zu(s—)]dBI ()

+/t/ [F'(Z(s—),x) = F'(Z,(s—), x)|Nds, dx).
0 Jx|<c

Now using the same argument with which we derived (6.20) and then ap-
plying (6.22), we obtain for all 0 < s <t < oo,

E(1Z(s) — Z,(s)[*) < Ci(HK, / E(Zu) — Z,(w)*du
0

< G:OK, sup E(|Z(w) — Z,(w)]?)

O0<u<t

00 12 /2 2

C,(t)"*’K

= G(OHK, ( Z #
r=n-+1 (I”)

—0 as n— 0.
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Hence each Z(s) = L% — limy_ 00 Z,(s) and so, by uniqueness of limits,
Z(s) = Z(s) (a.s.) as required.

Proof of uniqueness for E(]Zo|?*) < oo Let Z; and Z5 be two distinct solu-
tions to (6.15). Hence, foreacht > 0,1 <i <d,

Zi (1) — Z(1)
- /O [0 (Zi(s—) — b (Za(s—) Jds

+/0 [0§(Z1(s=)) — 0] (Za(s—))]d B (s)

+// [FI(Zi(s—), x) — F'(Zy(s—), x)|N(ds, dx).
0 |x|<c

We again follow the same line of argument as used in deducing (6.20), to find
that

E ( sup |Z(s) — Zz(S)|2)

0<s<t

<Ci(HK,; / E ( sup |Z1(u) — Zz(u)|2) ds.
0

0<u<s

Thus, by Gronwall’s inequality, E (SUp05s5t |Z1(s) — Zz(s)lz) = 0. Hence
Z1(s) = Zy(s) forall 0 < s < ¢ (a.s.). By continuity of probability, we obtain,
as required,

P(Z\(t) = Zy(¢) for all t > 0)

=P (ﬂ (Z1(t) = Zo(t) forall 0 < 1 < N)) =1.

NeN

Proof of existence and uniqueness for E(|Zo|2) = oo (cf. It6 [145]).
For eachn € N, define Qy = {w € Q; |Zg| < N}. Then Qy C Q) whenever
n < Mand Q = [,y Q2n. Let Z(I)V = Zoxqy- By the above analysis, the
equation (6.15) with initial condition Zév has a unique solution (Zy (¢), t > 0).
Clearly, for M > N, Zy(t)(w) = Zy—1(t)(w) = --- = Zn(t)(w) for all
t > 0 and almost all w € Qy.
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By continuity of probability, given any € > 0 there exists n € N such that
n>N= P(2,) >1—¢.Thengivenany § > 0, forallm,n > N,

P <sup |Z,(t) — Z,,()] > 8) < €.
>0

Hence (Z,,n € N) is uniformly Cauchy in probability and so is uniformly

convergent in probability to a process Z = (Z(t),t > 0). We can extract a

subsequence for which the convergence holds uniformly (a.s.) and from this it

follows that Z is adapted, cadlag and solves (6.15).

For uniqueness, suppose that Z' = (Z'(¢),t+ > 0) is another solution to
(6.15); then, for all M > N, Z'(t)(w) = Zy(t)(w) for all t > 0 and al-
most all w € Q. For, suppose this fails to be true for some M > N. Define
Zy, ) (w) = Z), (1) (w) for w € Qy and Z}), (1) (w) = Zy (1) (w) for w € Q.
Then 25\’4 and Z); are distinct solutions to (6.15) with the same initial con-
dition Z(’)” , and our earlier uniqueness result gives the required contradiction.
That P(Z(t) = Z'(t) for all t > 0) = 1 follows by a straightforward limiting
argument, as above. ]

Corollary 6.2.4 Let Z be the unique solution of (6.15) as constructed in The-

orem 6.2.3. If E(|Zo|*) < oo then E(|Z(t)|?) < oo for each t > 0 and there
exists a constant D(t) > 0 such that

E(Z®1*) < DO[1 +E(Zo].

Proof By (6.22) we see that, for each ¢ > 0, there exists C(¢) > 0 such that

NZ(t) = Zolla < Y 1 Za(6) = Zu 1 (0)]l2 < C(0).

n=0
Now
E(Z0P) < 2E(Z(1) = ZO)) + 2 E(ZO)),
and the required result follows with D(¢) = 2 max{1, C (1)} O

Exercise 6.2.5 Consider the SDE

dZ(t) =0 (Z(t—))dB(t) +/ F(Z(t—),x)ﬁ(dt,dx)
|x|<c
satisfying all the conditions of Corollary 6.2.4. Deduce that Z is a
square-integrable martingale. Hence deduce that the discounted stock price S
discussed in Subsection 5.4.3 is indeed a martingale, as was promised.
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Exercise 6.2.6 Deduce that Z = (Z(t),t > 0) has continuous sample paths,
where

dZ(t) = b(Z(t))dt + o (Z(t))dB(t).

(Hint: Use the uniformity of the convergence in Theorem 6.2.3 and recall the
discussion of Subsection 4.3.1.)

Exercise 6.2.7 Show that the following Lipschitz condition on the matrix-
valued function o (-) is a sufficient condition for the bi-Lipschitz continuity of
a() = o (-)o ()T: there exists K > Osuch that, foreach 1 <i <d, 1 < j<r,
yi.y2 € RY,

ol (1) — (3| < Kly1 = »al.
Having dealt with the modified equation, we can now apply a standard in-
terlacing procedure to construct the solution to the original equation (6.12). We

impose the following assumption on the coefficient G, which ensures that the
integrands in Poisson integrals are predictable.

Assumption 6.2.8 We require that the mapping y — G(y, x) is continuous
for all x > c.

Theorem 6.2.9 There exists a unique cadlag adapted solution to (6.12).
Proof Let (t,,n € N) be the arrival times for the jumps of the compound

Poisson process (P(t),t > 0), where each P(t) = ﬁ xN(t,dx). We then
construct a solution to (6.12) as follows:

x|>c

Y()=Z@) for 0<t <1,
Y(1r1) = Z(t1—) + G(Z(11—), AP(11)) for t =1,
YO)=Y(T)+Z:(1t) — Zi(11) for 1y <t < 12,

Y(r)) = Z(na—) + G(Z(12—), AP(r2))  for ¢

71,

and so on, recursively. Here Z is the unique solution to (6.15) with initial con-
dition Z1(0) = Y (71). Y is clearly adapted, cadlag and solves (6.12). Unique-
ness follows by the uniqueness in Theorem 6.2.3 and the interlacing structure.

U

Note Theorem 6.2.9 may be generalised considerably. More sophisticated
techniques were developed by Protter [255], pp. 193-201, and Jacod [154],
pp- 4511f., in the case where the driving noise is a general semimartingale with
jumps.
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In some problems we might require time-dependent coefficients and so we
study the inhomogeneous SDE

dY(t) = b, Y(t=))dt +o(t, Y(t—))dB()
+/ F(t,Y (=), x)N(dt, dx)
|x|<c

—I—f G, Y(t—),x)N(dt,dx). (6.23)
|x|>c

We can again reduce this problem by interlacing to the study of the modified
SDE with small jumps. In order to solve the latter we can impose the following
(crude) Lipschitz and growth conditions.

For each t > 0, there exists K1(z) > 0 such that, for all y;, y, € R4,

|b(tv )’1) - b(ta )’2)| + ”a(tv )’h yl) - za(t’ ylv }’2) +a(t’ y27 }’2)”
+/ |F(t, y1,x) — F(t, y2, x)[*v(dx) < Ki(0)|y1 — >
|x|<c

There exists K»>(¢t) > 0 such that, for all y € R4 s

Ib(t, Y)I* + lla(t, y, | +/ |F(t,y,0)* < Kxo(t)(1 + |y,

[x|<c

where a(t, y1, y2) = o (t, y1)o(t, y2)T foreach t > 0, yi, y € R%.

Exercise 6.2.10 Show that (6.23) has a unique solution under the above
conditions.

The final variation which we will examine in this chapter involves local
solutions. Let T, be a stopping time and suppose that Y = (Y (#),0 <t <
Two) is a solution to (6.12). We say that Y is a local solution if T, < oo (a.s.)
and a global solution if T, = 0o (a.s.). We call Ty, the explosion time for the
SDE (6.12). So far in this chapter we have looked at global solutions. If we
want to allow local solutions to (6.12) we can weaken our hypotheses to allow
local Lipschitz and growth conditions on our coefficients. More precisely we
impose:

(C3) Local Lipschitz condition For all n € N and y;,y, € R? with
max{|y1|, |y2|} < n, there exists Kj(n) > 0 such that

[b(y1) — b))+ lla(y1, y1) — 2a(y1, y2) +a(y2, y2)l|
+f |F(y1,x) — F(y2, x)[*v(dx) < Ki(n)|y1 — >
|x|<c
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(C4) Local Growth condition Foralln € Nand forall y € RY with ly| <n,
there exists K»(n) > 0 such that

bW + lla(y, I +f |F(y, )|* < Ka(n)(1 + |y]).

|x|<c
We then have
Theorem 6.2.11 If we assume (C3) and (C4) and impose the standard initial

condition, then there exists a unique local solution Y = (Y (¢),0 <t < Tx)
to the SDE (6.12).

Proof Once again we can reduce the problem by interlacing to the solution
of the modified SDE. The proof in this case is almost identical to the case of
equations driven by Brownian motion, and we refer the reader to the account
of Durrett [85] for the details. O

We may also consider backwards stochastic differential equations on a time
interval [0, T']. We write these as follows (in the time-homogeneous case):

dY () = —b(Y (1))dt — o (Y (t)) -, d B(¢)
—/ F(t,Y(=),x) N(dt,dx)
|x|<c

—f G, Y(—),x)N(dt,dx),
|x|>c

where -, denotes the backwards stochastic integral. The solution (when it ex-
ists) is a backwards adapted process (Y (s); 0 < s < T). Instead of an initial
condition Y (0) = Y (a.s.) we impose a final condition Y (T') = Yr (a.s.). We
then have the integral form

T T
v =i~ [ W= [ ol wdw
T
- / f F'(Y (), x) - N(dt, dx)
s |x|<c

T
—// G'(Y(u)), x)N(dt, dx) a.s.
K |x|>c

foreachO<s <T,1<i<d.

The theory of backwards SDEs can now be developed just as in the forward
case, so we can obtain the existence and uniqueness of solutions by imposing
Lipschitz and growth conditions on the coefficients and the usual independence
condition on Y7.
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Backwards SDEs with discontinuous noise have not been developed so thor-
oughly as the forward case. This may change in the future as more applications
are found; see e.g. Nualart and Schoutens [238], where backwards SDEs driven
by the Teugels martingales of Exercise 2.4.24 are applied to option pricing.
Other articles on backwards SDEs include Situ [286] and Ouknine [243].

6.3 Examples of SDEs
SDEs driven by Lévy processes

Let X = (X(¢),t > 0) be a Lévy process taking values in R™. We denote its
Lévy-It6 decomposition as

t t
xf(z):,\ft+r;31(r)+f/ x"N(ds,dx)Jrf/ x'N(ds, dx)
0 Jix|<1 0 Jlx|=1

foreach 1 <i < m,t > 0. Here, as usual, . € R™ and (1:]".) is a real-valued
m X r matrix.

Foreachl <i <d,1 < j < m,let L; ‘R — RY be measurable, and
form the d x m matrix L(x) = (L;.(x)) for each x € R?. We consider the SDE

dY(t) =LY (t—))dX (1), (6.24)
with standard initial condition Y (0) = Yj (a.s.), so that, foreach 1 <i < d,
dY'(1) = L5(Y t—)d X' (1).

This is of the same form as (6.12), with coefficients given by b(-) =
L()A, o() = L()t, F(-,x) = L()x for |x]| < 1 and G(-,x) = L(-)x
for |x| > 1.

To facilitate discussion of the existence and uniqueness of solutions of
(6.24), we introduce two new matrix-valued functions, N, a d x d matrix given
by N(x) = L(x)tt L(x)T for each x € R? and M, a m x m matrix defined
by M(x) = L(x)TL(x).

We impose the following Lipschitz-type conditions on M and N:
there exist D1, D, > 0 such that, for all y;, y» € RY,

IIN(y1, y1) — 2N (31, y2) + N (32, y2)|| < Dily1 — » %,
(6.25)

(max M7 (1. y1) = 2M] (1. o) + MJ (2 y2)] < Dalys = »l*.
(6.26)



6.3 Examples of SDEs 315

Note that (6.25) is just the usual bi-Lipschitz condition, which allows control
of the Brownian integral terms within SDEs.

Tedious but straightforward algebra then shows that (6.25) and (6.26) imply
the Lipschitz and growth conditions (C1) and (C2) and hence, by Theorems
6.2.3 and 6.2.9, the equation (6.24) has a unique solution. In applications, we
often meet the case m = d and L = diag (L1, ..., Lg). In this case, readers
can check that a sufficient condition for (6.25) and (6.26) is the single Lipschitz
condition that there exists D3 > 0 such that, for all y1, y; € Rd,

IL(y1) = L(y2)| = Ds3lyr — yal, (6.27)

where we are regarding L as a vector-valued function.
Another class of SDEs that are often considered in the literature take the
form

dY(t) =b(Y(t—)dt + L(Y(t—))dX (1),

and these clearly have a unique solution whenever L is as in (6.27) and b is
globally Lipschitz. The important case where X is a-stable was studied by
Janicki, Michna and Weron [156].

Stochastic exponentials

We consider the equation

dY(t) =Y(@—)dX (1),

so that, foreach 1 <i <d,dY!(t) = YI(t—)d X' (1).

This trivially satisfies the Lipschitz condition (6.27) and so has a unique
solution. In the case d = 1 with Yy = 1 (a.s.), we saw in Section 5.1 that the
solution is given by the stochastic exponential

Y(t) = Ex(1) = exp {X (1) — [ Xc, Xc1()} l_[ [1 4+ AX(5)]e X,

0<s<t

foreach ¢t > 0.

The Langevin equation and Ornstein—Uhlenbeck process revisited

The process B = (B(t),t > 0) that we have been calling ‘Brownian mo-
tion’ throughout this book is not the best possible description of the physical
phenomenon of Brownian motion.

A more realistic model was proposed by Ornstein and Uhlenbeck [242] in
the 1930s; see also Chapter 9 of Nelson [236] and Chandrasekar [70]. Let
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x = (x(¢),t > 0), where x(¢) is the displacement after time ¢ of a particle of
mass m executing Brownian motion, and let v = (v(¢), ¢t > 0), where v(¢) is
the velocity of the particle. Ornstein and Uhlenbeck argued that the total force
on the particle should arise from a combination of random bombardments by
the molecules of the fluid and also a macroscopic frictional force, which acts to
dampen the motion. In accordance with Newton’s laws, this total force equals
the rate of change of momentum and so we write the formal equation

dv

mdt = —fBmv —i—mE,

where B is a positive constant (related to the viscosity of the fluid) and the
formal derivative ‘d B/dt’ describes random velocity changes due to molecular
bombardment. This equation acquires a meaning as soon as we interpret it as
an It6-style SDE. We thus obtain the Langevin equation, named in honour of
the French physicist Paul Langevin,

dv(t) = —pv(t)dt +dB(2). (6.28)

It is more appropriate for us to generalise this equation and replace B by a
Lévy process X = (X (¢), t > 0), to obtain

dv(t) = —Bv()dt +dX(1), (6.29)

which we continue to call the Langevin equation. It has a unique solution by
Theorem 6.2.9. We can in fact solve (6.29) by multiplying both sides by the
integrating factor ¢ ~#! and using Itd’s product formula. This yields our old
friend the Ornstein—Uhlenbeck process (4.9),

t
v(t) = e Py + / e PUdX (s)
0
for each ¢t > 0. Recall from Exercise 4.3.18 that when X is a Brownian motion,
v is Gaussian. In this latter case, the integrated Ornstein—Uhlenbeck process
also has a physical interpretation. It is nothing but the displacement of the
Brownian particle

x(t):f v(s)ds,
0

foreacht > 0.

An interesting generalisation of the Langevin equation is obtained when the
number B is replaced by a matrix Q, all of whose eigenvalues have a positive
real part. We thus obtain the equation

dY(t) = —-QY@t)dt +dX (1),
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whose unique solution is the generalised Ornstein—Uhlenbeck process,
Y = (Y (),t = 0), where, for each t > 0,

t
Y(t) = e Yy + f 294X (s).
0

For further details see Sato and Yamazoto [273] and Barndorff-Nielsen, Jensen
and Sgrensen [21].

Diffusion processes

The most intensively studied class of SDEs is the class of those that lead
to diffusion processes. These generalise the Ornstein—Uhlenbeck process for
Brownian motion, but now the aim is to describe all possible random mo-
tions that are due to ‘diffusion’. A hypothetical particle that diffuses should
move continuously and be characterised by two functions, a ‘drift coefficient’
b that describes the deterministic part of the motion and a ‘diffusion coeffi-
cient a’ that corresponds to the random part. Generalising the Langevin equa-
tion, we model diffusion as a stochastic process Y = (Y (¢), ¢t > 0), starting at
Y (0) =Y (a.s.) and solving the SDE

dY(t) =b(Y (t))dt +o (Y (t))dB(t), (6.30)

where a(-) = o (o ()T. We impose the usual Lipschitz conditions on b and
the stronger one given in Exercise 6.2.7 on o; these ensure that (6.30) has a
unique strong solution. In this case, ¥ = (Y (¢), t > 0) is sometimes called an
116 diffusion.

A more general approach was traced back to Kolmogorov [172] by David
Williams in [303]. A diffusion process in R is a path-continuous Markov pro-
cess Y = (Y (¢),t > 0) starting at Yy = x (a.s) for which there exist continuous
functions B : RY — R? and o : RY — M(R) such that

d d
EE(Y(I)) . = fB(x) and ECOV Y (@), Y (1)) L = o (x).

(6.31)

We call 8 and « the infinitesimal mean and infinitesimal covariance, respec-
tively. The link between this more general definition and SDEs is given in the
following result.

Theorem 6.3.1 Every It diffusion is a diffusion with 8 = b and o = a.
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Proof The Markov property will be discussed later in this chapter. Continuity
of b and a follows from the Lipschitz conditions. For the explicit calculations
below, we follow Durrett [85], pp. 178-9.

Writing the It6 diffusion in integral form we have, for each ¢ > 0,

t

Yt)=x+ /tb(Y(s))ds +/ o (Y (s))dB(s).
0 0

Since the Brownian integral is a centred L?-martingale, we have that

EY@)=x+ / EMb(X(s)) ds,
0

and B(x) = b(x) now follows on differentiating.
Foreachl <i,j <d,t >0,

Cov (Y (1), Y (1))ij = E(Yi ()Y (1)) — EY; (1)) E(Y;(0)).
By It6’s product formula,

d(Yi()Y;(0) = dY: (Y1) + Yi()dY (1) + d[Y;, Y1)
= dY,(0Y;(1) + Y,(DdY; (1) + ai; (Y (1))

Hence
EY;(@®)Y;(@)) = xix; +/0 E(Yi(s)b; (Y () + Y;(s)b: (Y (s))

+ a;; (Y (5)))ds

and so

d

S EXOY;@0)) = xibj(x) + x;bi(x) + ai; (x).

1=0
We can easily verify that
ar [E(Yi(f)) E(Yj(f))] =x;bj(x) + x;b;(x),
t=0

and the required result follows. ]

Diffusion processes have a much wider scope than physical models of
diffusing particles; for example, the Black—Scholes model for stock prices
(S(#),t = 0) is an Ito6 diffusion taking the form

dS(t) = BS(@)dt + o S(t)dt,

where 8 € R and o > 0 denote the usual stock drift and volatility parameters.
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We will not make a detailed investigation of diffusions in this book. For
more information on this extensively studied topic, see e.g. Durrett [85],
Ikeda and Watanabe [140], It6 and McKean [141], Krylov [178], Rogers and
Williams [261], [262] and Stroock and Varadhan [289].

When a particle diffuses in accordance with Brownian motion, its standard
deviation at time ¢ is </7. In anomalous diffusion, particles diffuse through a
non-homogeneous medium that either slows the particles down (subdiffusion)
or speeds them up (superdiffusion). The standard deviation behaves like ¢V,
where v < 1/2 for subdiffusion and v > 1/2 for superdiffusion. A survey of
some of these models is given in Chapter 12 of Uchaikin and Zolotarev [297];
compound Poisson processes and symmetric stable laws play a key role in the
analysis.

Jump-diffusion processes

By a jump-diffusion process, we mean the strong solution ¥ = (Y (¢),t > 0)
of the SDE

dY(t) =b(Y(t—))dt +o(Y(t—))dB(t)
+ / G(Y(t—),x)N(dt, dx),
R4—{0}

where N is a Poisson random measure that is independent of the Brownian
motion B having finite intensity measure v (so we have taken ¢ = 0 in (6.12)).
It then follows, by the construction in the proof of Theorem 6.2.9, that the paths
of Z simply consist of that of an Itd diffusion process interlaced by jumps at
the arrival times of the compound Poisson process P = (P(t),t > 0), where
each P(t) = [y Jri_jo) XN (@1, dx).

We note that there is by no means universal agreement about the use of the
phrase ‘jump-diffusion process’, and some authors use it to denote the more
general processes arising from the solution to (6.12). The terminology may
also be used when N is the random measure counting the jumps of a more
general point process.

6.4 Stochastic flows, cocycle and Markov properties of SDEs
6.4.1 Stochastic flows

Let Yy, = (Yy(t),t > 0) be the strong solution of the SDE (6.12) with fixed
deterministic initial condition Yy = y (a.s.). Just as in the case of ordinary dif-
ferential equations, we would like to study the properties of Yy (¢) as y varies.
Imitating the procedure of Section 6.1, we define ®; : RY x Q@ — R? by

P (y, ) =Y, (1) ()
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foreachr >0,y € RY, @ € Q. We will find it convenient below to fix y € R4
and regard these mappings as random variables. We then employ the notation
O, () =Dy, ).

Based on equation (6.8), we might expect that

‘q)s+t(y7 a)) - q)l‘(q)s (ya Cl)), CL)),’

for each s, t > 0. In fact this is not the case, as the following example shows.

Example 6.4.1 (Random translation) Consider the simplest SDE driven by a
Lévy process X = (X (¢),t > 0),

dY, (1) =dX (1), Y,0) =y as.,

whose solution is the random translation ®,(y) = y 4+ X (¢). Then

D (y) =y + X(t+5).

But ®;(d,(y)) = y + X (¢) + X (s) and these are clearly not the same (except
in the trivial case where X (t) = mt, for all t > 0, with m € R). However, if
we define the two-parameter motion

Dy (y) =y + X(1) = X(s),

where 0 < s <t < 0o, thenitis easy tocheck that, forall0 <r <s <t < 00,

D, (y) = Py (Prs (),
and this gives us a valuable clue as to how to proceed in general.

Example 6.4.1 suggests that if we want to study the flow property for ran-
dom dynamical systems then we need a two-parameter family of motions. The
interpretation of the random mapping ®; ; is that it describes motion com-
mencing at the ‘starting time’ s and ending at the ‘finishing time’ . We now
give some general definitions.

Let ® = {®;,,0 < s <t < oo} be a family of measurable mappings from
RY x @ — R?. For each w € €, we have associated mappings P, RY —
R, given by DY, (y) = ®y,s(w, y) foreach y € RY.

We say that ® is a stochastic flow if there exists N' C €2, with P(N) = 0,
such that forall w € Q — N:

(1) @7, = &, 0o ®Y forall0 <r <s <t < 00;
(2) ¢ (y) = yforalls >0,y € R
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If, in addition, each (D?),z is a homeomorphism (C k—diffeomorphism) of RY,
for all w € Q — N, we say that ® is a stochastic flow of homeomorphisms
(Ck-diffeomorphisms, respectively).

If, in addition to properties (1) and (2), we have that

(3) foreachn e NNO <t <fh < -+ <t <00,y € R4, the random
variables {<I>,j,,j+] (y); 1 < j <n — 1} are independent,
(4) the mappings r — @ ,(y) are cadlag foreachy e R, 0 < 5 < 1,

we say that @ is a Lévy flow.

If (4) can be strengthened from ‘cadlag’ to ‘continuous’, we say that @ is a
Brownian flow.

The reason for the terminology ‘Lévy flow’ and ‘Brownian flow’ is that
when property (3) holds we can think of ® as a Lévy process on the group
of all diffeomorphisms from R? to itself (see Baxendale [30], Fujiwara and
Kunita [108] and Applebaum and Kunita [5] for more about this viewpoint).

Brownian flows of diffeomorphisms were studied extensively by Kunita in
[182]. It was shown in Section 4.2 therein that they all arise as solutions of
SDEs driven by (a possibly infinite number of) standard Brownian motions.
The programme for Lévy flows is less complete — see Section 3 of Fujiwara
and Kunita [108] for some partial results.

Here we will study flows driven by the SDEs studied in Section 6.2. We
consider two-parameter versions of these, i.e.

4, ,(y) = b(®, ,_()di + o (Dy,_(»)dB()
+ / F(®,,_(y), )N (dt, dx)
|x|<c

+ / G(D ;- (y), x)N(dt,dx) (6.32)
[x|=c

with initial condition ®; (y) = y (a.s.), so that, foreach 1 <i <d,
t

O, () = v + / B (@, 0 ()it + f 0! @y () B ()
0 0
+ / / Fl (@, (3), )N (dut, d)
0 |x|<c

+ / / G (B0 (v), )N (dut, dx).
0 |x|>c

The fact that (6.32) has a unique strong solution under the usual Lipschitz
and growth conditions is achieved by a minor modification to the proofs of
Theorems 6.2.3 and 6.2.9.
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Theorem 6.4.2 ® is a Lévy flow.

Proof The measurability of each &, ; and the cadlag property (4) follow from
the constructions of Theorems 6.2.3 and 6.2.9. Property (2) is immediate. To
establish the flow property (1), we follow similar reasoning to that in the proof
of Theorem 6.1.10.
To simplify the form of expressions appearing below, we will omit, without
loss of generality, all except the compensated Poisson terms in (6.32).
Forall0 <r<s<t<oo,1<i §d,yeRd,wehave

. () =y + f t /|  F@ ). 9N d
=y +[ /M« F'(®,,—(y), x)N(du, dx)
+ f t f| @ (), 0N )
=@, + f t f| P ). N i d),

However,

Dy (D () = ®r,s(y)i+f / F'(®y4— (@15 (), X)N(du, dx),
s |x|<c

and the required result follows by the uniqueness of solutions to SDEs.

For the independence (3), consider the sequence of Picard iterates
(QDETL}, n € N U {0}) constructed in the proof of Theorem 6.2.3. Using in-
duction and arguing as in the proof of Lemma 4.3.12, we see that each q>§’f,> is
measurable with respect to c{N(v, A) — N(u,A), 0 <s <u<v<t, A€
B(B:(0))}, from which the required result follows. |

Exercise 6.4.3 Extend Theorem 6.4.2 to the case of the general standard initial
condition.

Example 6.4.4 (Randomising deterministic flows) We assume that b €
C{; (R) and consider the one-dimensional ODE

d&(a)
da

= b(&(a)).
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By Theorem 6.1.10, its unique solution is a flow of C¥-diffeomorphisms & =
(£(a), a € R). We randomise the flow & by defining

Dy (y) = EX () — X(s)(Y)

forall0 <s <t < o0, y € R4, where X is a one-dimensional Lévy pro-
cess with characteristics (m, o2, v). It is an easy exercise to check that ® is a
Lévy flow of C*-diffeomorphisms. It is of interest to find the SDE satisfied by
®. Thanks to Exercise 6.1.8, we can use Itd’s formula to obtain

dd,(y)
= mb(®,,_(y))dt + ob(®,,_(y))dB(t)
+ 1070 (- ())b(D - ())dt

+ /| | 1[$<x)(<1>s,z-(y))—<I>s,t_<y)]1\7<dt,dx)
+ fll 1[s(x)(q?v,t—()’))—q’s,t—()’)]N(dt,dx)

+ /ll 1 [EC)(Py— () — Py (y) — xb(Dy,— () |v(dx)dr.
(6.33)

Here we have used the flow property for £ in the jump term and the fact that

d? :
Jas@ = b E@)bE@).

The SDE (6.33) is the simplest example of a Marcus canonical equation.
We will return to this theme in Section 6.8.

6.4.2 The Markov property

Here we will apply the flow property established above to prove that solutions
of SDEs give rise to Markov processes.

Theorem 6.4.5 The strong solution to (6.12) is a Markov process.

Proof Lett > 0. Following Exercise 6.4.3, we can consider the solution ¥ =
(Y (t),t = 0) as a stochastic flow with random initial condition Yy, and we will
abuse notation to the extent of writing each

Y (1) = @, (Yy) = Po,.
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Our aim is to prove that

E(f (Do,14+:)1Fs) = E(f (Po,145)Po.s)
forall s, > 0, f € By(R%).
Now define G 7,5 ; € By (]Rd) by
Grsi(y) = E(f (Ps54:(0))),

foreach y € R4, By Theorem 6.4.2, and Exercise 6.4.3, we have that ®¢ ;4 =
D 541 0 Po s (a.s.) and that Py -, is independent of F;. Hence, by Lemma
1.1.8,

ECf (@o,r45)1Fs) = E(f (P 544 0 Poo) [ Fy) = E(G 5,4 (Poys))-

By the same argument, we also get E(f (®o, /1) Po,s) = E(G 1.5, (Po,5)), and
the required result follows. ]

As in Section 3.1, we can now define an associated stochastic evolution
(Ty.t,0 <5 <t < 00), by the prescription

(To: ))() = E(f(@5.)| P05 = y)
for each f € By(R?), y € RY. We will now strengthen Theorem 6.4.5.

Theorem 6.4.6 The strong solution to (6.12) is a homogeneous Markov
process.

Proof We must show that T s, = Ty, forall s,z > 0.

Without loss of generality, we just consider the compensated Poisson terms
in (6.12). Using the stationary increments property of Lévy processes, we ob-
tain for each f € By(R?), y € RY,

(Toste ) = E (f( @54 (0) | Pos = )

s+t »
=E<f (y-i-[ /l .F(<1>o,s+u_(y),X)N(ds,du)>)
=E(f (y+/ / F(‘Do,u_(y),X)iV(ds,du)))

0 |x]<c

=B (f (@0, () [Po0(y) =)
= (To. /().
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Referring again to Section 3.1, we see that we have a semigroup (73, t > 0)
on By (RY), which is given by

(T =E (f(@o:() [®o0(y) =) = E(f(Po,(»))

foreacht > 0, f € By(R?), y € R?. We would like to investigate the Feller
property for this semigroup, but first we need to probe deeper into the proper-
ties of solution flows.

Exercise 6.4.7 Establish the strong Markov property for SDEs, i.e. show that

E(f(Po,i+5)1Fs) = E(f (Po,i+5)|Po,s)

for any ¢t > 0, where S is a stopping time with P (S < o0) = 1.
(Hint: Imitate the proof of Theorem 6.4.5, or see Theorem 31 in Protter
[255], Chapter 6, pp. 237-9.)

6.4.3 Cocycles

As we will see below, the cocycle property of SDEs is quite closely related to
the flow property. In this subsection we will work throughout with the canon-
ical Lévy process constructed in Subsection 1.4.1. So 2 is the path space
{w : RT" - R; w(0) = 0}, F is the o-algebra generated by the cylinder
sets and P is the unique probability measure given by Kolmogorov’s existence
theorem from the recipe (1.27) on cylinder sets. Hence X = (X(¢),r > 0)isa
Lévy process on (€2, F, P), where X (t)w = w(t) foreach w € Q, 7 > 0.

The space €2 comes equipped with a shift 6 = (6;,t > 0),each 6, : 2 — Q
being defined as follows. For each s, t > 0,

Gw)(s) = ot +5) — w(?). (6.34)

Exercise 6.4.8 Deduce the following:

(1) 6 is a one-parameter semigroup, i.e. ;4 = 66, for all s, ¢ > 0O;
(2) the measure P is f-invariant, i.e. P(G,_1 (A)) = P(A)forallA € F,t > 0.
(Hint: First establish this on cylinder sets, using (1.27).)

Lemma 6.4.9 X is an additive cocycle for 0, i.e., forall s,t > 0,
X(t4+s)=X(s)+ (X(t)o0(s)).

Proof Foreachs,t >0, w € ,

X(0)(bs(w)) = (o)) =w(s +1) —w(s) =X +5) (@) — X(5)(@).
O
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Additive cocycles were introduced into probability theory by Kolmogorov
[173], who called them helices; see also de Sam Lazaro and Meyer [272] and
Arnold and Scheutzow [12].

We now turn to the Lévy flow & that arises from solving (6.32).

Lemma 6.4.10 Forall0 <s <t < o0,y € R weQ,
ch,s+t(y, 6()) = cDO,t(ya 93(1)) a.s.

Proof (See Proposition 24 of Arnold and Scheutzow [12].) We use the se-
quence of Picard iterates (¢>§'2 4s»n € N U{0}) constructed in the proof of
Theorem 6.4.2 and aim to show that

<I>§',’3+z (v, w) = q’(()n,) (y, 6s0) a.s.

for all n € N U {0}, from which the result follows on taking limits as n — o0.

We proceed by induction. Clearly the result is true when n = 0. Suppose
that it holds for some n € N. Just as in the proof of Theorem 6.4.2 we will
consider a condensed SDE, without loss of generality, and this time we will
retain only the Brownian motion terms. Using our usual sequence of partitions
and the result of Lemma 6.4.9, foreach 1 <i <d,s,t >0, y € RY, we Q,
the following holds with probability 1:

o0 (3, )
i t+s . .
e [ @ 0B e
N

=4 Jim 30 (00, 0 0) (B 1)

—B/(s + 1)) (®)

m(n)

i+t 30081000 (000 )
k=0
t
[ oo
0

t
= [y’ + / a}(@é’f;(y))dBf(m} (6,0)
0
= 0" (y, 6,0),

where the limit is taken in the L? sense.
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Corollary 6.4.11 ® is a multiplicative cocycle, i.e.

Do 511 (y, @) = Do (Po5(y), 05 (w))

foralls,t >0,y € RY and almost all w € Q.

Proof By the flow property and Lemma 6.4.10, we obtain

cD(),s+t(y, Cl)) = q)s,s+t(q)0,s (y), a)) = q)O,t(q)O,S(y)a gAw) a.S.
]

We can use the cocycle property to extend our two-parameter flow to a one-
parameter family (as in the deterministic case) by including the action of the
shift on . Specifically, define ¥, : R? x Q@ — R? x Q by

U (y, 0) = (Pos(y, 6 (@), 6;(w))
foreacht > 0, w € Q.

Corollary 6.4.12 The following holds almost surely:

Yo, 145 = Wo,r 0 Yo 4
forall s, t > 0.

Proof By using the semigroup property of the shift (Exercise 6.4.8(1)) and
Corollary 6.4.11, we have, forall y € RY and almost all w € K,

W0 45 (¥, @) = Po 145 (Y, Or5 (), Orp5())
= @, (Pos((1, b)), (6,6,)(@)), (6,6,)(w))
= (Yo, 0 Yo ,)(y, w).

O

Of course, it would be more natural for Corollary 6.4.12 to hold for all
w € 2, and a sufficient condition for this is that Corollary 6.4.11 is itself
valid for all w € . Cocycles that have this property are called perfect, and
these are also important in studying ergodic properties of stochastic flows. For
conditions under which cocycles arising from Brownian flows are perfect, see
Arnold and Scheutzow [12].
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6.5 Interlacing for solutions of SDEs

In this section, we will apply interlacing to the solution flow ¥ = (W, ;,0 <
s <t < 00) associated with the solution of the modified SDE Z = (Z(t),t >
0) in order to obtain W as the (almost-sure) limit of an interlacing sequence.
We assume that v(B(0) — {0}) # 0, where B, is a ball of radius c, and fix a
sequence (¢, n € N) of positive real numbers which decrease monotonically
to zero. We will give a precise form of each €, below. Let (A,, n € N) be the
sequence of Borel sets defined by A, = {x € B.(0) — {0}; €, < |x| < ¢} and
define a sequence of associated interlacing flows (W", n € N) by

dWy,(y) = b(Vy,_(y)dt + o (¥, (y)dB(t)
+f F(V!,_(y),x)N(dt,dx)
An

foreachn € N, 0 <s <t < oo, y € R?. In order to carry out our analysis
we need to impose a stronger condition on the mapping F:

Assumption 6.5.1 We assume that for all y € R?, x € B.(0) — {0},

|F(y, ) < |p()[18(y)]

where p : B.(0) — {0} — R satisfies fl)f\<c lp(x)|*v(dx) < oo and § : R? —

R? is Lipschitz continuous with Lipschitz constant C.

Note that if Assumption 6.5.1 holds then, for each x € B.(0) — {0}, the
mapping y — F(y, x) is continuous. Assumption 6.5.1 implies the growth
condition for F in (6.17).

The following theorem generalises the result of Corollary 4.3.10 to strong

solutions of SDEs. A similar result can be found in the appendix to Applebaum
[10].

Theorem 6.5.2 [f Assumption 6.5.1 holds, then for each y € RY, 0<s <
< 0o

lim lygz()’) = \ps,t(y) a.s.
n—oo

and the convergence is uniform on finite intervals of R™.
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Proof First note that foreachy e R4, 0 <s <t,n €N,
W) = W ()
= [ (v 0) - b(92, )
+ / [o (Wit ) = o (W), () JdB )
* f f F(WL (). x) N (du, dx)
s An+1
_f / F(V!,_(), x)N(du, dx)
K Ay
Z/ [P(W () = b(¥,- () ]du

+ f [0 (W3L() = o (W, - () ]dB(u)

t
+/ / F(lpgji(}’),x)l\?(du,dx)
s An+17An ’
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+//[ (P (), x) = F(V!,_ (), x)|N(du, dx).
K Ay

Now take the norm of each side of this identity, apply the triangle inequal-
ity and the inequality (6.18) with n =4 and take expectations. Using Doob’s

martingale inequality, we then have that

E ( sup W/ (y) — w;’,u<y>|2)

s<u<t

H )

+4E</ [l (y) — o (¥),_(»)]dBw)

+4E</ / \IJ:'::] (y), x)N(du dx)
Ant+1—An

/st[ (W () = b(W", ()] du

+4E

)

//A[ F(W!H (9), x) = F(W!,_ (), x) [N (du, dx)

)

)
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Applying the Cauchy—Schwarz inequality in the first term and It6’s isometry
in the other three, we obtain

E ( sup |WF(y) — IIJ‘ZL,(y)F)

< 4[t / E(|b(wrt' ) = b(!,0)[")du
+4/ E(lla(¥H (), W () — 2a (W (), 97, (1))
+a (W), ¥, o)Il)du
+4f / E(|F ), x)?])v(dx)du
s An+17An
+4/ / E(]F(\If;fjl(y),x)—F(\p;ﬁu(y),x)\z)v(dx)du}.

We can now apply the Lipschitz condition in the first, second and fourth terms.
For the third term we use Assumption 6.5.1, the results of Exercise 6.1.1 and
Corollary 6.2.4 to obtain

/ / E(|F (¥ (), x)*|)v(dx)du
s JAnp1—An

< / 1p(x)dx / E(|5w ()] du
Ant1—An s

IA

t
le |,0(x)|2dx/ E(|1+ 197+ (3))du
Aptr1—Ay s

IA

Co(t —s)(1 + |y|2>/ lp(x)|*dx,
A

n+1 —Ay

where Cy, Cr > 0.
Now we can collect together terms to deduce that there exists C3(¢) > 0
such that

E( sup Iwzil<y>—wzu<y>|2) <Gyt —s><1+|y|2)/ o (x)|Pdx
A

S=u=t n+1_An

t
+c3/ E(sup |‘I’§,tl(y)—‘lf?,v(y)|2) du.

s<v=<u
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On applying Gronwall’s inequality, we find that there exists C4 > 0 such that

E( sup |WH (y) — W?,u<y>}2) < Cy(t—3)(1+]y) / 1o (x)|2dx.
A

s<u<t a1 —An

Now fix each €, = sup{z > 0; f0<|x‘<z |p(x)|>dx < 87"} and then follow the
argument of Theorem 2.5.2 to obtain the required result. ]

In accordance with our usual philosophy, we can gain more insight into the
structure of the paths by constructing the interlacing sequence directly.

Let (Q,, n € N) be the sequence of compound Poisson processes associated
with the sets (A,, n € N) where, foreacht > 0, Q,(t) = f(; fAn xN(ds,dx).
So, foreach0 <5 <t < 00, Q,(t) — 0, (s) = f; fAn xN(ds, dx). We denote
the arrival times of (Q, () — Qn(s),0 < s <t < 00) by (S}, m € N) for
eachn e N.

We will have need of the sequence of solution flows to diffusion equations

" = (1";’,,, 0 <s <t < 00); these are defined by

drg,(y) = (b(l“f,l(y))—/ F(Ff,,(y),x)V(dX)) di+o(I'{ ,(y)dB(t).
Ay

Letmpyx : R? — R4 be defined by mrx(y) =y + F(y,x) foreach y € R4,
0 < |x| < c; then we can read off the following interlacing construction. For
eachr >0,y e R?,

F?,z(y) for s < t < S:i’

— ¢l

W (y) = TP, AQ(S)) OIIJ(')"S}I_()’) for + =S,
s \Y Fg,g,t © \Ifg’sé ) for S’} <t < S,%,

2
Tragusy) © Yo () for 1 =5,

and so on, recursively.
Hence we see that W is the almost-sure limit of solution flows associated to
a sequence of jump-diffusion processes.

6.6 Continuity of solution flows to SDEs

Let @ be the solution flow associated with the SDE (6.12). In this section
we will investigate the continuity of the mappings from RY to R given by
y — P, (y) foreach0 <s <t < oo.

We will need to make an additional assumption. Fix y € N with y > 2.
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Assumption 6.6.1 (y -Lipschitz condition) There exists K,, > 0 such that, for
all yi, y2 € RY,

/ |F(y1,x) = F(y2, x)|"v(dx) < Ky |y1 — »|”
|x|<c

forall2 < p <y.

Note that if Assumption 6.5.1 holds then Assumption 6.6.1 is simply the
requirement that flx|<c lp(x)|Pv(dx) < oo for all p € [2,y]. Moreover, if
Assumption 6.5.1 holds with |p(x)| < |x|, for all x € B.(0) — {0}, then As-
sumption 6.6.1 is automatically satisfied.

We recall that the modified flow W = (W, ;,0 <5 < < 00) satisfies the
SDE

d¥s (y) = b(Vs,—(y)dt + o (Vs (y))dB(t)
+ f F(Y,,_(y), x)N(dt, dx). (6.35)
|x|<c

The main result of this section depends critically on the following technical
estimate for the modified flow, which is due to Fujiwara and Kunita [108],
pp- 84-6.

Proposition 6.6.2 For all 0 < s < t, there exists D(y,t) > 0 such that

E ( sup |y, (y1) — lIfs,t(yz)l”) < D(y,tly1 — »l”

S<u<t

forall2 < p <y, yi,y2 € RL

Proof As this proof is rather detailed, we will introduce some notation to
help us simplify expressions. Fix s > 0 and yj, y» € RY. For each t > s,
x € B.(0) — {0}, we define:

ﬂ(f) = \ps,t(yl) - \Ijs,l(y2);
gF(ta-x) = F(\ps,t(yl)a-x) - F(\Ijs,z(J’Z),x)§

A(r) =f (0¥ (1)) = bWy (y2))] dus;
M€ (1) =/ [0 (W, (1)) — 0 (W (2))] dB(w);

MD(t)=/ gr(u—, x)N(du, dx).
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From the modified-flow equation (6.35), we have

n(t) = (yi — y2) + A(t) + ME(t) + MP(2).

Fix2 < p <y.Foranya,b,c,d € R, Jensen’s inequality yields

la+b+c+dP <477 (|al? + |b|P + |c|” + |d|P).

Using the triangle inequality together with this fact, we obtain

E < sup In(u)lp) <4 [Iyl —nl"+E ( sup IA(M)I”>

s<u<t s<u<t

+ E < sup ‘Mc(u){p>

s<u<t

+E ( sup \MD(u)y”>]. (6.36)

s<u<t

By Hoélder’s inequality and the Lipschitz condition, we have
E ( sup |A(u)|”>
s<u<t
t
< (1 — sy / E (b(Wsu (1)) — b(Wy0 (52))[7) du
t
< K721 — 5! / E (1Wyu(y1) — Wyu Go)[P) dut. (637)

Note that M€ (1) = (M{ (1), ..., M§ (1)), where each

MED = [ [of (Beaon) = o W) By .

By Holder’s inequality,
d p/2 d
M 1)|" = {Z[Mf(t)]z} < d<1’—2>/22 |ME )"

i=1 i=1

Hence, by Doob’s martingale inequality, Burkholder’s inequality (Theorem
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4.4.20), Holder’s inequality and bi-Lipschitz continuity, we obtain

E ( sup |Mc(u)|p)

s<u<t

= "E(MC )]

d
< qu(p—Z)/z ZE(‘MiC (t) ’p)

i=1

d
< C(p)d» Y E([ME ). ME0)])™"”

i=1
d t
< C(p)d=2" ZE( f [a] (W (1), Wsu(31))
i=1 s
- 2a,l (\'Ijs,u(yl)’ \Ijs,u(yZ))

. p/2
+ Cl; (\Ijs,u (y2)7 \ps,u (yz))]du>

t
< C(p)d"*K"(t—s)r/»! / E(|W,., (1) — W0 (y2)|”)du, (6.38)

N

where 1/p+1/g =1and C(p) > 0.

The next part of the argument, which concerns the estimate of MP(¢), is
quite involved. To facilitate matters, we will find it convenient to introduce
positive constants, C1, C2 ... depending only on ¢ and y, at various stages.

By It6’s formula,

’MD(t)’p
:/ / (|MP =) + gru—, x)|” — |[MP@—)|")N(du, dx)
K |x|<c
+// (IMP =) + gr(u—, 0)|" = |MP@—)|"
K |x|<c
— pgl(u—, x)MP (u—) |MPu—)|" " )v(dx)du.

Using Doob’s martingale inequality, Taylor’s theorem and Jensen’s inequality,
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we obtain, for some 0 < § < 1,
E ( sup ]MD(M)\P)
= E(MP0)])
< Lg"p(p 1)/st/x|<cE(|gF<u,x)|2|MD<u>
+6gru, x)|" ) v(dx)du

< / / E(lg (. 0P| M) + lgr 0, 2)1P)v(dx)du
K |x]<c

By Assumption 6.6.1, f\xl<c lgr(u, x)|Pv(dx)
Fubini’s theorem,

< K,In(u)|?. Hence, by

E ( sup |Md(u>|”) < Cz/ E(1n ()| MO @)|” 7 + In)|”)du.

S<u<t

Now since, forall s < u <1, MPu) = n(u) — (y1 — y2) — M€ () — Au),
Jensen’s inequality yields

IMP@)|" ™ < 4773 (In@)P 2 + 1y — yl? 24 [MC @) |7
+1AW)|"7?).

We thus obtain

E ( sup ‘MD(u)|p>

s<u<t
t
_ -2
< G f E(In@)” + Iyt = y21" 211 @) > + In@)P*|M @)]”
+ In@) P A@w)|P~)du. (6.39)
By Holder’s inequality and the estimate (6.38), we have

E(InGoP|MCa|") < E(n@))? E(|MC @w)]") >

(p=2)/p
< Cy E(In(u)|")*'? E( sup In(u)l”)

s<v=<u

<Cy E( sup In(u)lp> :

s<v=u
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Using (6.37), we similarly conclude that
E(In@)*|A@)"?) < Cs E ( sup In(u)lp) :
s<v=<u
Substituting these into (6.39) we finally obtain the desired estimate,

E ( sup |MD<u)|P)

S<u<t

< Ce/ E (( sup In(u)l”> +ly1 — yzl”‘zln(u)lz) du. (6.40)

s<v=<u

Now substitute (6.37), (6.38) and (6.40) into (6.36) to find

t
E(sup In(u)l”) <47y — P + 07/ E(( sup In(u)l”)
s<u<t s s<v<u
+ Iyt = 1P n@)|?) du. (6.41)

First let p = 2; then (6.41) becomes

1
E(SUP In(u)|2> <4 Yy —y2|2+2C7/ E( sup In(u)|2> du;

S<u=<t s<v<u

hence, by Gronwall’s inequality,

E ( sup |n(u)|2) < Cgly1 — |

S<u<t

Substitute this back into (6.41) to obtain

t
E ( sup In(u)l”> < Goly1 — »a|” + CIO/ E( sup In(u)l”) du,
s<u<t s s<v<u

and the required result follows by a further application of Gronwall’s inequal-
ity. O

Theorem 6.6.3 The map y — ®; ;(y) has a continuous modification for each
0<s <t <o0.

Proof First consider the modified flow W. Take y > d Vv 2 in Proposition
6.6.2 and appeal to the Kolmogorov continuity criterion (Theorem 1.1.17) to
obtain the required continuous modification. The almost-sure continuity of
y = @, ;(y) is then deduced from the interlacing structure in Theorem 6.2.9,
using the continuity of y — G (y, x) for each |x| > c. Ul
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Note An alternative approach to proving Theorem 6.6.3 was developed in
Applebaum and Tang [7]. Instead of Assumption 6.6.1 we impose Assumption
6.5.1. We first prove Proposition 6.6.2, but only in the technically simpler case
of the Brownian flow

dTl (y) = by, (y))dt + oI5, (y)d B(1),

so that y — Iy ;(y) is continuous by the argument in the proof of The-
orem 6.6.3. Now return to the interlacing theorem, Theorem 6.5.2. By
Assumption 6.5.1, it follows that, for eachn € N, y — W{ (y) is continuous.
From the proof of Theorem 6.5.2, we deduce that we have lim,,_, \IJ:’ () =
W ;+(y) (a.s.) uniformly on compact intervals of R? containing y, and the
continuity of y — W ,(y) follows immediately.

6.7 Solutions of SDEs as Feller processes, the Feynman-Kac formula and
martingale problems

6.7.1 SDEs and Feller semigroups

Let (T;,¢t > 0) be the semigroup associated with the solution flow ® of the
SDE (6.12).
We need to make an additional assumption on the coefficients.

Assumption 6.7.1 For each 1 < i, j < d, the mappings y — b O,y —
a(y, ),y — Fi(y,x) (|x] <¢)and y — G'(y, x) (]x] > ¢) are in Cp(RY).

We require Assumptions 6.6.1 and 6.7.1 both to hold in this section.
Theorem 6.7.2 For allt > 0,

T,(Co(R?)) C Co(RY).

Proof First we establish continuity. Let (y,, n € N) be any sequence in R? that
converges to y € R?. Since for each t > 0, f € Co(R?), we have (T; f)(y) =
E(f (Po,:(¥))), it follows that

(TG = (L HOD] = [E(f (@0 (0) = f(@or ()] -

Since |[E(f (Po:(y)) — f(Po,:(yn)))| < 2| f||, we can use dominated conver-
gence and Theorem 6.6.3 to deduce the required result.

For the limiting behaviour of 7; f, we first consider the modified flow W.
The following argument was suggested to the author by H. Kunita. From
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Applebaum and Tang [7], pp. 158-162, we have the estimate

E((1+ ¥, (D)P) < Clp, (A + [y’

forall0 <s <t <oo,ye€ RY, p € R, where C(p, t) > 0 (see also Fujiwara
and Kunita [108], p. 92; in fact, this result can be established by using an
argument similar to that in the proof of Proposition 6.6.2). If we take p = —1,
we find that

limsupE((1 + W, (1)) = 0.

|y|—00

From this we deduce that

Iim —— =0
vl=oo T4 W, (»)]?

in probability, and hence that limyy| .~ | Wy ;(y)| = 00, in probability.

Foreacht > 0, f € Co(Rd), y € R4, we define the semigroup (S;,t > 0)
by (S: f)(y) = E(f (Yo, (¥))). We will now show that limyy| (S, f)(y) = 0
(so that the solution of the modified SDE is a Feller process).

Since f € Co(R?), given any § > 0 there exists € > 0 such that |y| >
3 = | f ()] < €/2. Since lim}y| W0,/ (y)| = 00, in probability, there exists
K > Osuchthat |y| > K = P(|Wo(»)| <) <€/C|IfID.

Now, for |y| > max{§, K} we have

S HO)] < fR 1F @1 (@)

_ / @1 Poo, (@) + / ) Pon, 0 (d2)
Bs(0)

Bs(0)°

sup | f(2)|P (Yo, (y) € B5(0)) + sup |f(2)]
2€B5(0) z€B;(0)¢

< €.

A

To pass to the general flow @, we use the interlacing structure from the
proof of Theorem 6.2.9 and make use of the notation developed there. For
each r > 0, define a sequence of events (A4,(¢), n € N) by

A2n(t) = (Tn = t)’ A2n71(t) = (tnfl <r< Tn)-

By the above discussion for the modified flow, for each f € Cyp (RY), y € R4,
we have

E(f(Po,(yNIA) = E(f (Yo, () = (S /) (y),
hence limyy|— 00 E(f (Po, (¥))|A1) = 0.
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Using dominated convergence and Assumption 6.7.1, we have

E(f (®o(0))1A2) = E (f (W05~ () + G(Wor,- (), AP(T1)))) — 0

as |y| — oo. Using the independence of ®¢ ¢ and W ;, we also find that, for
each0 <s <t < o0,

E(f (o, (0))IA3) = E(f (W, 1(Po,, (1))
E(E(f (W, (o s (3|11 = 5))

/0 E(f (Vs (Pos(0)|T1 = 5) pr, (ds)

= / (TO,S o SO,t—sf)(y)prl (ds)
0
-0 as |y|— o

by dominated convergence and the previous result. We can now use induction
to establish

Jim E(f(®0,(7)|4) =0 foralln € N.
y|—o00

Finally,

(T, £)(y) = E(f (@0, (3) = D _E(f (o, (»))|An) P(A,)

n=1
and so limyy | o (7 f)(y) = 0, by dominated convergence. |
Note 1 To prove Theorem 6.7.2, we only needed that part of Assumption 6.7.1

that pertains to the mapping G. The rest of the assumption is used below to
ensure that the generator of (73, ¢ > 0) has some ‘nice’ functions in its domain.

Note 2 As an alternative to the use of Assumption 6.7.1 to prove Theorem
6.7.2, we can impose the growth condition that there exists D > 0 such that
flx\zc | G(y, x)|2v(dx) <D+ |y|2) forally € R4, In this case, the estimate

E((1+ 19, (A7) < Cp, HYA + [y[H)?

holds forall0 <s <t < o0.

Note 3 To establish 7; : Cp(RY) — Cp(R?) instead of 7; : Co(R?Y) —
Co(R%) in Theorem 6.7.2 is relatively trivial and requires neither Assumption
6.7.1 nor the growth condition discussed in Note 1 above.
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Before we establish the second part of the Feller property, we introduce an
important linear operator.
Define £ : C3(RY) — Co(RY) by

(LHG) =D @) + 5307 (1)@ /) ()
+ /| | [+ F(.x)) = F () = F' (3. 0) (8 ) ()] v ()

+ /| | [fG+GG ) = FO]vn (6.42)

for each f € Cg (R9), y € R?, and where each matrix a(y, y) is written as
a(y).

Exercise 6.7.3 Confirm that each £ f € Co(R?).

Theorem 6.7.4 (T;,t > 0) is a Feller semigroup, and if A denotes its in-
finitesimal generator, then Cg(Rd) C Dom(A) and A(f) = L(f) for all
f € C3RY).

Proof Let f € Cg(]Rd). By It6’s formula, for each r > 0, y € R?,

df (Po(y)
= B /) (@~ ()b (P~ ()t + (3 ) (Do, ()
X 0} (P, (y))dB (1)

+5(3:9; /) (Po— ()a (Po,— (y))dt

+ /| | [ (@o.— () + F(Po,— (), x)) — f(Po,—(»)]N(ds, dx)
+ /| | [ (@o,— () + G(Po,—(¥), X)) — f (Do~ ()] N(ds, dx)

+ /| ‘ [f (@0 () + F(@0,-(3), 1)) = f(Po,- (1))

— F' (@0, (), ) (@3 [)(Po,—(y) ]v(dx).

Now integrate with respect to ¢, take expectations and use the martingale prop-
erty of stochastic integrals to obtain

(THO) = f) =f0 (T Lf)(y)ds (6.43)
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and so, using the fact that each T; is a contraction, we obtain

ITif = fll = sup

yeR4

t
/ IT,Lf|Ids
0

/0 (T,Lf)(y)ds

IA

t
5/ |Lfllds =¢t||Lf|]l >0 as ¢ — 0.
0

The fact that lim,_¢ ||T; f — f|| — O, forall f € Co(R?) follows by a straight-
forward density argument. Hence we have established the Feller property. The
rest of the proof follows on applying the analysis of Section 3.2 to (6.43). [

Exercise 6.7.5 Let X be a Lévy process with infinitesimal generator .4. Show
that C2(R?) € Dom A.

It is interesting to rewrite the generator in the Courrége form, as in Section
3.5. Define a family of Borel measures (u(y, ),y € RY) by

vo [F(y,)+y] ' (A) if AeB(B.(0)— {0}

A= _
pon {vo[G<y,->+y] '(4)if A € B(BLO) — (0D

Then p is a Lévy kernel and, for all f € Cg (Rd), y € R,
(LA =b" 3@ f)y) + 1a” ()30, /) (Y)
+ /R [f(@) = ) — @ =)@ NG ¢, 2)]r(y, d2),
(I_D
(6.44)
where D is the diagonal and

—1
Py, ) = XxB.0-0 © [FO. )+ Y] = XFor. 4B —(0-

The only difference from the Courrege form (3.20) is that ¢ is not a local
unit, but this is can easily be remedied by making a minor modification to b.

Example 6.7.6 (The Ornstein—Uhlenbeck process (yet again)) We recall that
the Ornstein—Uhlenbeck process (Y (¢),¢ > 0) is the unique solution of the
Langevin equation

dY(t) = —BY(t)dt + dB(t),
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where 8 > 0 and B is a standard Brownian motion. By an immediate applica-
tion of (6.42), we see that the generator has the form

L=—-Bx-V+iA

on Cg (R9). However, by (4.9) we know that the process has the specific form

'
Y, (1) =e Pix + / e PU=9dB(s)
0
for each t > 0, where Y, (0) = x (a.s.). In Exercise 4.3.18, we saw that
—pt 1 —2pt
Y&)~N|e "'x, —(1 —e "I
2p

and so, in this case, we can make the explicit calculation

(T, f)(x) = E(f (Y:(1)))

1 _ 1 — e 28t )
=GP /Rdf e Plx + 5 V¢ OF2gy

foreacht > 0, f € Cy (Rd), x € RY. This result is known as Mehler’s Sformula,
and using it one can verify directly that (73, r > 0) is a Feller semigroup. For
an infinite-dimensional generalisation of this circle of ideas, see for example
Nualart [239], pp. 49-53.

Exercise 6.7.7 Let X = (X(¢),t > 0) be a Markov process with associated
semigroup (7, ¢ > 0) and transition probabilities (p;(x,-),t > 0,x € Rd).
We say that a Borel measure 1 on R? is an invariant measure for X if

/ (T, f) () (dx) = / FOOR()
RA R4

forallt > 0, f € Co(R?).

(1) Show that u is invariant for X if and only if /]Rd pr(x, Au(dx) = n(A)
forall x € R, A € B(RY).

(2) Deduce that Lebesgue measure is an invariant measure for all Lévy pro-
cesses.

(3) Show that u ~ N(O, (2,3)_11 ) is an invariant measure for the Ornstein—
Uhlenbeck process.
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6.7.2 The Feynman-Kac formula

If we compare (6.44) with (3.20), we see that a term is missing. In fact, if we
write the Courrége generator as L. then, for all f € CO2 (Rd), yE ]Rd, we have

(L)) == f) + (L.

Here we assume that ¢ € Cp(RY) and that c(y) >0Oforall y € R4,

Our aim here is to try to gain a probabilistic understanding of L. Let Y be
as usual the strong solution of (6.12) with associated flow ®. We introduce a
cemetery point A and define a process Y. = (Y.(¢),7 > 0) on the one-point
compactification R? U {A} by

Y(t) forO0 <t < 7.,
A fort > t..

Yo(t) = {

Here 7. is a stopping time for which

P(t. > t|F;) = exp (—/ c(Y(s))a’s).
0

Note that Y, is an adapted process. The probabilistic interpretation is that par-
ticles evolve in time according to the random dynamics Y but are ‘killed’ at
the rate ¢(Y (¢)) at time 7.

We note that, by convention, f(A) = Oforall f € By (RY).

Lemma 6.7.8 Foreach0 < s <t < oo, f € Bb(Rd), we have, almost surely,

7).
Yc(s)>.

Proof (1) Forall0 < s <t < o0, f € By(R?), A € Fy, we have
E(xaf (Ye®))) = E (xaX@esnf Xe()) + E (xax<n f Ye()))
= B (EGta X f (Ve () F)
= E(xaf(Ye(@®)) E(X(z>)|F1))

=E (XA exp [—/0 C(Y(S))dS]f(Y(l)))

and the required result follows. We can prove (2) similarly. O

t
D) E(f X)) Fs) =E (exp [—/0 C(Y(S))dS]f(Y(t))
t

@) E(f(Yc@)Ye(s)) =E <6Xp [—/O C(Y(S))dS}f(Y(t))

The following is our main theorem and to simplify proofs we will work
in path space (€2, F, P) with its associated shift . Again, we will adopt the
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convention of writing the solution at time ¢ of (6.12) as ®¢;, so that we can
exploit the flow property.

Theorem 6.7.9 Y. is a sub-Feller process with associated semigroup

(T H) =E (eXP [—/0 C(¢0,s(y))ds:|f(q)0,t(y))> (6.45)

forallt > 0, f € Co(RY), y € RY. The infinitesimal generator acts as L. on
C2(RY).

Proof We must first establish the Markov property. Using Lemma 6.7.8(1),
the independent multiplicatives-increments property of ® (Theorem 6.4.2) and
Lemma 1.1.8 we find, forall s, 7 > 0, f € By(R?), y € RY, that the following
E(f(Y(s +DIF)

holds almost surely:
t+s
=E (exp[— f C(q)o,r)dr} F(@or4) ﬂ)
0

:E(exp[— /0 Sc(cbo,,)dr}exp[— / Hsc(cbo,,)dr} F(®orps)
= exp [— /0 s c(cbo,,)dr] E <exp|:— /0 t c(@o,,ﬂ)dr} F(Dor4s)
= exp [— /0 S c(cbo,,)dr}

7

t
x E <exp |:—/ (D 54r CDO,S)dr:|f(<I>S,S+,¢0,S)
0

)
)

= exp [— f | c(%,»dr}(T;H,fxcbo,s),
0

where, for each y € RY,

(Tsc,s_g-[f)(y) =k (eXP |:_/0 C<q>s,s+r(y)>dr:|f(q)s,s+t(y))) .

A similar argument using Lemma 6.7.8(2) yields

E(f(Y<s +0)|Y(s)) = exp [— / | c(cl>o,r>dr}<n,x+ff><cbo,s) as.
0

and we have the required result.
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To see that Y is homogeneous Markov, we need to show that

(T ) = (T5, D)

foralls,r >0, f € Bp(R?), y € R?. By Lemma 6.4.10 and Exercise 6.4.8(2),
we have

(T D)
=E (exp [—/0 c(d>s,s+r(y))dr:| f(ch‘ert(y)))

= /QCXP [—/0 C(<I>o,r(y,9s(w)))dr] (@0, (y, Os(@)))d P(w)

= / exp [—/O C(<I>o,r(y,w))dr] f(@0,(y, @)d P (6, w)
Q
= (T5, /) B),

as required. The fact that (7, t > 0) is the semigroup associated with Y now
follows easily.

To establish that each T¢ : Co(RY) — Co(R?) is straightforward. To ob-
tain strong continuity and the form of the generator, argue as in the proof of
Theorem 6.7.4, using the fact that if we define

Mg (t) = exp [—/0 C(Cbo,s)ds:| S (@)

foreacht >0, f € Cg (]Rd), then by It6’s product formula,

dMy(t) = —c(Po,) f (Po,)dt + exp [/ C(Cbo,s)ds] d(®o,).
0

O

The formula (6.45) is called the Feynman—Kac formula. Note that the semi-
group (T, t > 0) is not conservative; indeed we have, for each ¢ > 0,

(1) =E (exp |:—/ c(Y(s))ds]) = P(t. > t|F).
0

Historically, the Feynman—Kac formula can be traced back to Mark Kac’s
attempts to understand Richard Feynman’s ‘path-integral’ solution to the
Schrédinger equation,

0y 19%y

Ty ,
"ot 2ox2 VWY
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where ¢ € L?(R) is the wave function of a one-dimensional quantum system
with potential V. Feynman [103] found a formal path-integral solution whose
rigorous mathematical meaning was unclear. Kac [164] observed that if you
make the time change + — —it then you obtain the diffusion equation
2
Y

t 2 0x

and, if V = 0, the solution to this is just given by

(Ty)(y) = EW (y + B(1))

for each y € R, where B = (B(t),t > 0) is a one-dimensional Brownian
motion. Moreover, Feynman’s prescription when V # 0 essentially boiled
down to replacing T, by 7,V in (6.45).

For a deeper analytic treatment of the Feynman—Kac formula in the Brown-
ian motion case, see e.g. Durrett [85], pp. 137—42. Applications to the potential
theory of Schrodinger’s equation are systematically developed in Chung and
Zhao [72]. For a Feynman—Kac-type approach to the problem of a relativis-
tic particle interacting with an electromagnetic field see Ichinose and Tamura
[139]. This utilises the Lévy-process approach to relativistic Schrodinger op-
erators (see Example 3.3.9).

The problem of rigorously constructing Feynman integrals has led to a great
deal of interesting mathematics. For a very attractive recent approach based on
compound Poisson processes see Kolokoltsov [176]. The bibliography therein
is an excellent guide to other work in this area.

The Feynman—Kac formula also has important applications to finance,
where it provides a bridge between the probabilistic and PDE representations
of pricing formulae; see e.g. Etheridge [98], Section 4.8, and Chapter 15 of
Steele [288].

6.7.3 Weak solutions to SDEs and the martingale problem

So far, in this chapter, we have always imposed Lipschitz and growth con-
ditions on the coefficients in order to ensure that (6.12) has a unique strong
solution. In this subsection, we will drop these assumptions and briefly inves-
tigate the notion of the weak solution. Fix x € R?; let D, be the path space of
all cadlag functions @ from R* to R? for which w(0) = x and let G, be the
o-algebra generated by the cylinder sets. A weak solution to (6.12) with initial
condition Z(0) = x (a.s.) is a triple (Qx, X, Z), where:

e (), is a probability measure on (Dy, G,);
e X = (X(),t>0)isalévy process on (Dy, Gy, O);
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e Z = (Z(t),t = 0) is a solution of (6.12) whose Brownian motion and
Poisson random measure are those associated with X through the Lévy-Itd
decomposition.

A weak solution is said to be unique in distribution if, whenever
(Q)lc, x!, Zl) and (Q)ZC, X2, Zz) are both weak solutions,

0L(X' (1) e A) = Q2(X*(t) € A)

forallz > 0, A € B[RY).

Notice that, in contrast to strong solutions, where the noise is prescribed in
advance, for weak solutions the construction of (a realisation of) the noise is
part of the problem.

Finding weak solutions to SDEs is intimately related to martingale prob-
lems. We recall the linear operator £ on Cy (RY) as given in (6.44). We say that
a probability measure Qy on (Dy, Gy) solves the martingale problem associ-
ated with L if

£z - /0 (Lf)Z(s)ds

is a Q,-martingale for all f € Cé (R%), where Z(1)(w) = w(t) forall t > 0,
w € Dy, and Q,(Z(0) = x) = 1. The martingale problem is said to be well
posed if such a measure Q, exists and is unique. Readers for whom such ideas
are new should ponder the case where L is the generator of the strong solution
to (6.12).

The martingale-problem approach to weak solutions of SDEs has been most
extensively developed in the case of the diffusion equation

dZ(t) =0 (Z(@))dB(t) +b(Z(1))dt. (6.46)

Here the generator is the second-order elliptic differential operator

(Lof)(x) = 1a" (x)(3;0; f)(x) + b' (x) (3 f)(x),

where each f € C%(Rd) and x € R and, as usual, a(-) = o(-)o(-)T. In this
case, every solution of the martingale problem induces a weak solution of the
SDE (6.46). This solution is unique in distribution if the martingale problem
is well posed, and Z is then a strong Markov process (see e.g. Durrett [85],
p. 189). The study of the martingale problem based on Ly was the subject of
extensive work by D. Stroock and S.R.S. Varadhan in the late 1960s and is
presented in their monograph [289]. In particular, if a and b are both bounded
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and measurable, with a also strictly positive definite and continuous, then the
martingale problem for Ly is well posed. For more recent accounts and further
work on weak solutions to (6.46) see Durrett [85], Sections 5.3 and 5.4 of
Karatsas and Shreve [167] and Sections 5.3 and 5.4 of Rogers and Williams
[262].

The well-posedness of the martingale problem for Lévy-type generators of
the form (6.44) was first studied by D. Stroock [290] and the relationship to
solutions of SDEs was investigated by Lepeltier and Marchal [191] and by
Jacod [154], Section 14.5. An alternative approach due to Komatsu [177] ex-
ploited the fact that £ is a pseudo-differential operator (see Courrege’s second
theorem, Theorem 3.5.5 in the present text) to solve the martingale problem.
Recent work in this direction is due to W. Hoh [132, 133]; see also Chapter 4
of Jacob [148].

There are other approaches to weak solutions of SDEs that do not re-
quire one to solve the martingale problem. The case dZ(¢t) = L(Z(t—))d X (t),
where X is a one-dimensional «-stable Lévy process, is studied in Zanzotto
[310, 311], who generalised an approach due to Engelbert and Schmidt in the
Brownian motion case; see Engelbert and Schmidt [97] or Karatzas and Shreve
[167], Section 5.5.

6.8 Marcus canonical equations

We recall the Marcus canonical integral from Chapter 4. Here, as promised, we
will replace straight lines by curves within the context of SDEs. Let (L, 1 <
Jj < n) be complete C I_vector fields so that, for each 1 < Jj < n, there exist
c; :RY — R, where 1 <i < d, such that L; = c3.8,~. We will also assume
that, for all x € R"” —{0}, the vector field x/L j is complete, i.e.foreach y € R4
there exists an integral curve (§ (ux)(y), u € R) such that

)

for each 1 < i < d. Using the language of Subsection 4.4.4, we define a
generalised Marcus mapping ® : Rt x R x R" x R? — R? by

D(s,u,x,y) =&x)(y)
foreacthO,ueR,xeR",yeRd.

Note We have slightly extended the formalism of Subsection 4.4.4, in that
translation in R¢ has been replaced by the action of the deterministic flow £.
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We consider the general Marcus SDE (or Marcus canonical equation)
dY(t) =c(Y(t—)) odX(1), (6.47)

where X = (X (¢), t > 0) is an n-dimensional Lévy process (although we could
replace this by a general semimartingale).

The meaning of this equation is given by the Marcus canonical integral of
Subsection 4.4.4, which yields, foreach 1 <i <d,t > 0,

dY'(1)
= ch(Y (t—)) o dX](t) + (Y (t=))d X} (s5)
+ ) [EAX Y (5—) = Y(s—) = (Y (s—)AXI (5)],

0<s<t

(6.48)

where X and X4 are the usual continuous and discontinuous parts of X and
o denotes the Stratonovitch differential. Note that when X4 = O this is just a
Stratonovitch SDE (see e.g.Kunita [182], Section 3.4).

In order to establish the existence and uniqueness of such equations, we
must write them in the form (6.12). This can be carried out by employing the
Lévy-Ité decomposition,

X/ (1) =m/t + 1 B¥(1) +/

[x]<1

xjN(dt,dx)+/ x/ N(dt, dx)

[x[=1

T

foreacht > 0,1 < j <n. Wewritea = t7" as usual.

‘We then obtain, foreach 1 <i <d,t > 0,
dY'(t) = m/ (Y (t=))dt + 1/ ¢ (Y (t=))d B (1)
+ 50’ [ (Y (1=)) (@) (Y (1=))d1

+ fu l[’gi(x)(Y(f—))—Y(l—)i]l\?(dt,dx)
T /H 1[Si(x)(Y(f—))—Y(t—)i]N(dt,dx)

+ /u ][s"(x)(Y(t—))—Y(t—)" —x/ (Y (1-)|v(dx)dt.
(6.49)

We usually consider such equations with the deterministic initial condition
Y(0) =y (as.).
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We can now rewrite this in the form (6.12) where, foreach 1 < i < d,
l<k<r,yeR4

b (y) =m/c(y) + 5a’ cf () (0c)) ()
[ 00 -y - xe o],
|x]<1

ol (y) = Ty,
Fi(y,x) = £ ) (y)—y  forall |x| <1,
G(y,x) = &x)(y)—y  forall |x|> 1.

We will find it convenient to define
Hi(y,x) =& x)(y) — ¥ —x/ch(y)

foreach1 <i <d, |x| <1,y e R

In order to prove existence and uniqueness for the Marcus equation, we
will need to make some assumptions. First we introduce some notation. For
eachl <i <d,y e R?, we denote by (@"c)(y) the n x n matrix whose
(j, Dth entry is (ac§. (y)/ayk)c;‘ (). We also define (6c)(y) to be the vector
in R? whose ith component is maxi<; j<n |(@"c(y))j,l|. Foreachl < j <n,
¢j () = (€;(), ., G,

Assumption 6.8.1

(1) Foreach 1 < j < n we have that ¢; is globally Lipschitz, so there exists
P; > 0 such that

max [c;(v1) = ¢; () < Prly1 = ol

for all y1, y2 € R4,
(2) Foreach 1 < j < n we have that (Vo) j is globally Lipschitz, so there
exists P» > 0 such that

(Vo) (y1) — (Vo) (3)] < Palyr — yal
for all yi, y» € R,

Exercise 6.8.2 Show that for Assumption 6.8.1(1), (2) to hold, it is sufficient
that each ¢, € Cg(R).
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Note that Assumption 6.8.1(1) is enough to ensure that each x/ L j 1s com-
plete, by Theorem 6.1.3.
We will have need of the following technical lemma.

Lemma 6.8.3 For each y, y1, y2 € R4, x| < 1, there exist My, My, M3 > 0
such that:

(1) |F(y, x)| < Mylx|(1+ |y]);
(2) |F(y1,x) — F(y2,x)| < Ma|x||y1 — yal;
(3) |H(y1, x) — H(y2, x)| < Ma|x|*|y1 — yal-

Proof We follow Tang [294], pp. 34-6.
(1) Using the Cauchy—Schwarz inequality and Exercise 6.1.1, there exists
Q > 0 such that, for each u € R,

|F(y, ux)| =

fo xle;(E(ax)(y))da

< d"x| f " ma e, (¢(ax) ()] da
0o l=/=n
< Qd'?|x| f [1+ 1&@@x)()|]da
0
< Qd‘/2|x|/ [(1+ IyD) + [F(y. ax)[)da
0

< Qd'Plx|u(l + |y]) + le/ZIXI/ (1F(y, ax)da,
0

and the required result follows by Gronwall’s inequality.
(2) For each u € R, using the Cauchy—Schwarz inequality we have

|F(ux, y1) — F(ux, y2)| = |[E@x)(y1) — y1] — [E@x)(y2) — y2]|

= f x'[ej(E(ax)(yn) — ¢;(€ax)(y2)]lda

0

< Pylx| /O E@n) () — £@@x) () lda.
(6.50)

From this we deduce that

E@D)On) — E@) )] < 1yt — val
+ Pulx| /O E@0) () — E@@x)(y)lda
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and hence, by Gronwall’s inequality,

| @x) (1) — E@x) ()| < "My, — ). (6.51)

The required result is obtained on substituting (6.51) into (6.50).
(3)Foreach1 <i <d,

H'(y1, x) — H'(y, x)
=[E'@ ) — 3] = [0 32) — v2] = 2[5 () — ¢4 ()]

1
= / e E @) — )] = [¢h E @) (y2)) — ¢ (2] }da

ac’ (S(bX)(yl)) IE* (bx) (1)
/ / Vi ab

A EDGN) () aék(bx)(yz)) b
Ve ab

1 pa act. b
_ / / X! (M K EDx) (1)
0o Jo Yk

B 3¢’ (£(bx) (y2))

> cf @(bx)(yz))) dbda
Yk

1 a
= f / X[V Ebx) () ji — V' (Ebx) () ji|x'dbda
0o Jo
Now use the Cauchy—Schwarz inequality and Assumption 6.8.1 to obtain
|H (y1,%) = H' (32, %)]

1 a
< xP /0 /0 (F)EBD ) — (Fe)EBx) (32)Y |dbda

1 a
=il [ [ 16 o0 — 6@ Gnidbda.
o Jo
The result follows on substituting (6.51) into the right-hand side. O

Exercise 6.8.4 Deduce that y — G(y, x) is globally Lipschitz for each
x| > 1.

Theorem 6.8.5 There exists a unique strong solution to the Marcus equation
(6.49). Furthermore the associated solution flow has an almost surely contin-
uous modification.
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Proof A straightforward application of Lemma 6.8.3 ensures that the Lips-
chitz and growth conditions on b, ¢ and F are satisfied; these ensure that the
modified equation has a unique solution. We can then extend this to the whole
equation by interlacing. Lemma 6.8.3(1) also ensures that Assumptions 6.5.1
and 6.6.1 hold, and so we can apply Theorem 6.6.3 to deduce the required
continuity. O

Note that, since Assumption 6.5.1 holds, we also have the interlacing con-
struction of Theorem 6.5.2. This gives a strikingly beautiful interpretation of
the solution of the Marcus canonical equation: as a diffusion process controlled
by the random vector fields L ; X (¢)/, with jumps at the “fictional time’ u = 1
along the integral curves (S(uAX(t)ij), u € R).

If each cj. € Cé (R%), we may introduce the linear operator A" : Ctz) (RYy —

Cp(R?) where, for each f € CZ(R?), y € RY,

NG =m! (L; () + 30" (LiLn ))(Y)
+ /R o TEO = FO) = L HOxp ) ]v(d)
and each
(LiLm f)(y) = (Lj(Ln f)()
= i (M[3icy, M] @) () + ¢Sk, ()39 ) ().

Now apply It6’s formula to the solution flow & = (P;;,0 <s <t < 00) of
equation (6.49), to find that, for all f € C2(R?), y e R?,0 <5 <1 < o0,

F( @i () = F) + N (@i () + 1 (L (D, (y)d B (1)
+ /ll 1 [£E ) (@i ()) = f(@s-()]N(dt, dx)

+ /|  FE@@-0m) = F @]V r, d.

If ¢ is such that \V : Cé (R?) — Co(RY) then (T}, t > 0) is a Feller semigroup
by Theorem 6.7.4. The following exercise gives a sufficient condition on ¢ for
this to hold.

Exercise 6.8.6 Show that Assumption 6.7.1 is satisfied (and so the solution to
(6.49) is a Feller process) if cj. € Co(Rd) foreach1 < j <n,1 <i <d.
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(Hint: You need to show that limjy|—oc [£'(x)(y) — y'] = O for each x # 0,
1 <i < d. First use induction to prove this for each member of the sequence
of Picard iterates and then approximate.)

The structure of A/ can be thought of as a higher level Lévy—Khintchine
type-formula in which the usual translation operators are replaced by integral
curves of the vector fields x/ L j- This is the key to further generalisations of
stochastic flows and Lévy processes to differentiable manifolds (see e.g. the
article by the author in [20]).

We now discuss briefly the homeomorphism and diffeomorphism properties
of solution flows to Marcus canonical equations. As the arguments are very
lengthy and technical we will not give full proofs but be content with providing
an outline. We follow the account in Kunita [183]. The full story can be found
in Fujiwara and Kunita [109]. For alternative approaches, see Kurtz, Pardoux
and Protter [187] or Applebaum and Tang [7].

Theorem 6.8.7 ® is a stochastic flow of homeomorphisms.

Proof First consider the modified flow W. Foreach0 < s <t < 00, y1, y2 €
R?, with y; # y», we define

1
W (y1) — W s ()

The key to establishing the theorem for W is the following pair of technical
estimates. Foreach 0 < s <t < o0, p > 2, there exist K1, K2 > 0 such that,
forall yi, y2, 21,22,y € RY, y1 5 y2, 21 # 22,

Xs.t (V15 y2) =

E (150 (015 ¥2) = X521, 22)177) < Ki(ly1 — 21177 + [y2 — 2277),
(6.52)

E(Sup I1+‘I's,r(y)|”) = K|l +yl™". (6.53)
s<r<t
By Kolmogorov’s continuity criterion (Theorem 1.1.17) applied to (6.52), we
see that the random field on R?? — D given by (v, y2) = xs./(y1, y2) is almost
surely continuous. From this we deduce easily that y; # y» = W, ,(y1) #
W ;(y2) (a.s.) and hence that each W ; is almost surely injective.

To prove surjectivity, suppose that liminf)y| oo infrefs, ) [Wr ()| = a €
[0, c0) (a.s.). Applying the reverse Fatou lemma (see e.g.Williams [304],
p- 53), we get

1
lim sup E ( sup |1 + ws,r@)r") -,
a

|y|—>o00 S<r=<t
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contradicting (6.53). So we must have each liminf)y| o0 | Wy, (y)| = 00 (a.s.).
But we know that each W, ; is continuous and injective. In the case d = 1, a
straightforward analytic argument then shows that W, ; is surjective and has a
continuous inverse. For d > 1, more sophisticated topological arguments are
necessary (see e.g. Kunita [182], p. 161). This proves that the modified flow ¥
comprises homeomorphisms almost surely.

For the general result, we apply the interlacing technique of Theorem
6.2.9. Let (1,,n € N) be the arrival times for the jumps of P(s,t) =
fs,t f‘ch xN (¢, dx) and suppose that 7, | < ¢ < T,; then

Cps,t = \IJTn_]’,Of(AP(S, Tn—l))owr,,_2,rn_1—o' : -OS(AP(S, Tl))o\ps,rl—'

Recalling Exercise 6.1.11, we see that &, ; is the composition of a finite num-
ber of almost-sure homeomorphisms and so is itself a homeomorphism (a.s.).
O

Exercise 6.8.8 Let ® be a stochastic flow of homeomorphisms. Show that, for
each0 <s <t <00, ®;;, =Pp;0 @al (a.s).

In order to establish the diffeomorphism property, we need to make an ad-
ditional assumption on the driving vector fields. Fix m € N U {oo}.

Assumption 6.8.9 cj. € C£"+2(Rd) forl<j<d,1<j=<n.

Theorem 6.8.10 If Assumption 6.8.9 holds, then ® is a stochastic flow of C"™-
diffeomorphisms.

Proof (Sketch) We fix m = 1 and again deal with the modified flow W. Let
{e1, ..., eq} be the natural basis for R?, so that each

)
e;=1(0,...,0,1,0,...0).
Forh e R,h#0,1<j<d,0<s<t<o0,yecR? define

\Ijs,t(y + hej) - lps,t(y).
h 9

then, forall0 < s <t < o0, p > 2, there exists K > 0 such that

(Aj¥s ) (y, h) =

E ( sup [(A;W, (i, 1) — (A% ) (an, h2)|p>

S<r=<t

< K(y1 — y2|” + |hy — ha]?)
for all yi, y» € R? and hy, hy € R — {0}.
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By Kolmogorov’s continuity criterion (Theorem 1.1.17), we see that

(y,h) = sup AW, (y, h)

s<r<t

is a continuous random field on R x (R — {0}). In fact it is uniformly continu-
ous and so it has a continuous extension to R? x R. Hence W is differentiable.

To show that \Ilsftl is differentiable we first must show that the Jacobian ma-
trix of W ; is non-singular, and the result then follows by the implicit function
theorem.

To see that ®; ; is a diffeomorphism, use the interlacing argument from the
end of Theorem 6.8.7 together with the result of Theorem 6.1.7.

The result for general m is established by induction. O

In the second paper of Fujiwara and Kunita [109], it was shown that for
each r > 0, the inverse flow (CD;}, 0 < s < 1) satisfies a backwards Marcus

SDE
do,| = —c(®;}) ob dX(s)

(with final condition <I>,_),1 (y) = y (a.s.) for all y € RY).

We conjecture that, just as in the Brownian case ([182], Chapter 4), every
Lévy flow on R? with reasonably well-behaved characteristics can be obtained
as the solution of an SDE driven by an infinite-dimensional Lévy process. This
problem was solved for a class of Lévy flows with stationary multiplicative
increments in Fujiwara and Kunita [108].

Just as in the case of ODE:s, stochastic flows driven by Marcus canonical
equations make good sense on smooth manifolds. Investigations of such Lévy
flows can be found in Fujiwara [111] in the case where M is compact and in
Kurtz, Pardoux and Protter [187], Applebaum and Kunita [5] or Applebaum
and Tang [8] for more general M.

Stochastic flows of diffeomorphisms of R¢ have also been investigated as
solutions of the Itd SDE

dq)x,t = C(Cbs,t)dx(t);

see e.g. Section 5.7 of Protter [255], or Meyer [225] or Léandre [189]. How-
ever, as is pointed out in Kunita [183], in general these will not even be home-
omorphisms unless, as is shown by the interlacing structure, the maps from R?
to R? givenby y — y +x/¢ () are also homeomorphisms for each x € RY,
and this is a very strong and quite unnatural constraint.
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6.9 Notes and further reading

Like so many of the discoveries described in this book, the concept of a
stochastic differential equation is due to It6 [145]. In fact, he established the
existence and uniqueness of strong solutions of SDEs driven by Lévy processes
that are essentially of the form (6.12). His treatment of SDEs is standard fare in
textbooks on stochastic calculus (see for example the list at the end of Chap-
ter 4), but the majority of these omit jump integrals. Of course, during the
1960s, 1970s and 1980s, when most of these text books were written, stochas-
tic analysts were absorbed in exploring the rich world of diffusion processes,
where Brownian motion reigns supreme. The natural tendency of mathemati-
cians towards greater abstraction and generality led to interest in SDEs driven
by semimartingales with jumps, and the first systematic accounts of these were
due to C. Doléans-Dade [82] and J. Jacod [154]. This is also one of the main
themes of Protter [255]. Recent developments in flows driven by SDEs with
jumps were greatly stimulated by the important paper of Fujiwara and Kunita
[108]. They worked in a context more general than that described above, by
employing an infinite-dimensional Lévy process taking values in C(R?, R%)
to drive SDEs. The non-linear stochastic integration theory of Carmona and
Nualart [65] was a further generalisation of this approach.

The study of SDEs and associated flows is much more advanced in the
Brownian case than in the general Lévy case. In particular, there are some
interesting results giving weaker conditions than the global Lipschitz condition
for solutions to exist for all time. Some of these are described in Section 5.3
of Durrett [85]. For a powerful recent result, see Li [194]. For the study of an
SDE driven by a Poisson random measure with non-Lipschitz coefficients, see
Fournier [105]. An important resource for Brownian flows on manifolds and
stochastic differential geometry is Elworthy [93].

Simulation of the paths of SDEs can be very important in applications. A
valuable guide to this for SDEs driven by a-stable Lévy processes is given by
Janicki and Weron [157]. For a discussion of the simulation of more general
SDEs driven by Lévy processes, which is based on the Euler approximation
scheme, see Protter and Talay [254]. For a nice introduction to applications of
SDEs to filtering and control, respectively, in the Brownian case, see
Chapters 6 and 11 of Bksendal [241]. A fuller account of filtering, which in-
cludes the use of jump processes, can be found in Chapters 15 to 20 of Liptser
and Shiryaev [201]. A forthcoming monograph by BJksendal and Sulem [240]
is devoted to the stochastic control of jump diffusions. A wide range of appli-
cations of SDEs, including some in material science and ecology, can be found
in Grigoriu [122].
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SDE:s driven by Lévy processes and more general semimartingales are sure
to see much further development in the future. Here are some future directions
in which work is either ongoing or not yet started.

e The study of Lévy flows as random dynamical systems is far more greatly
developed in the Brownian case than for general Lévy processes, and a sys-
tematic account of this is given in Arnold [13]. Some asymptotic and ergodic
properties of Lévy flows have been investigated by Kunita and Oh [179] and
Applebaum and Kunita [6]. So far there has been little work on the behaviour
of Lyapunov exponents (see Baxendale [31] and references therein for the
Brownian case, and Mao and Rodkina [211] for general semimartingales
with jumps). Liao [195] has studied these in the special case of flows on
certain homogeneous spaces induced by Lévy processes in Lie groups. An
applications-oriented approach to Lyapunov exponents of SDEs, which in-
cludes the case of compound Poisson noise, can be found in Section 8.7 of
Grigoriu [122].

e One of the most important developments of stochastic calculus within the
last thirty years is the Malliavin calculus. This has been applied to find con-
ditions for solutions of SDEs driven by Brownian motion to have smooth
densities; see e.g. Subsection 2.3.2 of Nualart [239] or Subsection 3.1.4 of
Huang and Yan [135]. Recent work of Kunita and Oh [180] and Kunita [184]
(see also Picard [251]) has established conditions for the solutions of Mar-
cus canonical SDEs to have smooth densities. So far, the smoothness results
require strong conditions to be imposed on the Lévy measure.

e Another important application of Malliavin calculus is in establishing the
existence and uniqueness of solutions to SDEs driven by Brownian motion
when the standard initial condition is weakened in such a way that Z is no
longer independent of the driving noise; see e.g. Chapter 3 of Nualart [239].
As yet, to the author’s knowledge there has been no work in this direction
for SDEs with jumps.

e A new approach to stochastic calculus has recently been pioneered by
T.J. Lyons [202, 203], in which SDEs driven by Brownian motion are solved
pathwise as deterministic differential equations with an additional driving
term given by the Lévy area. This has been extended to SDEs driven by
Lévy processes in Williams [305]. Related ideas are explored in Mikosch
and Norvai$a [227]. It will be interesting to see whether this approach gen-
erates new insights about SDEs with jumps in the future.

e One area of investigation that has been neglected until very recently is the
extent to which the solution of an SDE can inherit interesting probabilistic
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properties from its driving noise. For example, Samorodnitsky and Grigoriu
[270] recently studied the SDE

dZ(t) = —f(Z(@t—))dt +dX (1),

where X has heavy tails (e.g. X might be an a-stable Lévy process) and
d = 1. Under certain restrictions on f, they were able to show that Z also
has heavy tails.
An important area related to SDEs is the study of stochastic partial differ-
ential equations (SPDEs). These are partial differential equations perturbed
by a random term, so that the solution, if it exists, is a space—time random
field. The case based on Brownian noise has been extensively studied, see
e.g. the lecture notes by Walsh [299] and the survey by Pardoux [245], but
so far there has been little work on the case of Lévy-type noise.

In Applebaum and Wu [9], existence and uniqueness were established for
an SPDE written formally as

du(r,x)  9%u(t, x)
or  ox?

on the region [0, co) x [0, L], where L > 0, with initial and Dirichlet bound-
ary conditions. Here F;  is a Lévy space—time white noise. An extensive
study of the case where F' is a Poisson random measure is due to Saint Lou-
bert Bié [269]; see also Albeverio et al. [4].

In a separate development, Mueller [233] established the short-time ex-
istence for solutions to the equation

dJu(t, .
% = —(=A)u(t, x) +u(t,x)' M, ,

on Rt x D, where D is a domain in R?, with given initial condition and u
vanishing on the complement of D. Here 0 <o < 1, p € (0, 2], y > 0 and
(M(t,x),t = 0, x € D) is an «-stable space—time white noise. There seems
to be an intriguing relationship between this equation and stable measure-
valued branching processes. Weak solutions of this equation in the case
where 1 < o < 2 and p = 2 have recently been found by Mytnik [234].

Solutions of certain SPDEs driven by Poisson noise generate interesting
examples of quantum field theories. For recent work in this area, see Giel-
erak and Lugiewicz [117] and references therein.

+a(t,x,u(t,x)) + b, x, u(t, x))F,’x
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Ito’s circle (Stratonovitch integral)
op backwards Stratonovitch integral

O =R IR

¢ Marcus canonical integral
o,  backwards Marcus canonical integral
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I'(a) gamma function [;° z* e~ *dx
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n Lévy symbol or characteristic exponent
nx Lévy symbol of a Lévy process X

0, Dirac measure at ¢ € R™

AX(t)= X(t) — X(t—) jump process

nz Lévy symbol of the subordinated process Z
W intensity measure

i1 % o convolution of probability measures
v Lévy measure

&,t € R solution flow to an ODE

p(A) resolvent set of A

ps transition density

o(T) spectrum of an operator T
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U= (¥,,,0<s<t<o0) solution flow to an SDE
(Q,F, P) probability space

A infinitesimal generator of a semigroup

AX  infinitesimal generator of a Lévy process

AZ  infinitesimal generator of a subordinated Lévy process

(b, A,v) characteristics of an infinitely divisible distribution

(b,A\) characteristics of a subordinator

B {zeR% |zl <1}

B = (B(t),t > 0) standard Brownian motion

B,(t) Brownian motion with covariance A

B(S) Borel o-algebra of S C RY

By (S) bounded Borel measurable functions from S to R

C(I) cylinder functions over I = [0,T]

C.(S) continuous functions with compact support on S
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Cov(X,Y) covariance of X and Y

dY stochastic differential of a semimartingale Y
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DyF  directional derivative of Wiener functional F' in
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E expectation

Eg conditional expectation mapping

E; E(:|Fs) conditional expectation given F;

E(X;4) E(Xxa)

E(X|G) conditional expectation of X given G

&€ closed form, Dirichlet form

Ey stochastic (Doléans-Dade) exponential of YV

f Fourier transform of f
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(@) —min{f(2),0}

fx probability density function (pdf) of a random variable X

F o-algebra

(Fi,t >0) filtration

(FX,t>0) mnatural filtration of the process X

Foo \/tZO ft

Fir Neso Frae

Gr graph of the linear operator T
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(Gt,t > 0) augmented filtration

GX,t >0 augmented natural filtration of the process X

H(I) Cameron-Martin space over I = [0,T]

Ho(T,E) Hilbert space of square-integrable, predictable
mappings on [0,T] x E x Q

H; (s, E) Hilbert space of square-integrable, backwards
predictable mappings on [0, s] x E x

I identity matrix

I identity operator

IG(6,7v) inverse Gaussian random variable

I (F) Tt6 stochastic integral of F

Ip(F) extended Itd stochastic integral of F

K, Bessel function of the third kind

lx lifetime of a sub-Markov process X

L(B) space of bounded linear operators in a Banach space B

LP(S,F,u;RY)  LP-space of equivalence classes of mappings
from S to R?
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= (M(t),t > 0) martingale
martingale space

random measure

) Meyer angle bracket

quadratic variation of M and N
set of all Borel probability measures on R?

(t),t > 0) Poisson process

(t),t > 0) compensated Poisson process
#{0<s<t;AX(s)e A}

N (t,A) compensated Poisson random measure

HEE s
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p Poisson point process

ps,(z, A) transition probabilities

(pt,t > 0) convolution semigroup of probability measures

Dty ta,....t, finite-dimensional distributions of a stochastic process

pt(x, A) homogeneous transition probabilities

px probability law (distribution) of a random variable X

P partition

P predictable o-algebra

P~ backwards predictable o-algebra

Po(T,E) predictable processes whose squares are a.s. integrable
on [0,T]x E
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Py (s, E) backwards predictable processes whose squares are
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P(:) projection-valued measure

P(A|G) conditional probability of the set A given G

Py|g  conditional distribution of a random variable Y, given g

q: probability law of a Lévy process at time ¢

Rx(A) resolvent of A at the point A

(S,F,u) measure space

S(R?)  Schwartz space

S(T, E) simple processes on [0, T]

S~ (s, E) backwards simple processes on [s, 7]

(S(t),t > 0) stock price process

(S(t),t > 0) discounted stock price process

T stopping time

T4 first hitting time to a set A

T closure of a closable operator T

T°¢ dual operator to T'

T* adjoint operator to T’

T =(T(t),t >0) subordinator

(T5,4,0 <s<t<oo) Markov evolution

(T;,t > 0) semigroup of linear operators

(TtX ,t>0) semigroup associated with a Lévy process X

(TZ,t > 0) semigroup associated with a subordinated
Lévy process Z

V(g) variation of a function g

Var(X) variance of X

Wo(I) Wiener space over I = [0,T]

X ~ N(m,A) X is Gaussian with mean m and covariance A

X ~m(c) X is Poisson with intensity ¢
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adjoint operator, 181
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almost all, 3
almost everywhere (a.e.), 3
almost surely (a.s.), 3
American call option, 269
anomalous diffusion, 319
arbitrage, 269
asset pricing

fundamental theorem of, 270, 271

Bachelier, L., 44, 271
background-driving Lévy process, 217
backwards adapted, 240
backwards filtration, 240
natural, 240
backwards Marcus canonical integral,
243
backwards martingale, 240
backwards martingale-valued measure,
240
backwards predictable mapping, 241
backwards predictable o-algebra, 241
backwards simple process, 241
backwards stochastic differential
equations, 313
Bernstein function, 52
Bessel equation of order v, 289
modified, 289
Bessel function
modified, 290
Bessel function
of the first kind, 289
of the second kind, 289
of the third kind, 282, 290

Beurling-Deny formula, 167
bi-Lipschitz continuity, 303
Black—Scholes papers on option
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Black—Scholes portfolio, 277
Black—Scholes pricing formula, 278
Bochner integral, 131
Bochner’s theorem, 16
Borel o-algebra of S, 2
Borel measurable mapping, 4
Borel measure, 2
Borel set, 2
bounded below, 87
bounded jumps, 101
bounded operator, 177
Brownian flow, 321
Brownian motion

standard, xvi, 43

with covariance A, 46

with drift, xvi, 45
Brownian motions

one-dimensional, 44
Brownian sheet, 192
Burkholder’s inequality, 234

cadlag functions, 117
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Cameron—Martin space, 258

Cameron—Martin—-Maruyama theorem,
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canonical Markov process, 125
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Cauchy—Schwarz inequality, 8
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class D, 80 non-local, 167
closable linear operator, 179 Dirichlet integral, 166
closed subspace, 8 Dirichlet operator, 165
closed symmetric form, 184 discounted process, 270
closure, 185 discounting, 270
cocycle, 325 distribution, 4

perfect, 327 distribution function, 5
coercive bilinear form, 173 Doléans-Dade exponential, 247
compensated Poisson process, 46 Doob’s martingale inequality, 74
compensated Poisson random Doob’s optional stopping theorem, 79

measure, 90 drift, xvi

completely monotone, 52 dual operator, 181
compound Poisson process, 46 dual space, 181
conditional distribution, 10
conditional expectation, 9 energy integral, 166
conditional probability, 10 Esscher transform, 280
conditionally positive definite, 16 European call option, 269
conservative, 148 event, 3
contingent claim, 269 exercise price, 269
continuity of measure, 3 expectation, 6
contraction, 178 expiration time, 269
convergence explosion time, 312

in distribution, 13 exponential map, 300

in mean square, 13 exponential martingale, 254

in probability, 13 exponential type of Lévy process, 288

weak, 14 extended stochastic integral, 203
convolution, 186 extension (of an operator), 177
convolution nth root, 23
convolution of probability Fatou’s lemma, 7

measures, 20 Feller process, 126
convolution semigroup, 60 sub-Feller process, 129
co-ordinate process, 18 Feller semigroup, 126
core, 167, 180 strong, 126
countably generated, 8 sub-Feller semigroup, 129
counting measure, 3 Feynman-Kac formula, 345
Courrege’s first theorem, 158 filtered probability space, 71
Courrege’s second theorem, 159 filtration, 70
covariance, 7 augmented, 72
creep, 111 augmented natural, 72
cylinder function, 259 natural, 71
cylinder sets, 18 financial derivative, 268
first hitting time of a process to a

degenerate Gaussian, 25 set, 79
densely defined linear operator, 177 flow, 298
diffusion, anomalous, 319 Brownian, 321
diffusion measure, 167 Lévy, 321
diffusion operator, 160 stochastic, 320

diffusion process, 160, 317 Fokker—Planck equation, 164
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form
closed symmetric, 184
Markovian, 168
quasi-regular, 174
Fourier transform, 138, 185
Fourier transformation, 185
Friedrichs extension, 185
fundamental theorem of asset pricing,
270, 271
Follmer—Schweizer minimal measure,
279

G-invariant measure, 3
gamma process, 52
Gaussian

degenerate, 25

non-degenerate, 24
Gaussian space-time white noise, 191
generalised inverse Gaussian, 282
generalised Marcus mapping, 348
generator, 131
geometric Brownian motion, 272
Girsanov’s theorem, 257
global solution, 312
graph, 179
graph norm, 179
Gronwall’s inequality, 295

hedge, 270

helices, 326

hermitian, 16

Hille-Yosida theorem, 135
Hille-Yosida—Ray theorem, 156
Holtsmark distribution, 34
homogeneous Markov process, 125
Hunt process, 171

Hurst index, 48

hyperbolic distribution, 282
Hoélder’s inequality, 8
Hoérmander class, 188

identity matrix, xxiii

iid., 11

implied volatility, 286

independent increments, 39

independently scattered property,
89

index of stability, 32

indicator function, 5

infinite-dimensional analysis, 260

infinitely divisible, 24

infinitesimal covariance, 317

infinitesimal mean, 317
inhomogeneous Markov process, 125
integrable function, 6
integrable process, 80
integral, 5
integral curve, 300
intensity measure, 87
interest rate, 269
interlacing, 48
invariant measure, 342
G-invariant measure, 3
inverse Gaussian, 51
inverse Gaussian subordinator, 51, 83
isometric isomorphisms, 178
isometry, 178
It6 backwards stochastic integral, 241
It6 calculus, 230
It correction, 231
It6 differentials, 209
Ito diffusion, 317
It6 formula, xxi
1t6 stochastic integral, 199
It6’s circle, 236
It6’s isometry, 199
1td’s product formula, 231

Jacobi identity, 300

Jacod’s martingale representation
theorem, 266

Jensen’s inequality, 6

joint distribution, 5

jump, 111

jump-diffusion process, 319

jump measure, 167

jump process, 85

killed subordinator, 53

killing measure, 167

Kolmogorov backward equation, 164
Kolmogorov forward equation, 164
Kolmogorov’s consistency criteria, 18
Kolmogorov’s continuity criterion, 20
Ky Fan metric, 13

LP-Markov semigroup, 148

LP-positivity-preserving semigroup,
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Landau notation, xxiv

Langevin equation, 316, 341

Laplace exponent, 50

law, 4

Lebesgue measurable sets, 4
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Lebesgue measure, 2
Lebesgue symmetric, 152
Lebesgue’s dominated-convergence
theorem, 7
lifetime, 128
Lipschitz, 293
Lipschitz condition, 293
Lipschitz constant, 293
local Dirichlet form, 167
local martingale, 80
local solution, 312
local unit, 157
localisation, 80
localised martingale-valued measure,
243
Lévy exponent, 30
Lévy flights, 69
Lévy flow, 321
Lévy kernel, 157
Lévy measure, 27
Lévy process, 39, 171
background-driving, 217
canonical, 60
of exponential type, 288
recurrent, 63
stable, 48
transient, 64
Lévy stochastic integral, 210
Lévy symbol, 30
Lévy type, 158
Lévy walk, 69
Lévy—It6 decomposition, xviii, 108
Lévy—Khintchine formula, xv, 28
Lévy-type backwards stochastic
integral, 242
Lévy-type stochastic integral, 208

Marcus canonical equation, 323, 349
Marcus canonical integral, 238
backwards, 243
Marcus mapping, 238
generalised, 348

Marcus stochastic differential equation,

349
marginal distribution, 5
market
complete, 271
incomplete, 271
Markov process, 71
canonical, 125
homogeneous, 125
inhomogeneous, 125

normal, 123

sub-, 128
Markovian form, 168
martingale, 72

centred, 73

closed, 73

continuous, 73

L%, 73

local, 80
martingale measure, 271
martingale problem, 347

well-posed, 347

martingale representation theorem, 265

martingale space, 78
mean, 6
measurable function, simple, 5
measurable partition, 3
measurable space, 2
measure, 2
absolutely continuous, 8
completion of, 4
counting, 3
diffusion, 167
equivalent, 8
o-finite, 2
G-invariant, 3
jump, 167
killing, 167
Lévy, 27
of type (2,p), 191
probability, 3
product, 11
projection-valued, 183
measure space, 2
product, 11
Meyer’s angle-bracket process, 81

minimal entropy martingale measures,

281
mixing measure, 282
modification, 62
moment, 7
moment-generating function, 15
monotone-convergence theorem, 7
moving-average process, 214
multi-index, 187

n-step transition probabilities, 160
natural backwards filtration, 240
non-degenerate Gaussian vector, 24
non-local Dirichlet form, 167

norm, 178

normal Markov process, 123
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normal vector, 24 Poisson, 90
Novikov criterion, 255 random variable, 4
characteristics of, 29
Ornstein—Uhlenbeck process, 216, 316, complex, 4
341 inverse Gaussian, 51
generalised, 317 stable, 32
integrated, 218 strictly stable, 32
orthogonal, 8 symmetric, 4
random variables
pdf, 9 identically distributed, 4
phase multiplication, 185 recurrent Lévy process, 64
Picard iteration, 293 regular, 167
Poisson integral, 91 relativistic Schrédinger operator, 142
compensated, 94 replicating portfolio, 271
Poisson point process, 90 restriction, 177
Poisson process, 46 return on investment, 272
compensated, 46 Riemann hypothesis, 37
compound, 46 Riemann zeta function, 36
Poisson random measure, 90 risk-neutral measure, 271
Poisson random variable, 25
compound, 26 sample path, 19
polarisation identity, xxiv Schoenberg correspondence, 16
portfolio, 270 Schwartz space, 187
replicating, 271 self-adjoint semigroup, 152, 182
self-financing, 271 essentially, 182
positive definite, xxiii self-decomposable, 36
strictly, xxiii semigroup, 126
positive maximum principle, 156 Co-, 130
predictable, 192 conservative, 148
predictable o-algebra, 192 LP-Markov, 148
predictable process, 80 LP-positivity-preserving, 148
probability density function, 9 self-adjoint, 152
probability measure, 3 sub-Markovian, 148
probability mixture, 282 weakly continuous, 60
probability space, 3 separable, 8
product measure, 11 separable stochastic process, 19
product of measure spaces, 11 sequence of random variables
projection, 182 iid, 11
projection-valued measure, 183 independent, 11
pseudo-differential operator, 188 shift, 325
pseudo-Poisson process, 160 spectrum, 180
put option, 269 Spitzer criterion, 64
stable Lévy process, 48
quadratic variation process, 220 stable stochastic process, 48
quantisation, 142 standard normal random vector, 25
quasi-left-continuous process, 171 stationary increments, 39
quasi-regular form, 174 stochastic calculus, 230
stochastic differentials, 209
Radon—Nikodym derivative, 9 stochastic exponential, 247, 315
Radon—Nikodym theorem, 9 stochastic flow, 320
random field, 19 stochastic integral

random measure, 89 extended, 203
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finite-dimensional distributions of, 18

G-invariant, 19
Lebesgue symmetric, 152
rotationally invariant, 19
sample path of, 19
separable, 19
stable, 48
stochastically continuous, 39
strictly stationary, 215
symmetric, 19
p-symmetric, 152
stochastic processes, independent,
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stochastically continuous stochastic
process, 39
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stopped o-algebra, 79
stopped random variable, 79
stopping time, 78
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Stratonovitch stochastic differential
equation, 349
strictly stationary stochastic process,
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strike price, 269
strong Markov property, 83, 171
sub-o-algebra, 9
subdiffusion, 319
sub-Feller semigroup, 129
sub-Feller process, 129, 171
subfiltration, 71
sub-Markov process, 128
sub-Markovian semigroup, 148
submartingale, 73
subordinator, 49
characteristics of, 49
inverse Gaussian, 51
killed, 53
superdiffusion, 319
supermartingale, 73
symbol, 188
symmetric operator, 182

Tanaka’s formula, 244
tempered distributions, 187
Teugels martingales, 111
time change, 287
total mass, 2

finite, 2
total set of vectors, 125
trace, xxiii
trading strategy, 270
transient Lévy process, 64
transition function, 161
transition operator, 160
transition probabilities, n-step, 161
translation, 185
translation-invariant semigroup, 137
translation semigroup, 130
transpose, xxiii
two-parameter filtration, 243

underlying, 268

uniformly integrable family of random
variables, 80

unique in distribution, 347

upper semicontinuous mapping, 157

vaguely convergent to 6gp, 62
value, 269
variance, 7
variation, 95
finite, 95
volatility, 272
implied, 286
volatility smile, 287

weak convergence, 14
weak-sector condition, 173
weak solution, 346
weakly convergent to 8o, 58
Wiener integral, 213
Wiener measure, 258
‘Wiener space, 258

integration by parts in, 261
Wiener—Hopf factorisation, 65
Wiener—Lévy integral, 213





